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PREFACE 

The present work combines ■with analytic geometry a num- 
ber of topics traditionally treated in college algebra that 
depend upon or are closely associated with geometric repre- 
sentation. Through this combination it becomes possible to 
show the student more directly the meaning and the useful- 
ness of these subjects. 

The idea of coordinates is so simple that it might (and per- 
haps should) be explained at tbe very beginning of the study 
of algebra and geometry. KeAl analytic geometry, however, 
begins only when the'equation in two variables is interpreted 
as defining a locus. This idea must be introduced very gradu- 
ally, as it is difficult for the beginner to grasp. The familiar 
loci, straight line and circle, are therefore treated at great 
length. 

Simultaneous linear equations present themselves naturally 
in connection with the intersection of straight lines and lead 
to an early introduction of determinants, whose broad useful- 
ness is most apparent in analytic geometry. 

The study of the circle calls for a discussion of quadi-atic 
equations which again leads to complex numbers. The geo- 
metric representation of complex mimbers will present no 
great difficulty because the student is now somewhat familiar 
with the idea of variables, of coordinates, and even vectors 
(in a plane). 

The discussion of the conic sections is preceded by the 
study, especially the plotting, of curves of the form y=f(x), 
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vi PREFACE 

where f(x) is a polynomial of the second, third, etc. degree. 
In coanection with this the solution of numerical algebraic 
equations cau be given a geometric setting. 

In the chapters on the conic sections only the most essential 
properties of these curves are given in the text; thus, poles 
and polars are discussed only in connection with the circle. 

Great care has heen taken in presenting the fundamental 
problem of finding the slope of a curve. It seemed desirable 
and quite feasible to introduce the idea of the derivative (of 
a polynomi^ only) m connection with the discussion of alge- 
braic equations The caluulus method of finding the slope of 
a conic section has therefore been explained, in addition to 
the direct geometric method 

The treatment of aolid analytic geometiy follows more the 
usual lines. But, in view of the application to mechanics, 
the idea of the vector is given bome pioiumence; and the 
representation of a function of two variables by contour lines 
as well as by a surface in apace is explained and illustrated 
by practical examples. 

The exercises have been selected with great care in order 
not only to furnish sufRcient material for practice in algebraic 
work but also to stimulate independent thinking and to point 
out the applications of the theory to concrete problems. The 
number of exercises is sufficient to allow the instructor to 
make a choice. 

To reduce the course presented in this book to about one 
half its extent, the parts of the text in small type, the chap- 
ters on solid analytic geometry, and the more difficult prob- 
lems thronghout may be omitted. 

ALEXANDER ZIWET, 

L. A. HOPJilNS, 

E, R. HEDRICK, Editor. 
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PLANE AI^ALYTIC aEOMETRY 

CHAPTER I 

COORDINATES 

1. Location of a Point on a Line. The position of a point 
P (Fig. 1) ou a line is fully determined by its distance OP 
from a fixed point on the line, if we know on which side of 
the point P is situated (to the right oc to the left of in 
Fig, 1). Let xis agree, for instance, to count distances to the 



-|i— 



right of as positive, and distances to the left of as negative ; 
this is indicated in Fig. 1 by the arrowhead which marks the 
positive sense of the line. 

The fixed point is called the origin. The distance OP, 
taken with the sign + if P lies, let us say, on the right, and 
with the sign — when P lies on the opposite side, is called 
the abscissa of P. 

It is assumed that the unit in which the distances are 
measured (inches, feet, miles, etc.) is known. On a geographi- 
cal map, or on a plan of a lot or building, this unit is indicated 
by the scale. In ^ig. 1, the unit of measure is one inch, the 
abseiasa of P is + 2, that of Q is - 1, that of P is - 1/3. 
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2 PLANE ANALYTIC GEOMETRY [I, § 2 

2. Detertnination of a Point by its Abscissa. Let us select, 
on a given line, an arbitrary origin 0, a unit of raeasure, and a 
definite sense as positive. Then any real number, sucb aa 5, 
— 3, 7.35, — V2, regarded as the ahaeissa of a point P, fully 
determines the position of P on the line. Conversely, every 
point on the line has one and only one abscissa. 

The abscissa of a point is usually denoted by the letter x, 
which, in analytic geometry as in algebra, may represent any 
real or complex number. 

To represent a real point the abscissa must be a real number. 
If in any problem the abscissa a; of a point is not a real num- 
ber, there exists no real point satisfying the conditions of tlie 
problem. 



1. Wtat is the abscissa of the origin ? 

2. With the inch aa unit of length, mark on a line the points whose 
ahscissas are : 3, -2, \/3, - 1,26, - V5, f, - J. 

3. On a railroad line runniag east and west, if the station B is 20 miles 
east of tlie statiou A and the station C is 33 miles east of A, what are the 
ahscissas of A and C for B as origin, the sense eastward being taken as 
positive? 

4. On a Falirenteit thermometer, what is the positive sense ? What 
is the imit of measure ? Wliat is the meaning of the reading 65° ? 
Wliat is meant by -7"? 

6. A water gauge is a vertical post carrying a scale ; the mean water 
level is generally taken as origin. If the water stands at + 7 on one day 
and at —11 tlie nest day, the unit heing the inch, how much has the 
water fallen ? 

8. It »!, % (read : x one, x two) are the ahscissas of any two points 
F\, Fi on a given line, show that the abscissa of tiie midpoint between 
Pi and Ps is § (3:1 + x^)- Consider separately the cases when Pi, P3 lie 
on tl\e same side of the origin and when they lie on opposite sides. 
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I, § 31 COOIiDINATES 3 

3, Ratio of Division. A segment AB (Fig. 2) of a straight 
line being given, it is shown in e]ementa,ry geometry how to 
find the point G that divides ^ ^ „ 

AB in a given ratio ft. Thus, 
if fc = |, the point C such. that 

A0^2 

AB 5 

Fuj. 2 

is found as follows. On any 

line through A layoff AD~2 and AEz=5; join B and E. 
Then the parallel to BE through D meets AB at the required 
point C. 

Analytically, the problem of dividing a line in a given ratio 
is solved as follows. On the line AB (Fig. 3) we choose a 
point' as origin and assign a positive sense.. Then the 
abscissas x^ of A and ^ oi B are known. To find a point 



r^T- 



r^tL 



which divides AB in the ratio of division k = AC/AB, let us 
denote the unknown abscissa of G by x. Then we have 

AC=x — Xi, AB = X2 — Xi\ 
hence the abscissa x oi C must satisfy the condition 



x^x, + k{x,^x{); 
or, if we write Ax (read: delta as) for the "difference of the 
x^s," i.e. Ax = x^—Xi, 

x^x, + k • AiB, 
Thus, if the abscissas of A and B are 2 and 7, tlie abscissas 
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4 PLANK ANALYTIC GEOMETRY [I, § 3 

of the points that divide AB in the ratios ^, ^, |, f are 3, 4^, 
8, 9^, respectively. Check these results by geometric con- 
stcnction. 

If the segments AC and AB have the same sense, the divi- 
sion ratio Je is positive. For example, in Fig, 3, the point C 
lies between A and B; hence the division ratio J; is a positive 
proper fraction. If the division ratio k is negative, the seg- 
ments AC and AB must have opposite sense, so that B and C 
lie on the opposite sides of A. 

If the abscissas of A and B are again 2 and 7, the abscissa 
xoi when fc = 2, - 1, - 2, - .2 will be 12, - 3, 0, 1, respec- 
tively. Illustrate this by a figure, and check by the geometric 
construction. 

4. Location of a Point in a Plane. To locate a point in 
a plane, that is, to determine its position in a plane, we niay 
proceed as follows, l^raw two lines at right angles in the 
plane ; on each of these take the point of intersection as 
origin, and assign a definite positive sense to each line, e.g. by 
marking each line with an arrowhead. It is usual to mark 
the positive sense of one line by afiixing the letter a to it, and 
the positive sense of the other line by 
af&xing the letter y to it, as in Fig. i. 
These two lines are then called the axes 
of coordinates, or simply the axes. We 
distinguish them by calling the line Ox the 
a>axis, or axis of abscissas, and the line Oy 
the y-asis, or axis of ordinates. Now project the point P on 
each axis, i.e. let fall the perpendiculars PQ, PE from P on 
the axes. The point Q has the abscissa OQ = x on the axia Ox. 
The point R has the abscissa OR — y on the axis Oy. The 
distance OQ^EP=x is called the abscissa of P, and 
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r, g 6J COORDINATES 5 

OR = QP = ?/ is called the ordinate of P. The position of the 
point P in the plane ia fully determined if its abscissa x and 
its ordinate y are both given. The two numbers x, y are also 
called the coordinales of the point P. 

5. Signs of the Coordinates. Quadrants. It is olear 
from Fig. 4 that x and y are the perpendicular distances of the 
point P from the two axes. It should be observed that each 
of these numbers may be positive or 
negative, as in § 1. 

The two axes divide the plane into 
four compartments distinguished as in 
trigonometry as the first, second, third, 
and fourth quadrants (Fig. 5). It ia 
readily seen that any point in the first 
quadrant haa both its coordinates posi- 
tive. What are the signs of the coordi- 
nates in the other quadrants? What are the coordinates of the 
origin 0? What are the coordinates of a point on one of the 
axes ? It is customary to name the absciaaa first and then 
the ordinate; thus the point (—3, 5) means the point whose 
abscissa is — 3 and whose ordinate is 6. 

Every point in the plane has tivo definite real numbers as co- 
ordinates; conversely, to every pair of real nwmbers corresponds 
one and only one point of the plane. 

Locate the pointa: (6, -2), (0, 7), (2-V3, |}, (-4, 2V2), 
C-5,0). 

6. Units. It may sometimes be convenient to cliooae the 
unit of measure for the abscissa of a point different from tlie 
unit of measure for the ordinate. Thus, if the same unit, say 
one inch, were taken for abscissa and ordinate, the point (3, 48) 
might fall beyond the limits of the paper. To avoid this we. 
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may lay off the ordinate on a scale of ^ inch. When different 
units are used, the nnit used on each axis should always be 
indicated in the drawing. When nothing la said to the con- 
trary, the units for abscissas and ordinates are always under- 
stood to be the same. 

7. Oblique Axes. The position of a point in a, plane can 
also be determined with reference to two axes that are not at 
right angles ; but the angle u> between these 
axes must be given (Fig. 6). The abscissa 
and the orduiate of the point P are then 
the segments OQ = a!, OB — t/ cut off on 
the axes by the parallels through P to the 
axes. If tu = ^jr, i.e. if the axes are at 

right angles, we have the case of rectangular coordinates 
discussed in §§ i, 5. In what follows, the axes are always 
taken at right angles unless the contrary is definitely 
stated, 

8. Distance of a Point from the Origin. 
For the distance r = OP (Fig. 7) of the point 
P from the origin we have from the right- 
angled triangle OQP: 

where x, y arc the coordinates of P. 

If tlie axes are oblique (Fig. 8), witli tiie angle 
xOyT=u, we liave, from tlie triangle OQP, in ■ 
which the angle at Q is equal to ir — a* by the 
cosine law of trigonometry, 



= Vs;^ ■\-y'' — 2xy cos (ir ■ 



w) = V*' + y' + 'ixya< 
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r, § 9] COORDINATES 7 

Notice that these formulas hold not only when the point P 
lies in the first (quadrant, but quite generally wherever the 
point P may be situated. Draw the figures for several oases. 

9. Distance between Two Points. By Fig. 9, the distance 
d = FiPi between two points -Pi(iC[, i/i) and ^^{kj, y^) can be 
found if the coordinates of the two points 
are given. For in the tiiangle P^QP^ we 
have 

P,q = x^-x„ QP, = y,-y,; 
hence 



If we write Aa- (§ 3) for the " difference of the x's " and Ay 
for the " difference of the i/'s ", ie. 

Ak = iftj — ail and Ay = y2~Vif 
the formula for the distance has the simple form 



(2) rf = V(Acc)S + (Ay)a; 

or, in words, 

7%e distance between any two points is equal to the square root 
of the sum of the squares of the differences between their eori-e- 
sponding coordinates. 

Draw the figure showing the distance between two points 
(like Fig. 9) for various positions of these points and show 
that the expression for d holds in all cases. 

Show that the distance between two points Pi («i, ^^i), P2 (Xi, y^) when 
the axes are oblique, with aingle a, is 

d = V(Xt ~ xi)^+ (yj - yi)-^ + Z(xi - 3:1) ( Ja - J/i) cos w 



y Google 



8 



PLANE ANALYTIC GEOMETRY 



[I, § 10 




Fig. 10 



10. Ratio of Division. If two points Pi (%, y,) and P^ {x^ yt) 

are given by tlieir coordinates, the coordinates x, y of any point 
P on the line PiP^ can be found if the division ratio P^P/P^P^ = k 
is known in ichicli the point P divides the segment P^P^- Let Q, , 
(3j,Q(Fig. 10), be the projections of P,, P^, Poii the axis Ox; 
then the point Q divides QiQj in the same ratio & in which 
P divides PiPj. Now as OQi = Xi, 
OQi= Xj, OQ = X, it follows from § 3 
that 

x=x^+k{x2- x^). 

In the same way we find by projecting 
Pi , Pa , P on the axis Oy that 

y = y, + ^(y'i-yi)- 

Thus, the coordinates x,y oi P are found expressed in terms 
of the coordinates of P,, P; and the division ratio k. Putting 
aga,in K; — % = Aa; , y2~ y,-= Ay , we may also write 

x=x^ + k-Ax, y^y^+Jc-Ay. 

Here again the student should convince himself that the 
formulas hold generally for any position of the two points, by 
selecting numerous examples. He should also prove, from a 
figure, that the same expressions for the coordinates of the 
point P hold for oblique coordinates. 

As in 5 3, if the division ratio k is negative, the two 
segments P^P^ and P^P must have opposite sense, so that 
the points P and P^ must lie on opposite sides of the 
point Pi. 

Find, e.g., the coordinates of the points that divide the seg- 
ment 3oining (—4, 3) to (6, — 5) in the division ratios k=^, 
fc = 2, k = —^, k=—l, and indicate the foiir points in a 
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I, §11] COORDINATES 9 

11. Midpoint of a Segment. The midpoint P of a segment 
P^P^ has for its coordinates the antkmetic means of the corre- 
sponding coordinaies of P, and P^ ; that is, if a;, , i/i are the co- 
ordinates of Pi, a-j, j/j those of Pj, the division ratio being 
k = \i the coofdinates of the midpoint Pare (§ 10) 
i« = ail -i- i- (iJ^ - a!j) = i (afi + ^0, 

EXERCISES 

1, With reference to the same set of axes, locate the points (6, 4), 
(2, -I), (-6.4, -3.2),(-4,0), (-1, n), (.001, -4,01). 

2, Locate tbe points (-3,4), (0,-1), (6, - V2), (|, - lOJ), 
(0,0), (a, 6), (3,-2), (-2, VB). 

3, If 1% and ft are positire numbers, in what quadrants do the follow 
ingpointalie: (ff, -6), (6, a), («, a), (-6, 6) (- ' -n)1 

A. Show that the points (a, &) and (a, — ft) are svmmetric with 
respect to the axis Ox ; that {a, h) and (— a, h) ire ymmetriL w th re 
speot to the axis Oij ; that (a, h) and (— a, — i) are sjmmetr c with 
respect to the origin. 

5. In the city of WaiShingfon the lettered streets (A street B street 
etc.) run east and west, the numbered streets (1st stieet 2d street eti. ) 
nortli and south, tiie Capitol heing the origin of coordmatei The axes 
of coordinates are called avenues ; thus, e.g., 1st street north runs one 
block north, of the Capitol. If the length of a block were l/IO mile, what 
would he the distance from the comer of South street and East 6th 
street to the corner of Kortli Q street and West 14th street ? 

6. Prove that the points (6, 3), (0, —6), (7, 1) lie on a circle whose 
center is (3, —'i). 

7. A square of side s has its center at the origin and diagonals coin- 
cident with Uie axes ; what are the coordinates of the vertices ? of ttie 
midpointa of the sides ? 

8. If a point moves parallel to the axis 0;/, which of its coordinates 
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10 PLANE ANALYTIC GEOMETRY [I, § 11 

9. Ill what quadrants caii a. point lie if its abscissa is negative ? its 
oidinate positive 'f 

10. Find tlie eooiiiinates of tJie points wliidi trisect the distance be- 
tween tie points (1, -2) aJid (- 8, 4). 

11, I'o what point must the line segment drawn from (3, —3) to 
(_3, 5) be extended bo that its length is doubled ? trebled ? 

13. The absoisaa of a point is — 3, its distance from the origin, is 5 ; 
what is its ordinate ? 

13. A rectangular house is to be buOt on a comer lot, the front, 30 ft. 
wide, cutting ofi equal segments on the adjoining streets. If tlie house is 
20 ft. deep, And the coordinates (with I'espect to the adjoining streets) of 
the back comers of the house. 

14. A baseball diamond is SO ft. square and pitcher's plate is 60 ft. 
from home plate. Using the loul lines as axes, find the coordinates of 
the following positions ; 

(a) pitcher's plate ; 

(&) catcher 8 ft, back of home plate and in line witli secojid base ; 

(c) base runner playing 12 ft. from first base ; 

(d) third baseman playing midway between pitcher's plate and third 
base (before » bunt) ; 

(e) r^ht fielder playing 90 ft. from tirst and second base each. 

IB. How far does the ball go in Es, 14 if thrown by third baseman 
in position (^ to second base ? 

16. If right fielder (Ex, 14) catches a ball in position (e) and throws 
it to third base for a double play, how far does the ball go ? 

17. A park 600 ft. long and 400 ft. wide has six lights arranged in a 
circle abont a central light cluster. All the lights are 200 ft. apart, and 
the central cluster and two others are in a line parallel to the length of 
the park. What are the coordinates ot all the lights with respect to two 
boundary hedges ? 

18. With respect to adjoining walks, three trees have coordinates 
(30 ft., 8 ft.), (30 ft, 46 ft,), (- 37 ft., 14 ft.), respectively. A tree is to 
be planted to form the fourth vertex of a parallelogram; where should it 
be placed ? (Three possible positions ; best found by division ratio.) 
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12. Area of a Triangle with One Vertex at the Origin. 

Let one vertex of a triangle be the origin, and let the other 
vertices be Pi {Xi, j/i) and P^ (x^, y^)- Draw tbroiigh P, and. 
Pj lines parallel to the axes (Fig. 11). The 
area A of the triangle is then obtained by 
subtracting from the area of the circum- 
scribed rectangle the areas of the three non- 
shaded triangles ; i.e. 
.4 = iCiS's - i aJi^i - ^ ^y^ - 1 (^1 -^2) (Vi - y,) 

= ^(3i3/! - aWi)- 
This formula gives the area with the sign -{-or — according 
as the sense of the motion around the perimeter OPiP^O is 
counterclockwise (opposite to the rotation of the hands of a 
clock) or clockwise. 

For numerical eomputatioa it is most convenient to write 
down the coordinates of the two points thus : 

^> Vx 

and to take half the difference of the crosswise products. The 
formula is therefore often written in the form 



■where tlie symbol 



I iKa Vi] 



stands for xa/i—x^,, and is called a determinant (of the second 
order). 

Thus, the area of the triangle formed by the origin with the 
pair of points (4, 3) and (2, 5) is 



: 4 3 

2 5 



= ^(4x5-2x3) = 7. 
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13. Translation of Axes. Instead of the origin and the 
axes Ox, Oy (Fig, 12), let ns select a new origin 0' (read: 
prime) and new axes O'x', O'y', parallel to the old axes. Then 
any point P whose coordinates with reference to the old axes 
are OQ = y!, QP=y will have with 
reference to the new axes the coordi- 
nates 0'Q'=x', Q'P=y'\ and the 
figure shows that if A, k are the co- 
ordinates of the new origin, then 



x^x' + h, 

yT=y'-\-h. Fio. 12 

The change from one set of axes to a new set is called a 
Iranafornidtion of coordinates. In the present case, where the 
new axes are parallel to the old, this transformation can be 
said to consist in a translntion of the axes. 

14. Area of Any Triangle, Let Pi(ai, y^), Pi{x.i, j/a), 
A(^f 2/a) '^s the vertices of the triangle (Fig. 13). If we take 
one of these vertices, say Pj, as new 
origin, with the new axes parallel to the 
old, the new coordinates of Pi , P^ will be ; 






— x^ — x^, 




Hence, by | 12, the area of the triangle 
P1P2P3 is 

^ = ^(a!'j);'<-!c'^'j) = i[(^,-fl^)(^s-ys)-(9;,-.T,0(yi-?y.)] 

= T[%(y2-2/j)+ «i(y3 - y^+^iiih - yi)]- 

For numerical compntation it is best to put down the coordi- 
nates of the three points with a 1 after each pair, thus : 
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y. 1- 



N. \,. 



Then add the three products formed by following the full lines 
and aubtiTict the three products formed by following the dotted 
lines aa indicated in the accompany- 
ing scheme, i.e. form the determinant 
(of the third order) 

= aWs + «^&s + ^sHi - *3l'2 - ^-Jli - ^-1^3- 
This is eqnal to the expression in 
the square brackets above, i.e. to 2 A 
Therefore 




-4 = 2^! Vi 1 ■ 

Here as in § 12 the sign of the area is + or ~ according aa 
the sense of the motion along the perimeter PiPiPsPi is coun- 
terclockwise or clockwise. 



1. Find the areas o£ the triangles having the following vertices ; 

(a) (1,3), (5,2), (4,6); (b) (-2, 1), (2, - 3), (0, -6) 

(c) (a,6),(<i,0), (0, 6); (d) (4, 3), (6, -2), (-1,6). 

2. Show that the area of the triangle whose vertices are (7, — 8' 
(— 3, 2), (— 6, — 4) is four times the area of the triangle formed t 
joining the midpoints of the sides. 

3. Fm.d the area of the quadrilateral whose vertices are (2, 3), (— 
-1), C-4,3), (_3, fi). 

4. Sind the area of the triangle whose vertices are (a, 0), (0, V 



(- 



-c). 



S. Find the area of the triangle (1, 4), (3, - 3), (- 3 
does your result aliow about these points ? 
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6. Find the ai'ea of the triangle (a, 6 4- c), (6, c + a), (c, a + 6). 
What does the result show whatever the vahies of a, l», c? 

7. Show that the points (3, 7), (7, 3), (8, 8) are the veiticea of an 
Isosceles triaagle. What is its aiea ? Show that tlie aanie is trae for the 
poiuts (a, 6), (6, a), (c, c), whatever a, 6, c, and find the area. 

8. Find the perimeter of the ta'iaaigle whose vertices arc (3, 7), (2, 
- 1), (5, 3). Is tlie triangle scalene ? What is its area ? 

IB. Statistics, Related Quantities. If pairs of values 
of two related quantities are given, each of these pairs of 
vaJiies is represented by a point in the plane if the value of 
one quantity is represented by the abscissa and that of the 
other by the ordinat-e of the point. A curved line joining 
these points gives a vivid idea of the way in which the two 
quantities change. Statistics and the results of scientific ex- 
periments are often represented in this n 



1. The xx'pula 

IS approximately 



EXERCISES 

ion of the United States, as shown by the census reports 
ls giTen in the following table : 



TsiR 


im 


ISOO 


.0 


'» 


•^ 


•4(1 


■» 


.. 


.« 


->. 


, 


,- 


.» 


MUliona 


i 


5 


7 


10 


13 


17 


.s 


31 


39 


50 


63 


70 


92 



Mark the points corresponding to tie pairs of numbers (1700, 4), 
(1800, 5), etc., on squared paper, representing the time on the horizontal 
axis and the population vertically. Connect these points by a cun-ed line. 

■e of Ex. 1, estimate approsimately the population 

in 1875 ; in 1806 ; in 1916. 
S. From the figure of Ex. 1, estimate approximately when the popiila- 
E was 25 millions ; 60 millions ; when It will be 100 millions. 
4. Draw a figure to represent the growth of tlie population of your 
n State, ftom the figures given by the Census Eeports. 
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16 



[Other data suitable for statistical graplis can be found in large quan- 
tity in the Cenaua Reports ; in the Crop Reports of the goyemmeiit ; in 
the quotatioua of the market prices of food aiid o( stoolta and bonds ; in 
the World Almanac ; and in many other books.] 



B. The temperatures o 



n day varied hoiu' by lioiir as follows ; 





A.M. 


., 


,.,.,. 


Time . . 
Temp, . . 



60 


7 
52 


55 


9 
60 


10 
64 



" 

^ 


12 
70 


1 
72 


2 
74 


3 4 

75|74 


A 


6 

m 


65 


A 


57 



G. In experiments on stretching an iron bar, the tension ( (In tons) 
and the elongation E (in thousandths of an inch) were found to be aa 
follows : 



Draw a figure to represent these pairs of values. 

[Other data can be found in books on Physics and Engineering.] 

7. By Hooke's law, the elonga,tion M ot a stretched rod ii 
to be connected with the tension ( by the fonnula B = c ■ (, where c is ; 
constant. Show that if c = 10, with the miits of Ex, 6, the values of i 
and t would be nearly tlie same as those of Ex. 6. Plot the values givei 
by the formula and compare with tlie figure of Ex. 6. 



8. Thed: 



es through whidi a body will fall from rest in a vacau 
iven by the formula s = 16 f, approximately, if J is 
n feet. Show that corresponding values of s and ( a 



Draw a figure to represent these pairs of values. 
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16. Polar Coordinates. The position of a point P in a 
plane (Fig. 14) can also be assigned by its distance OP=r 
from a fixed point, or pole, 0, and the angie xOP^ip, made 
by the line OP with a fixed line Ox, the polar axis. Tlie dis- 
tance )■ is called the radius vector, tlie angle cjb the polar angle 
(or also the vectwial angle, asimuth, amplh ^.p 
tude, or anomaly), of the point P. The ^^'' 

radius vector r and the polar angle ^ are o- ^'^lf . ^ 

called the polar coordinates of P. "" * 

Locate the points: (5, ^rr), (6, f^ir), (2, 140°), (7, ISOT"), 
(VS, x), (4, 0°). 

To obtam for eyery point in the plaae a single definite pair of polat 
coordinates it is siifffiient to take tJie ratlins yector r always positive and 
to regai-d as polar angle tlie positive angle between and 2 t (0 g < 2 r) 
through which the polar axis (regarded as a half-line or ray issuing from 
the pole 0) must he tiuned about the pole in the countercbokwise sense 
to pa^ through F. The only exception is the pole O for which r = 0, 
while the polar angle is indeterminate. 

But it ie not mecessai^ to confine the I'adius vector to positive values 
and the polar angle to values between and 2 jr. A single definite point 
P will correspond to every pair of real values of r and ip, if we agree that 
a negative value of the radius vector means that the distance »■ is to be 
laid off in the negative sense on the polar axis, after being turned through 
the angle 41, and that a negative value of ip means that the polar axis 
should be turned in the clockwise sense. 

The polar angle is then not changed by adding to it any positive or 
negative integral multiple of 2 jt ; and a point whose polar coordinates are 
T, * can also be described as having the coordinates — r, ^ ± ir. 

Locate the points : 

(3, -\^), {a, -1^), (-5, 76°), (-3, -20"), 

17. Transformation from Cartesian to Polar Coordinates, 

and vice versa. The coordinates OQ = x, QP—y, defined in 
§ 4, are called cartesian cooidinates, to disting-oish them 
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from tie polar coordinates. The term is derived from the 
Latin form, Carfceaiua, of the name of Eene Descabtes, who 
first applied the method of coordinates systematically (1637), 
and tlius became the founder of analytic geometry. 

The relation between the cartesian and polar coordinates of 
one and the same point P appears from 
Fig. 15. We have evidently : 



18. Distance between Two Points in Polar Coordinates. 
If two points Pi, K are given by their polar coordinates, r^ , 
^1 and r.i, c^j, the distance d — P^P^ between ^ 

them is found from the ti-iangle OPiP^ (Fig. 16), 
by the cosine law of trigonometry, if we ob- 
serve that the angle at is equal to ±(1/)^— </>i) : 



c ^S 



= Vci" + ri — 2 fif; cos {<j>2 — <li,). 



EXERCISES 

1. Find the distances between tlie points ; (2, J ir) and (i, J ir) ; 
Co,i^)and(3a, iW- 

3. Find the cartesian coordinates of the points (5, Jjr), (6, — i?r), 
(4, Jtt), (2, It), (7, w), (6, -^), (4, 0), (-3, 60^), (-5, -90"J. 

3. rindthepoiarcoordinatos of the points ( V3, 1), ( — Vs, 1), (1, —1), 

i. Find an expression for the area of tlie triangle whose vertices are 
(0,0), (n,?>i), and()-2, ^O- 

5. Find the area of the triangle whose vertices are (ri , ^1), (rs , <t>s). 
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6. Find the radius vector of the point P on tlie line joining tlie poiuta 
Pi (''i 1 *i) and Pa (r^, ^a) mak tliat the polar angle of P is i(*i + ^a) . 

7. If the axes are oblique with angle u, what are tlie relations existing 
between the cartesian and polar coordinates of a point ? 

19. Projection of Vectors. A straight line segment AB 
of definite length, direction, and seme (indicated hy an arrow- 
head, pointing from A to B) is called a, vector. The projection 
A'B' (Figs. 17, 18) of a vector AB on an axis, i.e. on a line I 



on which a definite sense has been selected as positive, is the 
p-oduct of the length (or absolute value) of the vector AB into 
the cosine of the angle hetween the positive senses of the axis and 
the vector : 

A'B' =AB(iOiia. 

The positive sense of the axis (drawn through the initial point 
of the vector) makes with the vector two angles whose sum is 
2Tr = 360''. As their cosines 
are the same it makes no differ- 
ence which of the two angles is 




With these conventions it is 
readily seen that Hie sum of the 
projections of the sides of an 
open polygon on any axis is equal 
to the projection of the closing 

side on the same axis, the sides of the open polygon being 
taken in the same sense around the perimeter. Thus, in Fig. 19, 
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the vectors PiA, i'sFs, ■■■ PsPe are inclined at the angles 
«i, «2, ■■■ tta to the axis I; the closing line P,Ps makes the 
acgle rt with I; its projection is P'-,P\; and we have 

PiPi cos Ki + Ps-Ps cos «2 + -P3P4 cos «3 + PjP^ cos «, + PjPu cos Kj 

= P'jPfl = PiPe cos a. 

For, if the aliseissas of P„ P., ■■■ Pe measured along I, from 
any origin on I, are Xi, x^, •■■ x^, the projections of the 
vectors ai'e x^—x,, a^— aij, etc., so that our eq^uation becomes 
the identity : 

g^ — Xi + i^ — X.J + Xi- X.^ + X-, - ,^4 + Xs — Xs = X^- Xi. 

20. Components and Resultants of Vectors. In physics, 
forces, as well as velocities, accelerations, etc., are represented 
by vectors because snch magnitudes have not only a numerical 
value but also a deiinite direction and 
sense. 7 ]2^^-^^^^V^ 

According to the parallelogram law of f,^''''''^ / 
physics, two forces OPi , OP3 , acting on p,(;, 20 

the same particle, are together equivalent 
to the single force OP {I'ig- 20), whose vector is the diagonal 
of the parallelogram, formed with OP^, OP^ as adjacent 
sides. The same law holds for simultaneous velocities and 
accelerations, and for simultaneous or consecutive rectilinear 
translations. The vector OP is called the resultani of OP^ 
and OPa , and the vectors OPi , OP2 are called the components 
of OP. 

To construct the resultant it suflces to lay off from the ex- 
tremity of the vector OPi the vector PiP^OP^; the closing 
line OP is the resultant. This leads at once to finding the 
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resultant OP of any num- 
ber of vectors, by adding 
the componeut vectors geo- 
metrically, i.e. putting theivi 
together endwise eucces- 
sively, as in Fig. 21, where 
the dotted lines need not 
be drawn. 

By § 19, the projection 
of the resultant on any axis is equal to the 
jectione of all the components on the same ax 




EXERCISES 

1. The carteeiau coordinates x, y of aiiy point P are the projetitious of 
its radius vector OP ou t!ie axes Oj;, Oy. (See g Ifi.) 

3, Tfi6 projeotiou of any vector AB on tie axis Ox is the difference 
of the abscissas of A and B ; similarly for Oy. 

3, A force of 10 lb. is inclined to the horizon at 60° ; find its hori- 
zontal and vertical components. 

4. A ship sails 40 miles N, 60° E., then 34 miles N. 46° B. How far 
is the ship then fiura its starting point ? How far east ? How far north ? 

6. A point moves 6 ft. along one side of an equilateral triangle, then 
6 ft. parallel to the second, and finally 8 ft. parallel to the third side. 
What is th.e distance from the startiEg point ? 

6. The sum of the projections of the sides of any closed polygon on 
any axis is aero. 

7. If three forces actii^ on a particle are pai-allel and proportional to 
the sides of a triangle, the forces are in equiUbrium, i.e. their resultant is 
zero. Similarly for any closed polygon. 

8. Pind the resultant of the forces OPi, OPi, OPi, OPi, OPi, if 
the coordinates of P,, Pa. Pa, -P*. -Ps, with O as oi-igin, ai-e (3, 1), 
{1, 2), (-1, 3), (—2, —2), (2, —2). (Resolve each force into its 
components along the axes.) 
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9. If any number of vectors (in the same plaiie), applied at the ori- 
gin, are given l)y the coorelinates x, y ot their extremities, the length ot 
the resultant Is =-v'(Sie)^ +(2i/)^ (where Zx means the sum of the al> 
aoissas, Zy the sum of the ordinates), and Its direction makes with Ox an 
angle a such that tau a = Sy/Ss. 

10. I'ind the horizontal and vertical components of tlie Telocity of a 
ball when moving 300 ft,/sec. at an angle of 30° to the horizon. 

11. Six forces of 1, 2, 3, 4, 5, lb., making angles ot 60" each with, 
the nest, are appUed at the same point, in a plane ; find tlieir resultant. 

12. A particle at one vertex o£ a square is acted upon by tliree forces 
represented by the vectors from the particle to the other Uiree vertices ; 
find the resultant. 

21. Geometric Propositions. In using analytic geometry 
to prove general geometric propositions, it is generally conven- 
ient to select aa origin a prominent point in the geometiic 
figure, and as axes of coordinates prominent lines of the figure. 
But sometimes greater symmetry and elegance is gained by 
taking the coordinate system in a general position. (See, e.g., 
Exs. 14, 17, 18, below.) 

MISCELLANEOUS EXERCISES 

1. A regular hexagon of side 1 has it^ centor at the origin and one 
diagonal coincident with tlie axis Ox ; find the coordinates of the vertices. 

2. Show by similar triangles tliat the points (1, 4), (3, — 2), (—2, 
13) lie on a straight line. 

3. If a square, with each side 5 units in length, is placed with one 
vertex at the origin and a diagonal coincident with the asis Ox, what are 
the coordinates of the vertices ? 

4. If a rectangle, with two sides 3 units in lengtli and two sides 
SVS units In lengtli, is placed with one vertex at the origin and a diagonal 
along the axis Ox, what are the coordinates of the vertices? Tliere are two 
possible pMitions of the rectangle ; give the answers in both cases. 
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5. Show aiat the points (0, - 1), (-2, S), (G, T), (8, 3) are the 
vertices of a parallel ogram, I'rove that this parallelogram is a rectangle. 

6. Show that tJie points (1, 1), (-1, -1), ( + VW, -V3) are the 
vertiues of an equilateral triangle. 

7. Show that the poiiitg (6, 6), (3/2, - 3), (- 3. 12), (- \\ 3) are 
the vertices of a parallelogram. 

8. Find the radius and the coordinates of the center of the otrolo pass- 
ing throagh the three points (3, 3), (-2, 7), (0, 0). 

6, The vertices of a triangle are (0, 6), (4, -S), (-5, 6). Trnd the 
lengths oi the medians and the coordinates of the centroid of the triangle, 
i.e. of the intersection of the mediang. 
ProTe the following propositions ; 

10. The diagonals of any rectangle are equal. 

11. The distance between the midpoints of two sides of any triangle 
is equal to half the third side. 

13. The distance between the mldpoiats of the non-parallel .'iides of a 
trapezoid is equal to half the sum of tie parallel sides. 

13. In a right triangle, the distance from the vertex of the right aiigia 
to the midpoint of the hypotenuise is equal to half the hypotenuse. 

14. The line segments joining the midpoints of the adjacent sides of a 
quadrilateral form a parallelogram. 

16. If two medlajis of a triangle are equal, the triangle is isosceles. 

16. In any triangle the sum of the squares of any two sides is equal 
to twice the square of the median drawn to the midpoint of the third side 
plus half the square of the third side. 

17. The line segments joining tlie midpomts of tlie opposite sides of 
aay quadrilateral hisect each other. 

18. The sum of the squares of the sides of a quadrilateral is equal to 
the sum of the squares of the diagouals plus four times the square of the 
line segment joining the midpoicts of the diagonals. 

19. The difference of the squai'es of any two sides of a triangle is equal 
to the diffeience of the squares of their projections on the third side. 

ao. The vertices (xi,yi), (,xi,yi), (Xs,yi)oi a triaJigle being given, 
find the centroid (intersection of n 
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CHAPTER TI 
THE STRAIGHT LINE 

22. Line Parallel to an Axis. When the coordinates x, y 
of a point P with reference to given axes Ox, Oy are known, 
the position of P in the plane of the axes is determined com- 
pletely and unicLuely. Suppose now 
that only one of the coordinates is 
given, say, x = S; what can be said 
about the position of the point P? 
It evidently lies somewhere on the 
line AB (Fig. 22) that is parallel to 
the axis Oy and has the distance 'A 
from Oy. Every point of the line AB fig. aa 

has an abscissa x = S, and every point 

whose abscissa is 3 lies on the line AB. For this reason we 
say that the equation a; = 3 

repreamits the line AB; we also say that a; = 3 is the equation 
of the line AB. 

More generally, the equation x = a, where a is any real 
number, represents that parallel to the axis Oy whose distance 
from Oy is a. Similarly, the equation y = 
parallel to the axis Ox. 

EXERCISES 
Draw the lines represented by tlio equations ; 
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23. Line through the Origin. Lat us next consider any 
line * tiirough tlie origin 0, snuh as the line OP in Pig. 23. 
The points of this Hoe have the prop- 
erty that the ratio y/x of their coordi- 
nates is the same, wherever on this 
line the point P be taken. This ratio 
is equal to the tangent of the angle a. 
made by the line with the axis Ox, 
i.e. to what we shall call the slope of the lin 

tan tc = w ; 

then we have, for any point P on this line : y/x — in, i.e. : 

(1) i/ = mx. 

Moreover, for any point Q, not on this line, the ratio y/x 
must evidently be different from tan «, i.e. from m. The equa- 
tion y = mx is therefore said to represent the line through 
whose slope is m; and y = mx is called the equation of this line. 
We mean by this statement that the relation y = mx is satis- 
iied by the coordinates of eveiy point on the line OP, and only 
by the coordinates of the points on this line. Notice in partic- 
ular that the coordinates of the origin 0, i.e. x = 0, y = 0, 
satisfy the equation y = mx. 

24. Proportional Quantities, Any two values of x are 
pj-cportional to the corresponding values ot y it y = mx. For, 
if (i^n Vi) and (x^, y^ are two paira of values of x and y that 
satisfy (1), we have 



a line ; a lice W 
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liciice, diviclmg, 

The constanb quantity m is called the/actor ofj/rc^oiiionality. 

Many instances ooeui- in mathematics and in the applied 
sciences of two quantities related to each other in this man- 
ner. It is often said that one quantity y varies as the other 
quantity x. 

Thus Hooke's Law states that the elongation E of s, stretched 
wire or spring varies as the tension t ; that is, E = Tct, where k 
is a constant. 

Again, tlie eircumfei'cnco c of a circle varies as the radius »■; 
that is, c = 2 Trr. 

EXERCISES 

1. Draw eacli of the iines : 

(_a)y = 2i^. (_e) y = -^x. (e)ox+Sy=0. <jj)y = ~%. 

(b) y=-Zx. (d) by = Zx. (/) y^x.. (h) x-y = ii. 

2. Sliow that the equation as + 6»/ = can he reduced to the form 
y — mx, if 6 ^ 0, and therefore repiresenta a line tlirough tlie origin, 

8. rind the slope of the Unes : 

(a) x + y = 0. (0) 3x-^\,y = (i. 

(6) x-y = 0, (d) ^2x + y = 0. 

4. Draw a Une to represent Hoofce's Law S = kt,itk = 10 (see Ex, 7, 
p. 15).. Let (he I'spreseuted as horizontal lengths (as ia i ifl g 23) and 
let S be represented by vertical lengths (as is j/ in g 23) . 

5. Draw a line to represent the relation c = 2 irr, where e means the 
circumference and r tlie radius of a circle. 

6. Tlie number of yanie y in a giyea length varies as the number of 
feet / in the same length; in particular, f=3y. Draw a figure to 
represent this relation. 

7. If 1 in. = 2.54 em., show that c = 2.54 i, where o is the number of 
centimeters anr! i is the iianilior of inolies in the same length. Draw a 
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25. Slope Form. Finally, consider a line that does not pass 
througli the origin and is not parallel to either of tlie axes of 
coordinates (Fig. 24) ; let it intersect the axes Ox, Oy at A, 
B, respectively, and let P{x, y) be any other point on it. The 
figure shows that the slope m of 
the line, i.e. the tangent of the 
angle a at which the line is in- 
clined to the axis Ox, is 

OT, sime SP = QF - QR=QP- OB ^ij-ba.\iA BR ^OQ^x: 

that is, 

(2) y = inx + (^, 

where b = OB is called the intercept made by tbe line on the 
axis Oy, or briefly the y-intercept 

The slope angle a at which the line is incluied to the axis Ox 
is always nnderstood as the smallest angle through which the 
positive half of the axis Ox must be turned counterclockwise 
about the origin to become parallel to the line, 

26. Equation of a Line. On the line AB of Fig. 24 take 
any other point P' ; let its coordinates be x', y', and show that 

y' = mx' + b. 

Take the point P' (x', y') outside the line AB and show that 
the eq\iation y = mx + 6 is not satisfied by the coordinates x', 
y' of such a point. 

For these reasons the equation y = mx+bis said to represent 
the line whose y-intercept is b and wftose slope is m; it is also 
called the eqvation of this line. The ^/-intercept OB = b and 
the slope m = tan a together fully determine the line. 
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y line of the plane can be represented by an equation of the 






g the lines parallel to the axis Oy. Wben the line be- 
comes parallel to the axis Oy, both its slope m and its y-inter- 
cept 6 become inflnite. We have seen in § 22 that the equa- 
tion of a line pa.rallel to the axis Oy is of the form a; = a. 

Reduce the equation Sie— 2y=5 to the form y = mx + b and 
sketch the line. 

EXERCISES 

1, Sketch the linea whose j/-interoept is 6 = 2 and whose elopes are 
m = J, 3, 0, — I ; write down their equations. 

2. Sketch the Hnes whose slope is m = 4/3 and whose j/-intercepts are 
0, 1, 2, 5, —1,-2, — 6, — 13,2, and write down their equations. 

S. Sketch the lines whose equations ai* ; 
(a) y=2x+-i. (c) i/=«-4. (e) x-y=l. (ff) Tx-y-i-U^fi. 

Cb) y=~lx+\. {d)x + y=.\. (/) ie-3!)+2=0. (ft) 4a-|-3v-H5=0. 

4. Do the points (1, 5), (-2, -1), (3, 7) lie on the \i-aay = ix-\-&^ 

5. A cistern that already contained 300 gallons oi water is filled at the 
rate of 100 gallons per hour. Show that tlie amoont A of water in the 
cistern ii hours after filling begins is J. = 100 n + 300. Draw a figure to 
represent this relation, plotting the values of A vertically, with 1 vertical 
space = 100 gallons. 

6. In experiments with a pulley block, the puU p in Itis., required to 
lift a load iin lbs., was found to be expressed by the equation p=, 15 i+2. 
Draw this hne. How much pull is required to operate tJie pQlley witli no 
load (i.e. when 1 = 0)? 

7. The readings of a gas meter being tested, r, were found in compari- 
son with tliose of a standard gas meter S, and the two readings satisfied 
the equation T = 300 -i- 1.2 S. Draw a flgure. What was the reading 
T when the reading S was zero f What is the meaning of the slope of 
the line in the flguce ? 
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27. Parallel and Perpendicular Lines. Two liuea 

y = TOiK + &i , J/ = Wf^ii.' + ^2 
are obviously parallel if they Iiave the same slope, i.e. if 

(3) m,-m,. 

Two lines y = «iiii; + 61, y = m^x + b^ are perpendicular if the 
slope of one ia equal to muius the reciprocal of the slope of 
the other, i.e. if 

(4) rutins = — 1. 

For if wij' = tau (Hi , Mia = tan «2 , the condition that Wim^ = — 1 
gives tan % = — 1/tan a, = — cot a, , whence «, = «, + ^ tt, 

EXERCISES 

1. Write down the equation of any line : (a) parallel to y = Sx — 2, 
(6) perpendicular to j( = 8 a; — 2, 

2. Show that the parallel to j/ = 8 k — 3 through the origin isy — 3x. 

3. Sh-ow that the perpendicular to y=^Sx~2 tlirough the origin is 

4. For what value of 6 does the lure y = Sx + !i pass throv^h the 
point (i, 1) ? Find the pai'allel to ?/ = 3 ce — 2 tlirough the point (4, 1), 

5. Find the parallel toy = 60^ + 1 through the point (2, 3). 

6. Find the perpendicular to y = 2x ~1 through the point (1, *). 

7. What is llie geometrical meanhig of 61 = 6a in tlie equations 

y = ntjx + 61 , ^ = ma« + Ba ? 

8. Two water meters are attached to the same water pipe and the water 
is allowed to flow steadily throiigh the pipe. The readings Bi and Jij of the 
two meters are found to be connected with tlie time t hj means of the 
equations lii = 2.Gt, S5 = 2.5J+150, 

where Si and Bi are measured in cubic feet and ( is measured in seconds. 
Show that the lines that represent these equations are parallel. What 
is the meaning of this fact ? 

9. The equations connecting the puU p required to lift a load to is 
found for two pulley blocks to he 

j>i = .05 «j 4- 3, Pi = .05 to + 1.5 
Show that the lines representing these equations are parallel. Explain. 
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10, The equations uomieuUiig tlje pull j) required k> liit a load i« is 
found foi- two pulley blocks to be 

p, = .16io4-l.Q, pi, = .05w + 1.5. 

Show that the lines representing these equations are act parallel, but 
that the values of pi and p^ are equal when w = 0, Explain. 

28. Linear Function. Tlie equation y = mx-\'b, when m 
and b are given, assigns to every value of x one and only one 
definite value of y. This is often expressed by saying that 
jjiai + 6 is a function of x ; and as the expression tnx + 6 is of 
the first degree in x, it is called a,fuiietion of the first degree or, 
owing to its geometrical meaning, a linear function of x. 

Examples of functions of x that are not linear are Sic' — 5, 
ax'+bx + c, x{x — l), 1/x, siuiK, 10', etc. The equations 
y = 3a? — 5, y — ax' + bx-l-c, etc., represent, as we shall see 
later, not straight lines but curves. 

The lineal' function y = mx + h, being the most simple kind 
of function, occurs very often in the applications. Notice that 
the constant h is the value of the function for a; = 0. The con- 
stant m is the rate of change of y with respect to a!. 

29. Illustrations. Example 1, A man, on a certain date, 
has $10 in bank; he deposits $3 at the end of every week; 
how much has he in bank x weeks after date ? 

Denoting by y the number of dollars in bank, we have 
;/ = 3^ + ia 
His deposit at any time as is a linear function of x. Notice 
that the coefficient of as gives the rate of increase of this de- 
posit; in the graph this is the slope of the line. 

Example 2. Water' freezes at 0° C. and 33° F. ; it boils at 
100° 0. and at 212° F. ; assuming that mercury expands uni- 
formly, i.e. propoi'tionally to the temperature, and denoting 
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by X any temperature in Centigrade degrees, by y the same 
temperature in Fahrenheit degrees, we have 

If the line represented by this equation be drawn accurately, 
on a sufficiently large scale, it could be used to convert centi- 
grade temperature into Fahrenheit temperature, and vice versa. 

Example 3. A rubber band, 1 ft. long, is found to stretch 
1 in. by a suspended mass of 1 lb. Let the suspended mass 
be increased by 1 oz., 2 oz., etc., and let the corresponding 
lengths of the band be measured. Plotting the masses as ab- 
scissas and the lengths of the band as ordinates, . it will be 
found that the points (x, y) lie very nearly on a straight line 
whose equation is j/=s^ic-fl. The experimental fact that 
the points lie on a straight line, i.e. that the function is linear, 
means that the extension, y — 1, is proportional to the tension, 
i.e. to the weight of the suspended mass x (Hooke's Law). 

Notice that only the part of the line in the first quadrant, 
and indeed only a portion of this, has a physical meaning. 
Can this range be extended by using a spiral steel spring ? 

Example 4. When a point P moves along a line so as to 
describe always equal spaces in equal times, its motion is called 
uniform,. The spaces passed over are then proportional to the 
times in which they are described, and the coefficient of pro- 
portionality, i.e. the ratio of the distance to the time, is called 
the velocity v of the uniform motion. If at the time ( = the 
moving point is at the distance % and at the time t at the dis- 
tance s, from the origin, then 

s^St + vt. 
Thus, in uniform motion, the distance s is a linear function of 
the time t, and the coefBcient of t is the speed : ii = (s — s„)/t. 
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Example 5. When a body falls from rest (in a vacuum) its 
velocity v is proportional to the time ( of falling : v=gt, whei-e 
g is about 32 if the velocity is expressed in ft,/seG., or 980 
if the velocity ia expressed in cm. /sec. 

If, at the time t = 0, the body is thrown downward with an 
initial velocity v^, its velocity at any subsequent time ( is 

v^vo + gt. 
Thus the velocity is a linear function of (, and the coefficient g 
of ( denotes the rate at which the velocity changes with the 
time, i.e. the accdsndion of the falling body. 

EXERCISES 

1. Draw the line repreBented by the equation y~§3;4-32 of Ex- 
ample 2, § 29. What is its slope P What is the !/-intereept ? What is 
the meaning of each of these quantities if y and x represent the tempera- 
tures in Fahrenheit and in Centigrade measure, respectlTely ? 

2. Represent the equation y = ^x + loi Example 3, § 39, hy a figure, 
What ia the meaning of the y-intercept ? 

3. Draw the line s = so -1- of of Example 4, § 29, for the values So = 10. 
= 3. What is the meaniugof « ? Show that the speed ti may be thought 
of as the rate of increase of a per second, 

4. If, in the preceding exercise, u he given a talue greater than 3, 
how does the new line compare with the one just drawn ? 

5. If, in Ex. 3, 71 ia given the value 3, and so several difterent values, 
show that the lines represented by the equation are parallel. Esplain. 

6. In experiments on the temperatures at various depths in a mine, 
the temperature (Centigrade) T was found to be connected with the 
depth d by the equation T= 60 -|- .01 d, where d is measured in feet. 
Draw a figure to represent this equation. Show that the rate of increase 
of the temperature was 1° per hundred feet. 

7. In experiments on a pulley block, the pull p (in !b.) required to 
lift a weight w (in lb,) was found to be p = ,03i«-(- 0.5. Show that the 
rate of increase of j5 is 3 lb. per hundred weight increase in w. 
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30. General Linear Equation. The equation 

ill which A, B, C are any real numbers, is called the general 
equation of tin. fi)i.t degiee m c ind y The coefficients A, B, C 
are called the con=itants of tlie equation ; x, y are called the 
variables. It is assumed that A ind B axe not both zero. 
The terms Ax and B'/ aie of the first degree ; the term G is 
said to be of desjiee zero betauoe it might be written in the 
form C^; this term (7 is also called the constant term. 

Every equation of the first degree, 
(5) 4a; + By + C = 0, 

in which A and B are not both zero, represents a straight line; 
and conversely, every straight line can be represented by aiidh an 
equation. For this reason, every equation of the first degree 
is called a linear equation. 

The first part of this fundamental proposition follows fi-om 
the fact that, when B is not equal to zero, the equation can be 
reduced to the form y = mx+bhy dividing both sides by 3 ; 
and we know that y = mx + b represents a line (§ 25). When 
B is equal to zero, the equation reduces to the fonn x = a, 
which also represents a line (§ 22). 

The second part of the theorem follows from the fact that 
the equations which we have found in the preceding articles 
for any line are all particular cases of the equation 
Ax + By + G='i. 

This equation still expresses the same relation between x 
and y when multiplied by any constant factor, not zero. Thus, 
any one of the constants A, B, 0, if not zero, can be reduced 
to 1 by dividing both sides of the equation by this constant. 
The equation is therefore said to contain only two (not three) 
essential constants. 
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31. Conditions for Parallelism and for Perpendicularity. 

It is easy to recognize whether two lines wliose equations are 
Ax + Bp + C= and A'x + B'y + G' =0 are parallel or per- 
pendicular. The lines are parallel if they have the same slope, 
and they are perpendicular (§ 27) if the product of their slopes 
is equal to ~1. The slopes of our lines are — A/S and 
— A'/B' i hence these lines are parallel if — A/B — — A'/B', 
■'■■('■ if A:B = A':B'; 

and they are peiyendicular if 

^.^ = -1, UAt 

B B' 



AA' + BB' = 0. 



32. Intercept Form. If the constant term G in a linear 
ec[uation is zero, thti equation represents a line through the 
origin. For, the coordinates (0, 0) of .the origin satisfy the 
equation Ax + By = 0. 

If the constant term C is not eqnal to zero, the equation 
Ax + By + = can be divided by C; it then reduces to the 
form A 7j 



■itten : 



If A and B are both different from zero, this 



- C/A - C/B ' 
or putting - C/A = «, - C/B= b 



The conditions A^:^, B4=(i z 
evidently that the line is not parallel to either of the axes. 
Therefore the equation of any line not passing through the 
origin, and not pa.rallel to eithLi \m': can be mitten m the 
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form (6). With y = (i this equation gives x = a-y with a; = 
it gives y — b. Thus 



aie the intercepts (Pig. 25) made by the line on the axes Ox, 
Oy, respectively (see § 25). 

EXERCISES 
1, Write down the equations of the line whose intercepts on the 
axes Ox, Oi/ are 5 and — 3, respectively ; the line whose intercepta are 
~ I and 7 ; the line whose intercepts are — I and — ^. Sketch each of 
the lines and rednceeaoh of the ejguatlons lo the form A3:i-By+C=0, so 
that A, B, C are integers. 

a. Find the intercepts of the lines: 3x ~2y = 'i, x + T y + 1 = 0, 
— 8j; + Jy — 5 = 0. Try to readoS the values of the intercepts directly 
from these equattons as they stand. 

3. In Es. 2, find the slopes of the Unas. 

4. Prove (0), g 32 hy equality of areas, after cleartag of fractions. 
B. What is the equation of the asis 0^ ? of the axis Ox ? 

6. What is the value of B such that the line represented by the equa- 
tion ix+By—li = pass^ through the point (— 5, 17) ? 

7. What is the value of A such that the line Ax + 1 7j = 10 has its 
a-intcrcept equal to — 8 ? 

3 the intercept form (6), 

(a) 3,l^-5^/-16 = 0. (6) x + '^y + 1=0. 

(e) 4j c-3a-e ^2. id) 5x = 3x + y-l0. 

9, Reduce the equatious of Ex. 8 to the slope form. (2), § 25, 
10. Find the equation of the line of slope (I passing through, tlie point 
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11. What relation exists between the coeffiaients of tJie equation 
Ax + By + = 0, it the line is parallel to the line ix — 5y = 8? parallel 
to the axis Oy f 

13. Showtliat the points (- I, -7), U, - 3), (3, 2), {- 2, - 10) 
lie on the same line. 

13. rind the area of the triangle formed hy the lines x+y=:0, a: — y = 0, 
x-a = f>. 

14. Show that the line 4(x — a)+6Q/ — b) =0 is perpendicular to the 
line 5x—iy~lO = and passes througli the point (a, &). 

15. A Hue has equal positive intercepts and passes through (—5, 14). 
What is its equation ? its slope ? 

16. If a line through the point (6, 7) has the slope i, what is its 
^-intercept ? its 3;-lntercept ? 

17. The Reaumur thermometer is graduated so that water freezes at 
0° and boils at 80", Draw the Une that represents the reading B of the 
R&iumur thermometer as a fnnction of the corresponding reading C of 
the Centigrade thermometer. 

18. What function of the altitude is the area of a triangle of given 

19. A printer asks 75? to set the type for a program and a^percopy 
for printing. The total cost is what function of the number of copies 
printed ? Draw the line representing the fnnction. 

Another printer asks 3^ per copy, with no charges for setting the type. 
For how many copies would both charge the same ? 

20. The sum of two complementary angles « and ^ is | »■ ; draw the 
line representing (3 as a function of a. When a = J jt, what is ^ ? 

21. EipreK the value of a note of 1 1000 at the end of the first year as 
a function of the rate of interest. At 6% simple interest its value is what 
function of the time in years ? 

22. Two weights are attached to the opposite ends of a rope that runs 
through a double pulley block of which one block is fastened at a height 
above ground. If x and y denote the distances of the two weights above the 
ground, determine a linear relation between them if a = 40 when y = 
and 1/ = 10 when x = 0. 
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33. Line through One Point. To find the line of given 
slope 7fti through a given point Pi{x^, ;/,), observe that the 
equation must be of the form (2), vi/. 

y = m^x + b, 
since this line has tlie slope m^. If tliis line is to pass through 
the given point, the coordinates Xi, y^ must satisfy this equa- 
tion, i.e. we must have 

Ji = jWiiBi + b. 
This equation determines b, and the value of 6 so found might 
be substituted in the preceding equation. But we can eliminate 
b more readily between the two equations by subtracting the 
latter from the former. This gives 

as the equation of the line of slope m^ through Pj(xi, ij^. 

The problem of finding a line through a given point pai-allel, 
or perpendicular, to a given line is merely a particular case of 
the problem just solved, since the slope of the required line can 
be found from the equation of the given line (§ 27). If the 
slope of the given line is »% = tan «„ the slope of any parallel 
line is also m^, and the slope of any line perpendicular to it is 
m2= tan («! + |-jr) == — eot «, = . 

34. Line through Two Points, To find the line through two 
given points, Pi(x„ y^, ■?!(:&» Vi)^ observe (Fig. 20) that the 
slope of the required line is evi- 
dently 

' x^-Xy Aa:' 

if, as in § 9, we denote by ^x, ^y 
tlie projections of P^P.., on to, Oy; 



y 




$^ 


J 


<> 
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--1 
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and as the line is to pass through (x„ j/i), we find its equatio 
by § 33 as 



The equation of the line through two given pointa (x^, yi), 
(iCj, j/j) can also be written in tlie detet-minant form 



i !«i ya 1 I 

whieh (§ 14) meaua that the point (x, y) is such as to form 
with the given points a triangle of zero area. By expanding 
the determinant it can be shown that this equation agrees with 
the preceding equation, A more direct proof will be given 
later (§ 49). 

EXERCISES 

1, Find tlie equation of tlie line through the point (— 7, 3) parallel 
to the line y = Sx. 

2, Show that the points (i, -3), (-5, 2), {.i, 20) are the verUees of 
a riglit triangle. 

3, Find the equation of the line tirough the point (— 0, — 8) whioh 
malies an angle of 30° with the axis Ox ; 30° with the axis Oy. 

i. Does the line of slope J through tlie point (4, 3) pass through the 
point ( — 5, —4) ? 

5. Jind the equation of the line through the point (—2, 1) parallel to 
the line through the points (4, 2) and ( - 3, — 2). 

6. Find the equations of the lines through the origin which trisect 
that portion of the line 5 a — 6 y = 00 which lies in the fourth qurKirant, 

7. What are the intercepts of the line through the points (2, —3), 
(-5, 4) ? 
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S, Show that the equation of the line through the point (a, b) per- 
pendicular to, the iine Ax + 3y+ O~0ia{x~ a)/ A ~ {y - b)/B. 

9, find the equations of the diagonals of the rectangle formed &y the 
lines x + a = 0,'j: — b=0,y + c = O,y~d = 0. 

10, Find the equation of the perpendicular bisector of the line joining 
the points (4, —5) and (— 3, 2), Show that any point on it is equally 
distant from each of the two given points. 

11. Find the equation of the line perpendicular to the line 4x~&y+6=0 
that passes through the midpoint of (—4, 7) and (2, 2). 

la. What are the coordinates of a point equidistant from the points 
(2, — S) and (—5,0) and such that the line joining the point to tiie origin 
has a slope 1 ? 

13. If the axes are oljlique with angle u, show tliat the slope of the 
line joining the points Pi(«i, ^i) and PeC^ei Vi) is 

14. I£ the axes are oblique with angle u, show that Oie equation of the 
line tlirough the point Px{xi, j/i) which maltes with the asi.s Ox tlie 

sin{w- ^) 
la the coefficient of (x — ^i) tlie slop* of this line ? 

16. In an experiment with a puUey-block it is assumed that the rela- 
tion between the load I and the pull p reqnired to lift it is linear. Find 
the relation if p = 8 when I = 100, andji = 12 when I = 200. 

16. In an experiment In strelcliing a brass wire it is assumed that the 
elongation E is connected with the tension t by means of a linear relation 
Find this relation if ( = 18 lb. when ^ = .1 in., and ( = 58 lb, when 
E = .Sm. 

17. A cistern is being iiUed by water flowing into it at the rate of 30 
gallons per second. Assuming that the amount A of water in the cistern 
is connected with the time ( by a linear relation, find this relation if 
A = loco when ( = 10. Hence find A when ( = 0. 
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CHAPTEll III 

SIMULTANEOUS LINEAR EQUATIONS 
DETERMINANTS 

PART I, EQUATIONS IN TWO UNKNOWN'S 
DETERMINANTS OF SECOND ORDER 
36. Intersection of Two Lines. Tlie point of intersection 
of any two lines is found by solving the equations of the lines as 
simultaneous equations. Eor the coordinates of the point of 
intersection must satisfy each of the two equations, since this 
point lies on each of the two lines; and it is the only point 
having this property. Find the points of intersection of the 
following pairs of lines : 

^' l33; + 5y-34-0. ^' \7x + 2y = 0. 

i2x + y-lS = 0, 
^ ' \^x~-2y + ll = 0. 
The solution of simultaneous linear equations is much 
facilitated by the use of determinants. As, moreover, deter- 
minants are used to advantage in many other problems (see, 
e.g., §§ 12, 14) it is desirable to study determinants systemati- 
cally before proceeding with the study of the straight line. 

36. Solution of Two Linear Equations. To solve two 
linear equations (§ 30), 

Ut^xJrb^y = K, 

we may eliminate y to find x, and eliminate x to iind y. The 
elimination of ,;; is done systematically by multiplying the first 
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equation by b^, the second by Jj, and then subtracting the 
second from the first ; this gives 

(oift^ — 0961) a; = kfii — fcj&i- 

Likewise, to eliminate x, mnltiply the first equation by Oj, the 

second by a, , and subtract the first from the second ; 

{a,b^ - a^{jy = ajc^ ~ a A- 

If ffli&a — as^i T^ 0, we can divide by this quantity and thus 

find 

kibi — Tc^bs ujci — tti^i 



Observe that the values of x and y are qiiotients with the 
same denominator, and that the numerator of x is obtained 
from this denominator by simply replacing a by it, while the 
numerator of y is obtained from the same denominator by 
replacing b by fc. 

This peculiar form of the numerators and denominators of 
X and y is brought out more clearly if we agree to write the 
common denominator a^b^ — ajii in the form of a determinant : 



(3) 

as in § 12. Thus 



I «9 h I 



With this notation, the values (2) of x and y a 



fc, 


^1 
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ai 


Ih 
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1% 


!>x 


w 
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37. General Rule. If a, b, a, d are any four numbers, the 
expression \,i i,i 

\c d\' 
whieh stands for ad —ho, is called a determinant, more pte- 
ciselj, a determinant of the second order because tv;o numbers 
occur in each (horizontal) row, as well as in each (vertical) 
column. (See § 12.) 

The determinant (3) is called the determinant of the equa- 
tions (1), § 36. 

We can then state the following rule for solving the two 
linear equations (1) : If the determinant of tlie equations is not 
equal to xero, x as well as y is the quotient of two determinants; 
the denominate is the same, viz. the determinant of the equa- 
timis (1); the numerator of x is obtained from this denomiiiator 
by replacing the coefficients ofxby the constant terms, the numer- 
ator of y is found from the same denomincUor by replaciiig the 
coefficients ofy by the constant terms.* 

EXERCISES 
I, Jiiul the values of the following determinaiits : 



'•'r::[- ^^r 


2r w |, ,,|- 


«!.::!■ '"ir 


-li- ^'A-ii\ 


2. Solve the following equations ; 


in writing down the solution, begin 








» ^:^u. 




<^ ^JllSt'' 


* One gi'eat advantage ot this rule is 
tion of any (finite) uumbor of linear 


that the same rule appliaa to the solu- 
equations with the same number of 
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38, Exceptions. The procesa of § 37 cannot be applied 
wlien the detei'iiiinant of the equations (1) vanishes, i.e. when 

1°* ''1 = 0, 

Pa h\ 
that is, when Oifi, = afii . 

For the sake of simplicity we here assume that none of the 
four numbers ttj, 6i, <h, h is zero. If any one of them were 
zero, we might solve the equation in which it occurs to obtain 
the value of one of the variables. With this assumption, the 
condition may be written in the form 

"? = ^ 
«! b,' 
or, denoting the common value of these quotients by iii : 

so that the equations (1) become 

We must now distinguish two cases, according as k^ = mft, or 
/Cj ^ mki. In the former case, i.e. if 
hi = mk„ 
the second equation reduces, upon division by m tn the fiist 
equation. Thus, the two equations represent one and the 
same relation between x and y, and are therefore not sufficient 
to determine x and y separately. We can assign to either 
variable an arbitrary value and then find a coue'^ponding 
value of the other variable. The equations (1) nan then be 
said to have an injinite number of solutions 
In the other case, i.e. if 

the equations are evidently inconsistent, and there exist no 
finite vahies of a; and t/ satisfying both equations. Thus the 
equations | a; — 2 j/ = 2, 2 k — 12 y =^ 15 are inconsistent. 
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39. Geometric Interpretation. All these results about 
linear equations can be interpreted geometrically. We have 
seen (§ 30) that every linear equation represents a straight 
line, and (g 35) that by solving tv^o such equations we find 
the coordinates of the point of intersection of the two lines. 
Now two lines in a plane may either intersect, or coincide, or 
be parallel. In the iirst case, they have a single point in com- 
mon ; in the second, they have an infinite number of points in 
common; in the third, they have no point in common. The 
first case is that of §§ 36, 37 ; the last two caaes are discussed in 
§ 38. Including the case of coincident lines witli that of paral- 
lels, we may say that the relation 

is the necessary and sufBcient conditioji of jyaralleUam. of the 
two lines ri^x -{- hyij = ky, 0^ + b^y = fcj- 

40. Elimination. If in the linear equations (1) of § 36 the 
constant terms k,, k^ are both zero so that they are 

the equations are called Iwmogeneoiis. Obviously, two homo- 
geneous linear equations are always satisfied by the values 
x= 0, 11 = 0. 
If the determinant of the equations does not vanish, i.e. if 

i: 'h 

this solution is also found from § 36, and it is the only solution. 
But if hi, &i| 

I «2 h I ' 
it is found as in S 38 that the equations have an infinite num. 
Iser of solutions. Conversely, if two homogeneoue linear equor 
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Uons ait saiiajied hy values of ic and y that are not both zero, the 
determinant of the equations must vanish. For, multiplying the 
first equation by 6s, and the second by 6„ and subtracting, we 
fi'^*^l (%&,-aA)!K=0, 

Eliminibting K in a similar manner, we find 

(«A-«A)i/=0. 
These equations show that unless x and y are both zero we 
must have 

aA-a;6,=0, i.e. T' / =0. 

This relation is also the result of eliminating x and y between 
the two equations. I'or, if, e.p., ic^O we may divide both 
equations by x and then eliminate y/x between the equations 

a, + b,^ = 0, 0^ + 62^ = 0, 
X X 

by multiplying the former by 6j, the latter by 61, and subtract- 
ing. The result is again afii — a^bi = 0. Thus the result of 
eliminating the variablea between two homogeneous linear equa- 
tions is the detemtinant of the equations equated to zero. We 
shall see later (§ 75) that all the results of the present article 
ace true for any number of homogeneous linear equations. 

Geometrically, two homogeneoiis linear equations of course 
represent two lines through the origin. The vanishing of the 
determinant means that the lines coincide so that they have an 
infinite number of points in common. 



1. Bvaliiate tke deteraiinaiits : 

,., \' St. ,„> I' • 



y Google 



Ill, § 40] SIMULTANEOUS LINEAR EQUATIONS 

S, EspreBs 'ji^ -\- y^ iu the form ol a determinant of the second order 

3. Verify tliat 

; a^ + ft^ aa' + bb'\\a h l^ 

|«c(' + 6i' a-^-^b'^ ! \a' h'\ ' 
and that 

I a!+ ^3 + tfi «a' + eft' + cc'|_p '^1' l'^ "IVI" ^' h 

|„„( +fc6'4-cc' a'^ + fi'^-^c'^l It' c'l |c' o'l U' t'l' 

4. Verify tliat 

|oa' + 66' Bc'+M'l la 6| Irf 6'l 



S. Find the coordinates of the points of 
linei^ ; and check by a sketch : 



of the following 



(a) 



j4ic + 2i, = 9, j 3«+2i,=0, |2,4a: + 3.1i/=4,5, 



6. Do the following pairs of lines 
coincident ? 



y =6.2. 
they parallel or 



-2^+1=0. ^ ' I a:4-i!,-2 = 0. ^ "' jlO j - 6s =0. 



3s- 7 = 1), 



(0 



0!,-4=O I ^ + Ja = 0, 

S;/ + 5 = 0. ^"M 3:-3y-9=0.'-" l^^ + 3!' = 0. 

7. ForwhatTaluesofs do the following pairs of lines become parallel P 
f4a: + sjr-i5 = 0, J 38a;-8j/~I3=0, (7s - Uj, + 8 =0, 

'"■' (3^-7!/+ 10 = 0. '•'^-'|3»:-33j) + 15=0. ■• -* (sa;- 2j/ + s=0. 

8. Tor wliat values of s do the following- pairs of lines coincide ? 

, , f5ir-7s, + 6-0, |3ir + 2j, + 3 = 0, !3lc + 6t,-5 = 0, 



9, Solve the following 
( U-+ F=25, 



by determinaats ; 



|2a?i-3s"=5. 
3 _36 



3 = 16 f + 100, 
5s-f-!2 = 834. 
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TAUT II, EQUATIONS IN THREE UNKNOWNS 
DETE11M1NAKT3 OF THIRD ORDER 

41. Solution of Three Linear Equations- To solve three 
linear equations with three variables x, y, %, 
( aje 4- &,2/ + c^z == fc„ 

(1) I HjX H- 62*/ + CjZ = fcj, 

( a^x + h^ + Ci% = hi, 
in a systematic way, we might fii'st eliminate z between the 
second and third equations (by multiplying the second by C3, 
the third by Cj, and subtracting) ; and then eliminate z between 
the third and first equations. We should then have two linear 
equations in x and y, which can be solved as in § 36. This 
method is long and tedious,. But we can find x directly by 
multiplying the three given equations respectively by 

b2Cj-SaCs= L63C, — 6iC3= ,&!%— '>zCi= L 

and adding the resulting equations. Eor it is readily verified 
that, in the final equation, the coefficients of y and z, viz. 

are both zero. We find therefore 

i.e. if the coefficient of a: is ^ 0, 

afiffia — WiftjCs + a^hiC — ctjfiiCa + as^iC^ — aab^Ci 
Observe that the numerator is obtained from the denomina- 
tor by simply replacing every a by the eor responding fc. 
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47 



It can be sliown similarly that y is a quotient with the same 
denominator, and with the numerator obtained from the de- 
nominator by replacing every b by the corresponding k ; and that 
3 is a quotient with tbe same denominator and the numerator 
obtained by replacing every c by the corresponding k. 

42. Determinants, The common denominator of x, y, % is 
usually "written in the form 



and is then called a determinant of the third order. The nine 
numbers oj, ftj, c„ a^, b^, Cj, Wj, h,, Cj are called its elements; the 
horizontal lines are called the tows, the vertical lines the 
columns. The diagonal through the first element a^ is called 
the principal diagonal ; that through a^ the secondary diagonal. 
By § 41 we have 



Ot 


h 


t^i 


«3 







\h^ c. 



+ oJ 



| + «s 



f ajfijCj — (tj&iCj + afi,c. 



Thus, a determinant of the third order 
terms, ecuJi term, being a product of 
thiee elements and containing one 
and only one element from each row 
and from each column. 

The most convenient method for ^ 
expanding a deteimmant of the r 
third ordei, ( e foi finding the six \ 
terms of which it ii the sum, is 
indicated by the iiljoiuing scheme. 



epresents a sum of six 
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Draw the principal diagonal and the parallels to it, as in the 
figure; this gives the terms with sign +; then draw the 
secondary diagonal and the parallels to it ; this gives the terms 
with sign — . (Compare §14.) 

43. General Rule. When three linear equations, like (1), 
S 41, are given, the determinant (2), § 42, of the coeffleienta of 
x, y, z is called the tLet^-mwant of the equations. We can now 
state the rule for solving the equations (1) when their determi- 
nant is different from zero, by the following formulas (( 
§36): 



\ b, c, 




Oi fc, 


c, 




«, h 


h 


h h c, 




«, h. 


c.. 




ch b. 


h 


h b, c. 


, y = 


a-3 h 


Js. 




"■3 h 


K 


(h h <\ 


«] l>i 


c. 


a, b. 


c, 


Oj h, c. 




a, h 


(■■2 




a, b, 


Cj 


dj 63 ca 




a, b. 


Cb 




«3 ^3 


Cj 



i.e. each of the variables is the quotient of tvjo determinants; the 
denominator i7i eadi case is the detei-niinant of the equations, whUe 
t/ie numerator is obtained from this common denominator by re- 
placing the coefficients of the variable by the constant terms. 

It will lie shown in solid analytic geometry that any linear 
equation in x, y, z represents a plane. Hence by solving the 
three simultaneous equations of § 41 we find the point (or 
points) common to three planes. 

EXERCISES 
1. Evaluate the determinant.'i : 

11 2 11 11 3 3' 1-1 1 31 

W 3 1. 3 ■ (6) I* 5 el. (c) j : si- 



ll 



1 S] 



8 ft| 
Ol 
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a. Show that 

\a + h h 1 

I b ?i+fi c. j = al>e(l(- + j + - + -,]■ 



:. Solve by determinants : 

!3x+iy+ 3=5. 

J) \ a- y^ z =0, 
yix-^y- 3s =1 
I a; + 2y- 32 = 

e) %^%y 






S^3 yS 



.^fio 



44. Properties of Determinants. — The advantages of using de- 
terminants instead of the longei' equivalent algebraic expressions of the 
usual kind will be apparent after studying tlie priiicipa! properties of de- 
termiiianta and the geometrical applications that will follow. 

(1) A ^eiMtwinant is sero wftenefer all the elements of any row, or all 
those of any ooluwn, are zero. 

This follows from the fact that, in the expanded form (§42), every 
term contains one element from each row and one from ea«h column. 

(2) It follows, for the same reason, that if all elements of any row (or 
of any column) have a faotfir in common, this factor can, 6e taken out and 
placed before the detenninant; tJiiis, e.g., 

joi mbi Ci| Idi bi Cij 



1 03 mbx 
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(3) Thu value of a, determinant is not changed by trannposUton ; i.e. 
by making the columns tke rows, and vice versa, preserving tlieir order. 
Thiis: 

1*1 fei ci] loi Oi ttsl 

1 03 fit Cs I I Bl C2 Cs I 

for, by expanding tlie determinaat on tJie rigtt we obtain the same stx 
terms, with, the same signs, as by expanding tlie determinant on tiie left, 

(4) TIte internhange of any two rotes (or of any two columns) reverses 
the sign, but does not change the absolute vahte, of the determinant. 

This also follows directly from the expanded form, of tlie detenntaant 
(§42), For, the interchange of two rows is equiviilent to interchanging 
two subscripts leaving the letters Hxed, and tliis changes eveiy term with 
the sign + into a term with tlie sign — , and i>ice versa. The interchange 
of two columns is eijuivalent to tlie int«rcliaiige of two letters, leaving 
the siibacripts fixed, which has the same efieet, 

(5) A determinant in iehich the elements of any row (^column') are egual 
to the corresponding elements of any otkw row {column) is zero. 

For, by (4), the sign, of the detemiinaiit is reversed when any two 
rows (columns) are interchanged ; but the interchange ol two equal rows 
(columns) cannot cliange the value of the deteiminant. Hence, denoting 
this value by A, we have in this case ^ A — A, i.e. j1 = 0. 



EXERCISES 



1. Show that 



2. Evaluate without expanding : 



1 1000 1 



(0 



1 



S. Without expanding show Llia 



I 1 1 


be a 1 


'>c eva fab ; 


(b) ca b -i ■- 


bo Jica iah 


ab c 1 
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45- Expansion by Minors. The general type of a deteriiuiiant of 
tlie third order iia often written in the form 



so that the fii'st subscript indicates the row, the second the column in 
wtiioli the element stands. Any one of the nine elements is denoWd 
by an- 

If in a determinant of the tliird order, both the row and the oolumn in 
which any pailjcular element Ojt stands be struck out, the remaining ele- 
ments form a determinant of the second order, which is called the minor 
of the element n,t. Thus the minor of a^s is 



= «ll 



\<in Oss ass I 



I asa 033 1 



the right-hand member is called the expansion of the determinant by 
minors of the (elements of the) first eoHmn. It should be noticed, how- 
ever, that, while the coefficients of an and a^ in this expansion are the 
minors of these elements, the coefficient of Oji is minus the minor of an. 
The determinant can also be expanded by minors of the second column : 






«sa «S3 i 






I Oil aia I 






here the coefficients of dis and bjs are minus the minor? of tliese elements 
while tlie coefBdent of an is the minor of naa it«elt This expansion fol 
lows from the previous one because the value of the detennmant merely 
changes sign when the first and second columns are mterchanged 

Let the student write out the similar development m tetms of mmors 
of the third oolumn. 

As the value of the detenninant is not changed bi tianspositi n (§ 44 
(3)), the detenninant may also be expanded by minors of the elements of 
any row. 
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46, Cofactors. To sum up these results briefly, let us denote by A 
the value of tlie detei'miniivit itself, aud by An^ tlie value of tlie ininoi' of 
the element ai^, m'uUiplied hy (— l)'"*"*, i.e. the so>called cofactor of a^t. 
We then have : 

A = auAii + (inAii + (lai-iai , 
= UuAii + anAii + aiiAi-i , 
= aisAis + aiiAm + OssA ss, 
and similarly for the expansion by minors, or rather cofactors, of any row. 
At the same time it should be noted that if we add Oie elemenia of any 
column (row) each multiplied by the cofactora of anyotAer column (row), 
the result is always aero. Thus it ia readily verified that 

311^12 + 021 -il2 + miAii = 0, 
aii-^ia + OsiAiB + flai^ss - 0, 
iia^ii + laa^il + *B2^i = 0, 
etc. This property waa uaed in § 41. 

47. Sum of Two Determinants, ff all the elements of any 
column (or row) are siiws, the determinant can be renolved into a sum of 
determinants. Thus, if all elements of tlie firs; column are sums of two 
terms, we find, expanding by minors of tlie fiiBt column : 

Ui + Mi bi fJ ^ , li (a' 16 c I 

La+Ma 62 Ca =:(oi4-mi) / .1 +('*2-l-"'2) / .. I +'^"' + '"''1 j,! / 



is+ms bs I 



\bs C5I 



Una iia Ca! 



Let the student show, by interchanging rows and columns, that the 
same property holds for rows. 

As any row (column) can be made the first by interchanging it with the 
first and changing the sign of the determinant, this decomposition into 
the sum of two determinants is possible whenever every element of any 
one row or column is a sum. 
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As a particular case we have 

|ai+B] 61 C]| |«i 61 Ci| l&i Ih eil |iIl &i Ci| 
aa+62 6s ca = las 62 cj + 162 6a Ca = oj 6s Ca , 
laa + 63 h fiji Us it "al \h &3 Cal [dj 63 C3I 
Bince the second determiuant, whicii has two equal columns, is zero by 
(5), § 44. We conclude tliat the value of a (leterminani is not changed 
by adding to each elewent of any row (eolumn) the corresponding eleinenl 
of any other row (column). Indeed, owing to (i), § 44, we can add to 
eacti element of any row (column) the corresponding element of any 
other row (column) miiJfipiied 6i( one aiid the' same factor. Tills property 
is of great help in I'educing a given determinant to a more simple form 
and evaluatii^ it. 

In the c^^ie of a nu e oal letarminant, it is often best after taking out 
tl e con D on fa to ■? f on any row or column to reduce two elements of 
so e ow or colon n to ze o by addition or subtraction. Thus, taking 
01 the fi -8 f he hird column and 3 from the second row, 

I o -141 I 2 3 -7| 



n the first and adding 4 t 





EXERCISES 




1. Evaluate the determinants; 






1 3 7 


27 2G 


27 


17 34 51 


(n) 3 5 9 , 


(6) 31 33 


36 , 


(0) 28 72 38 


4 B 16 


43 44 


45 


39 6-5 52 


1 33 'J 


7 17 


20 


2 -3 i 


(d) !l4 21 35 , 


(c) 11 19 


31), 


(/) 5 7 -1 


1 21! 39 42 


13 23 


37 1 


3 -2 ( 
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2. Sliow that 

\b + c a 11 11 a-'-d'- o*-#| 11 u' 

(a) \c + a h 1 =0; (fc) 1 6^-# 63-^3'- h ^2 

\a+b u 11 |l d'-d^ <?-dA |l c2 





1)1 + Ci 


ci + «i 01 + 61 a, b, c, j 


CO 


62 + C3 


cj + aa 02 + 62 =2 «2 bi 02J; 




6s + ts 


Cs +03 aa + 63 0:3 63 C3 ! 




+ 6 


a + 46 a + lb 


(<?) 


« + 26 


rt + 56 ti + 8!i=0. 




« + 36 


« + 06 + 96 


48. 


Elimination. 


Three homogeneous linear equations, 


(3) 




a^a: + % + d^ = 0, 
0^ + 63^ + C3S = 0, 



are obviously satisfied by x = O,y — 0, z=0. Can they have 
other solutions? 

Solving the equations by the method of § 43, and denoting 
the determinant of the equations for the sake of brevity by A, 
we iind since fej ~ 0, fcj = 0, ftj = : ■ 

Ax=0, A'!/ = 0, Js^'O. 
Hence, if x, y, z are not all three zero, we must have ^ = 0. 
Three homogeneous linear equatioiia can the^-efore have aobitions 
that are not all zero only if the dete^-ininant of the equations is 
equal to zero. 

If X, for instance, is different froivi zero, we can divide each 
of the three equations by x and then elimiuate ?y/a' and z/x be- 
tween the three equations. The result is j1 = 0, i.e. 
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Thus, the result of eliminating the three variables betioeen three 
homogeneous linear equations is the determinant of the equations 
equated to zeiv. (Compare § 40.) 

Solving tlie first and second equations iosy/x, z/x, we obtain 

1 65 Cj I I C3 dj ] \a^ &; I 
provided the denominators ai'e all different from zero. 

With the notation of § 40, this can be written »:y :z=Asi -.An xAss- 
If we solve the third and first or second and third equations for y/z, a/x, 
we find, respectiveiy, x :y -.^ ~ A21 : A22 : .423, or « ; ^ ; s = An : An ■■ A^s. 
Hence, wlienever jl = 0, we can find the ratios of the variables unless all 
the minors of A are Keio, 

49. Geometric Applications, The equation of a line 
through two points Pi (a^, )/i) and P^ (x^, j/,) can be found as fol- 
lows. The equation of any line must be of the form (§ 30) 
(4) Ax + By + C = d. 

The question is to determine the coefiieients A, B, G, so that 
the line shall pass through the points P, and P^. If the line is 
to pass through the point P^, the equation must be satisfied by 
the coordinates x-^, y, of this point, i.e. we must have 

Ar^+Byi+C = 0; 
this is the first condition to be satisfied by the coefficients. In 
the same way we find the second condition 

Ax, + By, + G=Q. 
We might calculate from these two conditionsthe valuesof .d/t? 
and B/G and then substitute these values in the first equation. 
But as this means merely eliminating A, B, C between the 
three equations, we can obtain the result directly (§ 48) by 
equating to zero the determinant of the coefficients of A, B, G. 
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Thus the equation oj the line through two points P„ P^ is 



Observe &at this equation is evidently satisfied if x, y are re- 
placed either by x^, ?/i or by x^, y^ (see (5), § 44). 

60. Area of a Triangle. The area, ^ of a triangle PiP..P^, 
in terms of the coordinates of its vertices Pi{Xi, y^, Pi{x:^, y^), 
Pi{xx, y,) is : 

for, Tipon expanding this determinant, we find the value given 
before in g 14. 

It will now be seen that tlie determinant equation (5) of the 
line through two points given in § 49 merely expresses the 
fact that any point (x, y) of the line forms with the given 
points (x„ yi) and (aij, y^) a triangle whose area is zero. 

EXERCISES 

1. Write dowa the equation of the line through (2, 3), (—2, 4^); ex- 
pand the determinant by minors of the first row ; determine the slope and 
the intercepts ; sketch the line. 

2. Find the equation of tlie line through the points : (3, — 4) and 
(0, 2) ; {0, 6) and (a, 0); (0, 0) and (2, 1), 

3. rind the area of the triangle whose vertices are the points (1, 1), 
(2, -3), (5, -8). 

4. Find the area of the quadrilateral whose vertices are the points 
(3, -2), (1,-5), (-3,1), (0,0). 

5. If the base of a triangle joins the points (— 1, 2) and (4, 3), on 
what line does the vertex lie if the area of tlie triangle is equal to 6 P 
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6. Find tlie coordinates of the common vertex of the two triangles of 
equal area 3, wliose bases join the points (3, 5), (6, — 8) and (3, — 1), 
(2, 2), respectively. 

7. Show tliat tlie area of any triangle ia four times tlie area of the 
triangle formed by joining the midpohita of its sides. 

8. Show tliat the sum of the areas of the triangles whose vertices are 
(a,d),(2b,e), (5e,/),aiid (8 a, d)^4 6, e), (3o,/) is given by the 
determinant 

13a d 11 

lie / li 

9. Show that the lines joining the midpoints of the sides of any 
triangle divide the triangle into four equal triangles. 

10. Show that the condition that the three lines Ax + Jiy + O = 0, 
A'x + B'y + C = 0, A"x + B"y + C" = meet at a point is 
\ABG\ 
\a< B' 0'\=0. 



12. For Yfhat values of s do the following lines meet in a point : 

13. Show that tbe altitudes of any triangle meet in a point. 

14. Show that the medians of any triangle meet in a point. 

16. Show that the line through the origin perpendicular to the line 
through the points (a, 0) and (0, 6) meets the lines throngh the points 



(a,0), (- 6, fi) and (0, 6), (a, -a) in a common point. 

16. Show that the distance of the point Pi(,xi, ijO from the line joining 
the points Pi(_Xi, y^) and Pa(xa, ys) is 

\xi Sfi 1[ 
iCs yi li 

»= I" " '' ■ 
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CHAPTER IV 
RELATIONS BETWEEN TWO OR MORE LINES 

51. Angle between Two Lines. We shall understand by 
the ajigle i}, I') = 6 between two lines I and I' the least angle 
through which I must be turned coim- 
terclockwise about the point of inter- 
section to eome to coincidence with V. 
This angle 6 is equal to the differ- 
ence of the slope angles a, of (Fig. 27) 
of the two lines. Thus, if i/ > k, 
have $ — a' — It, since a' is the exterior ^'^ 

angle of a triangle, two of whose interior angles a 
It follows that 




(1) 



tan $ = fan («' — «) = 



1+ taniitana' 
If the equations of I and l' are 

y^mx+b, y = m'x + b', 
;espectively, we have tan a = «i, tan a' = m' ; hence 



(2) 






n- 



If the equations of / and V are 

Ax -\-By +G ==% 
A'x-irB'y+C' = % 
: have tan « = — A/S, tan «' - 
„ ^ AB' - A'B 
AA'+BB'' 



yGoosle 



IV, § 52] RELATIONE BETWEEN LINES 59 

52. It foUowa, in particular, that the two lines I and I', § 51, 
are parallel if and only if 

m' = m, 01- AB< - A'B = ; 
and they are perpendicular to each other if and only if 

wf ^ - - , or AA' + SS' =0. 

(Compare §§ 27, 31.) Hence, to write down the equation of 
a line parallel to a given line, replace the constant term by an 
arbitrary constant ; to write doT7n the equation of a linBper- 
■pendiaalar to a given line, interchange the coefficients of x and 
y, changing the sign of one of them, and replace the constant 
term by an arbitrary constant. 

EXERCISES 

1. Determine whether the following pairs o! lines are parallel or per- 
pendioukr: 3a; + 2j)-6 = 0, 3a;-3t( + 4 = 0; 5k + 3^-8 = 0, 
10x + 6!/ + 2 = 0;3j;-f5!/-14 = 0, 8a:-3y + 6 = 0. 

3. Find the point of intersection of tlic lino5» + 8i; + 17 = with, its 
perpendicular through, the origin. 

3. Find the point o£ intersection of the lines tlirough the points (8, —2) 
and (0, 2), and (4, 5) and (- 1, -4). 

4. Find tie perpendicular bisector of the line-aeginent joining the 
pohit (8, 4) to the point of intersection of the lines ix — y + \ = and 
3 K + j; - 16 = 0. 

5. Findthelinesthrough the point of intersection of the lines 5 a— ^^0, 
a4-7y-9 = and perpendicular to tliem. 

6. Find tiie area of the triangle formed hy the lines 3 k + 4 y = 8, 
6 E - 5 J/ = 30, and 3! = 0. 

7. Find the area of the triangle formed by the lines x-^y — 1 = ^, 
2 a + J) + 5 = 0, and * - 3 y - 10 = 0. 

8. Find the point of intersection of the lines 

(a) ^ + ?t=l, 2+2=1. 

(6) ^4-^=1, y = 'mx+h. 
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iiigle formed by tJio linos y ~ mia + 61, 
1,2), (7,6). Findthe 



9, Find the area of the ti 
y = msx + bi and the axis Oj^, 

10. The vertices of atriangle are (5, - 4), (- 3 
equations of the medians and their point of ir 

11. Find tlie angle totween the !ines4a;—3]f— 6=0 and k— 7 !/+6=0. 

12. Find the tangent of theanglebetween thelines (n) is;— 3^4-6=0 
wiAdx + 2y — S = 0; (6) 8« + 6j/- 11=0 and a + 2y-3 = 0. 

13. Fiiirl tlie two lines through the point (fl, 10) inclined at 45° to 
theUne3x-2s)-12 = 0. 

14. Find the lines through the point ( — 3, 7 ) such that the tangent of 
the angle between each of these lines aiid the line 6 :c — 2 !/ + 11 = is |. 

16. Show that the angle between the lines Ax + By + — and 
(A + B)a~(A-B)y + n = is 45". 

16. Find the lines which make an angle of 45° with the line 
4a;— 7y + 6 =0 and bisect the portion of it intercepted by the axes. 



63. Polar Equation of Line. The position of a line ii 
plane is fully determined by the length p = ON (Fig. 28) o 
perpendicular let fall from the origin on 
the line and the angle ^ = xON made by 
this perpendicular with the axis Ox. 

Then p a,nd fi are evidently the polar 
coordinates of the point N (§ 16). Let 
Pbe any point of the line and OP=r, 
aOP=^ its polar coordinates. As tlio 
projection of OP on the pecpendieulitr 
ON is equal to ON, and the angle NOP = 
(4) rcos(*-^)=i). 

This is the eqwdion of flie line NP in polar coordinates. 
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64. Normal Form. The last equation can be transformed to 
Cartesian cooi'diiiates by expanding the cosine : 



and observing (g 17) that )■ cos ^ = iu, )■ sin ^ = ;/ ; tlie equation 
then becomes 

(5) iccos/S + ysinp=p. 

This equation, -which is called the normal form of the equation 
of the line, can be read off ditectly from the figure ; it means 
that the sum of the pi-ojections of x and y ou the perpendicular 
to the line is equal to the projection of )■ (§ 20). 

Observe that in the normal form (5) the number p is alivajs 
positive, being the distance of the line from the origin, or the 
radius vector of the point If. Hence x cos ff + y ein /3 is always 
positive ; this also appears by considering that xaos ^-\-y sin /3 
is the projection of the radius vector OP on 02f, and that this 
radius vector makes with Off an angle that cannot be greater 
tlian a right angle. 

The angle ^ = xON is, as a polar angle (g 16), always under- 
stood to be the angle through which the axis ftc must be turned 
counterclockwise about the origin to make it coincide with Off; 
it can therefore have any value from to 2 ir. By drawing the 
parallel to the line NP through the origin it is readily seen 
that, if « is the slope angle of the line NP, we have 

/3 = « + -L,r or ^ = rc + f^ 

according as the line lies on one side of the origin or the other, 
angles differing by 2 jr being regarded as equivalent. Thus, in 
Fig. 28, a. = V2if, ,3 = a + f 7r= 120° + 270''-=396°, which is 
equivalent to 30°. For a parallel on the opposite side of the 
origin we should have ^ = « + 1 ;r = 120° + 90° = 210°. 
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65. Reduction to Normal Form. The equation 

is in general not of tJie foroi (5), since in the latter equation 
the coefBcienta of x and y, being the cosine and sine of an 
angle, have the property that the sum of their squares is equal 
to 1, while in the former equation the sum of the sqiraies of 
A and B is in general not equal to 1, But the general equation 

Ax + By+C=0 
can be reduced to the normal form (6) by multiplying it by 
a factor k properly choseu ; we know (§ 30) that the equation 

kAx + kBy + kC=0 
represents the same line as does the equation Ax+By+O=0. 
ITow if we select k so that 

kA^ooaff, kJi^shi^, kC^-p, 
the equation Ax -\- By -\- C = ^ reduces to the noriual form 
fl:cos^ + y sin ^ — ^) = 0. The first two conditions give 

¥A^ + k^B^ = eos= ^ + sin^ 13 = 1, 

whence ^ = ± ■ — . 

^A^ + B' 
Since the right-hand member ji in the normal form (5) is posi- 
tive, the sign of the square root must be selected so that kG 
becomes negative. We have therefore the ride : 

To reduce the general equation Ax-'rBy-'r,0=:(i to the normal 
foi-rn, 

xcos + y sin j3 —p— 0, 

divide by — VA^ + W wJien is positive and by +V3.^-f-B^ 
w?ieyi C is rtegative. 

Then the coefficients of x and y will be eos(3, sin^, respec- 
tively, and tlie constant term will be the distance p of the line 
from the origin. 
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Thus, to reduce 3 a; + 2 y + 5 = to the normal form, divide 
by -V3^ + 2= = -vT3; this gives 



i.e. the normal form is 

V13 Vl3 Vis 
The pei'peudicalar to the line from the origiii has the length 
S/VIS; and as both cos^ and. sin y3 are negative, thia perpen- 
dicular lies in the third quadrant. Draw the line. 

Reduce the er^uation 3 a; + 2;/ — 5 = to the normal form. 

66. Distance of a Point from a Line. If, in Fig. 28, we 
tate instead of a point P on the line any point P, (x^, 
not on the line (Fig. 29), the expression \ _,y5 

Xi cos ^ + »/i sin fi ia still the projection on ■■ 
ON (produced if necessary) of tlie radins 
vector OPi- But this projection OS differs 
from the normal 02i = p to the line. The 
figure shows that the difference 

a:iC03^4-;/isin,8-p=0^- ON=NS fio. 29 

is equal to the distance J^iP, of the point Pj^from the line. 

Thus, to find the distance of any point Pi (x„ iji) from a line 
whose equation is given in the normal form 
3! cos ^ + »/ ain ^ — J) = 0, 
it sufB-ces to substitute iu the left-hand member of this equa- 
tion for X, y the coordinates x^, yi of the point P^. The expression 

iCi cos y3 -1-^1 sin ^-^ 
then represents the distance of P^fi-om the line. 

If this expression is negative, the point Py lies on the same 
side of the line as does the origin ; if it is positive, the point 
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Pi lies on the opposite side of the line. Any line thus divides the 
plane into two regions which we may call the positive and nega- 
tive regions ; that in which the origin lies is the negative region. 
To find the distance of a point P, (x^ y,) from a line given in 
the general form 

we have only to reduce the equation to the normal form (§ 55) 
and then apply the rule given above. Thus the distance is 
^ + Bi/, + C ^j. Ax^+By^+G 



according ; 



s Cis positive or negative. 



67. Bisector of an Angle. To find the bisectors of the 
angles between two lines given in the normal form 
9;coa)3-|-yaiu;8-p^0, 
3! cos y3'+ J/ sin ^' —p' = 0, 
observe that for any point on either bisector its distances from 
the two lines must be equal in absolute value. Hence the 
equations of the bisectors are 

aicos^-l-i/sin^— p=s± (aicos /3' + ?/ sin 0' —j<')- 
To distinguish the two bisectors, ob- 
serve that for the bisector of that pair 
of vertical angles which contains the 
origin {Fig. 30) the perpendicular dis- 
tances are, in one angle both positive, 
in the other both negative ; hence the 
plus sign gives this bisector. 

Tf the equations of the lines ; 
given in the general form ^"^' ** 

Ax + Bi/+C = 0, A'x + B'ij+C" = 0, 
first reduce the equations to the normal form, and then apply 
the previous rule. 
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EXERCISES 



1. Draw the lines represented by Uie following equations ; 
(a) »-cosC0-J,r) = 6. (e) rcosC^ + §^) = a 
(6) rco3(*.-T)=4. (/) rsiii(^-J^)=a 
(c) 7- cos ^ = 10. (_g) r sin (^ + | ^) = 7. 
((!) r sin ^ = 5. (ft) »■ cos (* - | tt) = 0. 

2. In polar coordinates, find the equations of the lines ; (n) parallel to 
and at the distance 5 from the polar axis (above and b«low} ; (6) per- 
pendicular to the polar axis and at the distance 4 from the pole (to the 
right and left) ; (c) inclined at an angle of J x to the polar axis and at 
the distance 12 from tlie pole . 

3. Express in polar coordinates tlie sides of the rectangle OABG ii 
0A = & and AB = 9, OA being taken as polar axis. 



4. What lines are represented by (5) when p is constant, while ^ 
Taries from zero to 2 jt ? What lines when p varies while p remains con- 

6. The perpeiidicnlar from the otigiji to a line Is 5 units in length and 
makes an angle tan-i^^ with the axis Ox. Find the equation of the line. 

6. Reduce the equations of Ex. 8, p. S4, to the normal fot'm (5). 

7. rind the equations of the lines whose slope angle is 150° and whicli 
are at the distance 4 from the oripn. 

8. What is the equation of the line through the point ( — 3, 5) whose 
perpendicular from the origin makes an angle of 120^ with the axis Oxf 

8. For the line 7j;— 24^ — 20 = find the intercepts, slope, length 
of perpendicular from the origin and the sine and cosine of the angle 
which this perpendicular makes with the axis Ox. 

10. Find by means of sin 3 and cosp the qaadraiilB crossed hy the line 

11. Put the following equations in the form (6) and thus flndp, sin ji, 

(a)y=mx + b. (6) '^+1 = 1. (c)ax^4y. 

12. Is the point (3, —4) on the positive or negative side of tlic line 
through the points (— 5, 2) and (4, 7) ? 
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13. Is the point (— 1, — f) on the positive or negative side of tlie line 

14. Find by means of an altitude and a side tbe area of the triangle 
foimed by the lines 3k + 2j) + 10 = 0, ix -5y + W = 0, 23: + y -A 
= 0, Check the result with another altitude and side. 

15. Find the distance between the parallel lines (a) 3x— 6y — i = 
ande»-10y-t-7 = 0; (6) 5» + Ty -|- 9 = and 1-5 a; + 21;/- 3 = 0. 

16. What is the length of the perpendicular from the origin to the line 
through the point (— 5, — 4) whose slope angle is 60° ? 

17. "Wiat are the equations of the lines whose distiinoes from the 
origin are 6 units each and whose slopes are J ? 

18. Find the points on the axis Ox wlioso perpendicular distances from 
the line 21 k - 7 j/ - 19 = are ± 5. 

19. Find the point equidistant from the poiuts (1, — 3) and (—2, 1), 
and at the distance i from the line Sk — 4y — 6 = 0. 

3D. Find the line parallel to 12x — 6y — 6 = Oand at the same distance 
from the origin ; farther from the origin by a distance 3. 

21. Find the two lines through the point (1, ^) such that tbe perpen- 
diculars let fall from the point (6, 5) are of length 51 

23. iPind the line perpendicular to4» — 7j — 10=0 which crosses the 
axis Ox at a distance 6 from the point (— 2, 0). 

23. Pind the bisectoi's of the angles between the lines: (a) a— y— 4=0 
andSa; + 3]/ + 7 = 0; (6) 5k-12i;-16 = and 24 a; + 7jH- 60 = 0. 

24. Find the bisectors of the angles of the triangle formed by the lines 
r>x + Uy+20 = 0,ix — 3y-G=0,Zx-iy + 5 = Oandthecenterof 
the circle inscribed in the triangle. 

29. Fhid the bisector of that angle between the lines 3* — V3j/4-10=0, 
Va a + !f ~ 6 = in which the origin lies. 

26. If two lines are given in the normal form, what la represented by 
their sum and what by their difference ? 

37. Show that the angle between tlie lines x -t y = and ;<; — ^ = is 
00° whether the axes are rectangular or oblique. 
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58. Pencils of Lines. All lines through one and tlie same 
point are said to form a pencil; the point is called the center of 
the pencil. If 

J Ax + By +(7=0, 

iA'^ + B'y+C'^O 
are any two different lines of a pencil, the equation 
(7) Ax + By+G+MA'x + B'y + G')=(}, 

where Je is any constant, represents a line of the pencil. For, 
the equation (7) is of the first degree in x and y, smd the coe£&- 
cients of x and y cannot be both zero, since this would mean 
that the lines (6) are parallel. Moreov^er, the line (7) passes 
through the center of the pencil (6) because the coordinates of 
the point that satisfies each of the equations (6) also satisfy 
the equation (7). 

All lines parallel to the game direction are said to form a 
pencil of parallels. It is readily seen that if the lines (6) are 
parallel, the equation (7) represents a line parallel to them. 

EXERCISES 

1. Find the line; (a) ttirougti the point ot intorsectiou of the lines 
ix —1y + 5=0, 6x + Uy.t-7 = and tlie ori^n; (6) througli the 
point of intersection of the lines ix~2y — 3=0, x + y~ 6 = and 
the point ( — 2, 3) ; (c) through the point of intersection of the lines 
ix—5y + = 0, J — a; — 3 = 0, of slopeS; (i!) through the Intersection 
of53:-6y + 10=0, 2j; + 3!;-12 = 0, perpendicular to 4 !; + x = 0. 

2, Tind the line of the pencil x—5 = 0,y + %=0 that is inclined to 
the asis Ox at 30°. 

8. Determine the constant 5 of the line y = 3 x+ b so that this line 
shall belong to the pencil Sx — iy + S^O, x = 5. 

i, Knd the line joining the centers of the pencils x—3y = 12, 
5x— 2y = 1 and x + y = 6, 4e— 5!( = S. 

6. Find the line of the pencil ix-5y -12 = 0, 33; + 3!/~16 = 
that malies equal intercepts on the ases. 
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59. Non-linear Equations representing Lines. When two 
lines are given, say 

Ax + Bij + 0= 0, 
A'x + B'y-itC' = Q, 
then the ec[uation 

{A^ + By+ G){A'x -\-B'y + C')==Q, 
obtained by multiplying the left-hand members (the right-hand 
members being reduced to zero) is satisiied by all the points 
of the iirat given line as well as all the points of the second 
given line, and by no other points. 

The product equation which is of the second degree is there- 
fore said to i-epresent the two given lines. Similai'Iy, by equat- 
ing to zero the product of the left-hand members of the equations 
of three or more straight lines (whose right-hand members are 
zero) we find a single equation representing all these lines. 
An equation of the nth degree ma.v therefore represent n 
straight lines, viz. when its left-hand member (the right-hand 
member being zero) can be resolved into n linear factors, with 
real coefficients. 

EXERCISES 

1. Find the coraraon equation of the two axes of coordiuates. 

2. Show that !i linas through the origin are represented by a homo- 
geneous equation {i.e. one in which all terms aie of the same degree in 
X and y) of the rath degree. 

8. Draw the lines represented by the following equations : 
(ffl) (x~a)iy-h) = (i. if) xy^az = 0. 

(b) Sx,'~xy~iy'^ = 0. (g) f -5f + 5y = 0. 

(c) 3^-0^2 = 0. (ft) x^-xy = 0. 

(d) as?+by^ = 0. CO y^ - e^'^ + 11 k^j/ - S *s = 0. 

(e) i^ - K - 12 = 0. 

i. What relation must hold between a, It, b, if the linea represented 
by az^ + 2 hxy + 6s^ = are to be real and distinct, coincident, imag- 
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MISCELLAKEODS EXERCISES 



1. Find the angle between Hie lines i-epresented by the equation 
iiE^ -)- 2 hxy + 6^ = 0. What is tlie condition for these lines to lie per- 
pendicular ? coinddent ? 

2. Reduce the general ec[uation Af, + By + G ='i to the norined 
form 0,003 ^ + ij sai (3 = ji by considering that, if both equations represent 
the same Une, the intercepts must be ihe same. 

3. rind the line through (a;i , ^i) malnng equal intercepts on the axes, 
i Find the area of the triangle formed by the Unes y = ■m\r, + 6i , 

y = m>. + b y = b 

5 What doeiB the equation ^ = const. I'epresent in polar coiiiiiiiates ? 

6 Tnid the polar equation of the line through (6, ir) and (4, | jt), 

7 Denve the determinant expression for the area of a triangle (§ 11) 
by multiplying one side by half the altitude. 

8 The weights w W being suspended at distances li, D, respectively, 
from the fulcrum of a lever, we have by the law of the lever WD = wd. 
If the weights aae slutted along the lever, then to every value of d eor- 
responda a definite value of D ; i.e. i> is a function of d. Repi-esent this 
tunutioi giaphn,ally interpret tlie part of the line in the tided quadrant. 

9 A tiain aftei leaving the station A, attains in tlie flr$t lolnuteis, 
li miles from A the speed of 80 miles per hour vrith which it goes on. 
How far fiom A will It be 60 minutes after starting? (Compare Ex- 
ample 4 § 29) Illustrate graphically, taking s in miles, ( in minutes. 

10 4 train leaves Detroit at 8 br. 25 m. a.m. and reaches Chicago at 
4 hr 6 m p m another train leaves Chicago at 10 hr. 30 m. a.m. and 
arrives in Detinit at 6 lir 80 m. p.m. The distance is 284 miles. Kegard- 
ingthen jtionas initoim and neglecting the stops, find graphically and 
analytically where and when the trains meet. If the scale of distances 
(in miles) be taken 1/30 of tlie scale of times (in horns), how can the 
velocities he found from the slopes ? 

11. A stone is dropped from a balloon ascending vertically at the rate 
of 24 ft./sec. ; express the velocity as a function of the time (Example 5, 
§ 3S) . What is the velocity after 4 see. ? 

la. How long will a ball rise if throvrn vertically upward with an 
initial velocity of 100 ft./sec. ? 
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CHAPTER V 

PERMUTATIONS AND COMBINATIONS. DETERMI- 
NANTS OF ANY ORDER 

60, Introduction, In using determinants of the second and 
ttii-d Older we have seen how advantageous it is to arrange 
conveniently the symbols of an algebra [ e on B f 

proceeding to the study of the general d t nant f the th 
order, we must discuss very briefly th t b an 1 f Ig b 
which is concerned with the theory t a a g nts and 
changes of arrangement (permutation and b t n ) 

The results are important not only for determinants, but are 
used very often, even in the common aifairs of life ; they form, 
moreover, the basis of the theory of " choice and chance," or of 



The " things " to be arranged or combined need not be num- 
bers (as they are in a determinant), but may be any what 
ever, provided they are, and remain, clearly distinguishable 
from each other; we shall call them elements and designate 
them by letters a, b, c, etc. 

61. Permutations, Any two elements, a and b, can obvi- 
ously be ai'i'auged in a row in 2 ways : 

ab, bu. 
Three elements a, b, c can be arranged in a row in 6, and only 
6, ways; 

aha buc mb 
ucb bca cha 
The question arises: in how many ways can ii elements be 
arranged in a row '^ 
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Any arrangement of n elements in a row is called a permu- 
tation. It is found by trial that the minibec of permutations of 
51 elements increases very rapidly with their number n. Thus 
for 4 elements it is 24, for 5 elements 120. It will be shown 
that for n elem^its the number of permutations is 1 -2 -3 ■■■n. 
This expression, the product of the first n positive integers, is 
i by n !, or \n, iuid is called faclorial n -. 



If we denote by P„ the number of permutations of n ele- 
ments our proposition is 

1\ = n I 

62. Mathematical Induction. The proof of the proposition 
that P„ = « ! is obtained by an important method of reasoning 
called mathematical induction. 

By actual trial we can readily find that P, = 1, P; = 2, 
Pj = 6, and with sufficient patience we might even ascertain 
that PjssTSO. Bat to prove the general proposition that 
P^ = n! we must look into the method by which in the 
particular cases we make sure that we have found all the pos- 
sible permutations. This method consists in proceeding step 
by t p 

Se g th t 1 ents have ** pe mutat ons f n th 

pe Q utat f ^ le ents ly tak ng ea«h of tl e 3 1 n t 

and Bo ati ^ n t! t the 2 pe n tat ons of th n 

two we th fin 1 tl t P = 3 = 

Similarly, to form the permutations of 4 elements we asso- 
ciate each of the 4 with the 6 permutations of the remaining 3 ; 
this gives P, = 4 • 3 ! = 4 ! 

This leads us to expect that P„ = n ! The actual proof rests 
on two facts ; (a) the special fact, found by actual trial, that 
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e.g. Pa = 2 ! ; (6) the general law that the uumber of permuta- 
tions of n + 1 elementa is found by associating each of the 
n + 1 elementa with the P„ permntations of tlie remaining n, 
i.e. tliat 

Knowing from (a) that P^ = 2l we find from this formula that 
Pj = 3 ■ Pa = 3 ■ 2 ! = 3 ! ; in the same way that P, = 4 ■ 3 ! = 4 ! 
etc. 

Notice that mathematical induction is not merely a method 
of trial and experiment. It requires that we should know not 
only one special case of the general formula to be proved, but 
also the law by which we can proceed from every special Ciise to 
the next, i.e. from ?i to ft + 1 whatever the value ofn. This law 
is a result, not of trial or induction, but of deductive reasoning. 
In our case It is expressed by the formula P„^i = (li + 1)P„. 
The method of mathematical induction is therefore often called 
reasoning fivm n to n + 1. 

63. Permutations by Gxoups. A somewhat more general 
problem in permutations is suggested by the following exam- 
ple : In an office there are two vacancies, one at $ 1000, the 
other at $800. There are 5 applicants for either of the 2 
positions I in how many ways can the positions be filled ? 

The first vacancy can be filled in 5 ways, and then the sec- 
ond can still be filled in 4 ways ; hence there are 5 ■ 4 = 20 
ways. Denoting the applicants by a, b, c, d, e the 20 possi- 
bilities are ; 

ab aa ad ae 
ba be bd be 
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The general problem here suggested is that of finding tfte 
number of permutations of n elermnts k at a time, where h^n. 

Each permutation here contains h elements ; and we have to 
fill the k places in all possible ways from the n given elements. 
The fii'st place can be filled in n ways. The second can then be 
filled in m — 1 ways ; hence the first and second places can be 
filled inn,(ii — 1) ways. The third place, when the first two are 
filled, can still be filled in ?i — 2 ways, so that the first three 
places can be filled in n{ii — V){n — 2) ways. Proceeding in this 
way we find that the ft places can be filled in m (n — l')(n~2) ■•■ 
{n — k-\-l) ways. 

Thus the number of permutations of n elements, fc at a time, 
which is denoted by „J'n is 

^P,^n{n-l)in-2) ...{n-k + 1). 

Notice that in „P^ there are as many factors as places to be 
filled, viz. k; the first factor being n, the second n — l, etc, the 
ftth will be w - (ft - 1) = n, - fc + 1.. 

If ft = « we have the case of S 61 ; i.e. „P„ = P.. 

As n\ = nin-l) ...{n-k + X) ■ (n~k){n -h-^1) .•■2.1 
= n(n - 1 ) ■■■(« — ft + 1) . (n — k')\, the expression for ^P^ can 
also be written in the form 

■^•"(»-t)!' 
64. Combinations. If, in the problem of § 63, the 2 
vacancies to be filled are positions of the same rank (as to 
salary, qualifications recLuired, etc.), the answer will be differ- 
ent. We have now merely to select in all possible ways 2 out 
of S applicants, the arrangements ab and ba, ac and ca, etc., 
being now equivalent. Therefore the answer is now 20 divided 
by 2, i.e. 10, as can readily be verified directly : ab, ac, ad, ae, 
be, bd, be, al, ce, de. 
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If there were 3 vacancies, the mimbet of ways of filling 
them from 4 applicants, when the positions are difEerent, is 
jPj = 4 ■ 3 ■ 2 = 24 ; hat when the positions are alike, the 
number is 24 divided by the number of permutations of 3 
things, i.e. 24/6 = 4. 

A set of k elements selected out of li, when the arrangement 
of the k elements in each set is indifferent, is called a combina- 
tion. The number of combinations of k elements that can be 
selected from n elements is denoted by „Ct ; to find this num- 
ber we may first form the number ^P^ of permutations of n 
elements ft; at a time, and then divide by the number Pi. = &l 
of permutations of fc elements. Thus 

^___ n(n-l):.(n-Tc + l) _ n> 
" " 1 -2 ■■■k k]{n-k)l 

The number of combinations of n elements that can be 
selected from n elements is clearly 1 ; indeed, for k = n our 
first expression gives ,C„ = 1- 



S. Show that 

(a) ,Oi=,0»-t. (6) „Gt+„Ct_,=„+iCt., (c) K+iCi=(n+^ 
3. Prove by mathematical induction that ; 
(«) 14-3 + 3+- +n = inOi + l)- 
(6) 15 + 2=4-32+- +«' = Jrt(n+l)(2n + l). 
(o) 13 +2= + 8'+ - +#=Qn(n + l)P = (1+2 + 8+ ■■. ■ 
(d) 1 + 3 + 6+ - +C2n-l)=u2. 
(«) 2 + 4 + 6+ - +2n = ?iCn + l). 
(/) 1.2 + 2-3 + 3-4 + .-. +»(n + l)=i!i(n + l}(w + 2). 

f^' n2 + 2^3 + 3h+-+^«Vl)=.-TI' 
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i. A pile of shot forms a pyramid with n shot on a side at the base. 
How many shot in the pile if the base is a square ? an equilateral triangle ? 

8. Three football teams plan a series of games so that each team will 
play the other two teams 4 times. How many games in the schedule ? 

8. In how many ways can a committee of 3 freshmen and 2 sopho- 
mores be chosen from 8 freslimen and 5 sophomores ? 

7. In how many ways can the letters of the word equal be arranged 
in a row four letters at a time ? 

8. From the 23 letters of the alphabet, in how many ways can four 
different letters, one of which is d, be arranged in a row ? 

9. How many numbers of three digits each caw be formed with 1, 
3, 8, 4, 5, no digit being repeated p How many of these numbers are 
even? odd? 

10. From a company of 60 men, how many guards of 4 men can he 
formed? How many times will one man (A) serve ? How many times 
will A and B seiTe together ? 

11. Which is the largest of the numbers „<?! , „Ca, „Gs, •■■ „'?^_i, 
when n is even ? odd ? 

12. How many straight lines are determined by 12 points, no 3 of 
which are in a line ? 

13. How many triangles are determined by 10 points, no 3 of whwli 



65. Aversions in Permutations. When n elements ni, as, 

Oj, ■■■ a„, distinguished by their subscripts, are given, their arrange- 
ment, with the subscripts in the natural order of increasing numbei-s, 

BlOsOa ■■■ B,_l(T,j, 

is called the pTinclpal permntation. In every other permutation of these 
elements it will occtU' that lower subscripts are preceded by higher ones. 
Every such occurrence la called an nwersion. Any permutation is called 
even or odd according as the numbei- of inversions occurring In it i» even 
or odd. The principal permutation, which lias no Inversion, is classed as 
even. To count the number of inversions in a given permutation, take 
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each subscript in order and see by liow many higlier subscripts it is 
preceded. 'ITius, in the permutation 


aaojosannooai , 




tlie subscript 1 is preceded by the higher subscripts 2, 3, 5 (3 inTersions) ; 
2 and 3 are preceded by no holier subscripts; 4 is preceded by 5 (1 in- 
version); 5, 6, 7 are not preceded by any higher subscripts. Hence there 
are 3 + 1 = 4 inTersions, aJid the peimutation is even. The permutation 


acavasaiajasm 




o£ the same elements iias 3-|-3 + 2-)-3 + 2 = 13in 
fore, odd. 


versions, and is, tliere- 



66. ^ in a permutation any two lu^aeent elements are interclianged, 
the niiinber of inversions is changed by 1 ; hence the class to which the 
permutation belongs is changed (from even to odd or from odd to even) . 

let the two adjacent elements be aj, nt and suppose that h<,k. 
Two cases arise according as the original arrangement is axdi or (tyij,. 

(a) If the original arrangement is KjUt , the new arrangement is a^at ; 
as A<A, and as all other elements of the permutatlon'remain unchanged, 
the number of inversions is increased by 1. 

(&) If the original arrangement is ataj, , the new arrangement is a^ai, 
so that the number of inversions is diminished by 1. 

67. If in a permutation any two elements tahate'eer be interchanged, the 
number of inversions is changed by an odd mtmber, and hence the class 
of the permutation is changed. 

For, the interchange of any two elements at, a/, can be effected by a 
number of sucoassive interchanges of adjacent elements. If there are m 
elements between a^ and a*, we have only to interchange a* with the first 
of these elements, then with the next, and so on, finally with %, and 
then aj with the last of the m elements, with the nest to the last, and so 
on ; thus ia all m + 1 + m = 2 m + 1 interchanges of adjacent elements 
are required, i.e. an odd number. 

68. Of the n I permutations of n elements just one half are even, the 
other half fire odd. 

This follows by observing that if in each of the n ! permutations we 
interchange any two elements, tl:o same in all, every even permutation 
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77 



becnmes odd aiid e^eiy odd permutation becomes even, and no two differ- 
ent peimutations are changed into tlie same permutation. After tliis 
mteichange we most have exactly tbe same n I permutations as before. 
Hence (he nunibei of even permulationa must equal tJiat of tbe odd 
peimutations 

The propoBitionf. about Inversions are important for tbe theory of de- 
s of the ntb oidsr to whiUi we now proceed. 

9. General Definition of Determinant. When n^ numbers are 
n (e.g. tlie coefBcienta of the variables in n linear equations) , arranged 
square array, we denote by the sytnbol 



and call determinant of the rah order the algebraic sum of the n 1 terms 
obtained as follows : the first term is the product of the ii numbers in the 
principal diagonal Oii«220aa ■■■ a„, ; tbe other terms at^ derived from this 
term by permuting in all possible ways either the second subscripts or 
tbe first subscripts, and. multiplying each tflrm by -i- 1 or — I according 
aa it is an even or odd permutation {i.e. contains an even or odd number 



It follows at once that every term contains n factors, vi£. one and only 
onefiotn each row, and one and only one from each voluinn. 

It is readily seen that this definition gives in the case of determinants 
of the second and third order the expressions previously used aa defining 
such detevminants. For a determinant of the fourth order, 





Oil 


a 12 ais an 




rail 


021 a^i ai4 




031 


(Jan Cf33 aa* 




Oil 


04! ois au 


obtain tbe 1 . 2 . 3 ■ 4 = 


U 


erms from the 



principc 
ttiiasjQjsOM 
by forming all the permutations, say of the second subscripts 
and assigning the + or — sign according to tlie number of 
these permutations are derived by successive interchanges of 
scripts the terms will have alternately the -|- and — sign. 
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70. The propei'ties of the determinant of Ihe ^^t!l order are essentially 
the same as those of the detei-rainant of the third order (§§ 44-17) . 

(1) The determinant is zero wheneiier all Che elements of any row, or 
all (hose of any coiHiren, are sero. 

For, every term contains one element from each row and one from 
each column, 

(2) It follows from the same ohservation that if all elements of any 
row {or of any euhimn) have a factor in common, thi$ factor cnn betaken 
out and plaeed before the determinant. 

(3) The value of a determinant ia not changed by transposition; i.e. 
by malting the columns the rows, and vice versa, preserving their 

For, this rnerely interchanges the subscripts of every element, i.e. the 
first series of aubaoripts becomes the second series, and vice versa. 
Hence any property proved for rows is also true lor columns. 

(4) The interchange of any two rows (columns) reverses the sign of 
the determinant. 

For, the interchange of any two rows gives an odd number of inver- 
sions to the first series of subscripts in the principal diagonal {% 67), and 
does not alter the second series. Hence the signs of all the terms are 



Cor. 1. A determinant in which the elements of any row (column) 
are equal totht. corieopondtng elements of any other row (column) is zei-o. 

For, the sign of the determinant Is reversed when any two rows 
(columns) aiB mterchinged ; bat the interchange of two equal rows 
(columns) cannot change the value of the determinant. Hence, denot- 
ing this value by A, we have in this case ^ A = A, i.e. A = O. 

(5) If all the elements of any row {column) are sunw of two terms, the 
detei'minant can be resolved into a sum of two determinants. 

For, in the expansion of the determinant every term contains one bi- 
nomial factor ; therefore it can be resolved into two terms. See § 47 for 
an illustration. 

By mean? of this property, prove the following corollaries : 

Cob I If all the elements of any row (column) are algebraic 
sumf of any number of terms, the determinant can be resolved inlo a 
rotre'ipondina number of determinants. 

COK 2 The value of a determinant is not changed by adding to the 
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I! {column) muUlplied 



elements 0/ any row (^column) those of any other r 
by any comraon factor. 

This corollary furnishes a method (see g 72) by wliich all the elements 
but one of any row (column) cau be reduced to zero. 



EXERCISES 
1. How many inversions are there in the following permutations ? 
(a) aiaiOeasajaia^. (6) Oyaeaiasoso^aii' 
S. In the expansion of the determinant beluw, what s 
)lac«d before tlie terms celn, agjp ? 



"1^ + biy + ci£ til 61 c, 

aiX + biy -V CiZ nj 62 Ca 

oax + b^y + Cgs as Ss Cs 

a^ + 1)0 + C4S (Uj 64 cj 



n which all the 



!3 7 5 
j3 

|o 1 2 



6. Show that 

l(6 + c)= 



-iabcl^a + 6 + c)S; 



(6) ab' cc' + aa' cV \ = 4:aa'Wcc' 
\ ac' he' aa' + bh' \ 

(Hint. Multiply the rows by a, S, 1:, respectively.) 
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71. Minors and Cofactors. if in a determinant both the row 
and column la wliiuli any parLjeular element an occurs be Btruolt out, the 
remaining elements form a determinant of order « — 1, which is called 
the minor of tJie element aa. 

From the definition {§ 69), we observe that the expanBion o£ any de- 
terminant Is linear and homogeneotis in the elements of any one row 
(column). The terms which contain an as factor are those terms whMe 
other elements have all possible permatations of either the first or second 
subscripts 2, 3, ■■- n. Hence the sum of the tenns that contain ou as 
factor can be expressed as an multiplied by its minor, i.e. 



By Interchanging the first and second rows { (4) § 70) we observe similarly 
that the sum of those terms which contain «si as factor can be written 

ki2 ■■■ am] 



n am as factor are given by 



\a„s ■■■ a»..| 
Hence the expansion of a detei'minant liy n, 



""■ 


■■ «!.. 


-au ■ ■ 


■ «.,. 


a»2- 


■■a„„ 


a»2" 


■ «™, 



Let An denote tlieco/a«(or of an,; that is, (— 1)'+' times the minor o/oji; 
and A the original determinant ; we can. then write this expansion in the 

A = auAn + a^iAa + OnAsi + — + a„iA„i. 
Similarly by cofactors of the elements of any column, 

A = a,uAu + aioAu + anAsic + - 4- a^A^t, for i; = 1, 3, 8, ■■■ n, 
and by cofactors of the elements of any row, 

A = OiiA 1 4- ai2Ai2 + a^Ai, + — + fti^A,,,, for i = 1, 2, 3, ... n. 
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The evaluation of a determiiiant of order n is thus reduced to the 
evaluation of n deterrainanta of order Ji — 1. To each of these the same 
process is applied until determinants of order 8 are obtained which can be 
evaluated by the rule of § 42. 

72. la case of numerioal determinants this process of successive reduc- 
tion is very much simplified by reducing to zero all the elements of any- 
one row (column) with the exception of one element, say Oa. This can 
always be done by addition or subtraction of multiples of rows (columns), 
by Cor, 2, § 70. The expansion by cofactors of the elements of this row 
(column) then reduces to a single term, viz. aoiAa. 

The sign (— 1)*+* to be aiDsed to the minor of «« to obtain ihecofactor 
Alt is readily found by counting plus, minus, plus, minus, etc, from the 
first element an down to the (lb row and then to the ith column until 
Otj, is reached. 

73. The, sum of the elements of any row {column) multiplied respeo- 
lively hy the cofactors of the elements of any other row (^column) is zero. 

For, this corresponds to replacing the elements of any row (column) by 
the elements of another row (column). Hence the determinant Tanishes 
(§ 70, (4), Cor. I). For example, if in tlie expansion by cofactors of the 
first TOW 

flu'Sii + Bis-iia + ■■■ + ai.i-4i„ 
we replace the elements of the first row by those of any other row we find 

»ii^ii + toXi2 + -•- + (lf„^i„ = 0, for i = 2, 3, ..- n. 

74. Linear Equations. We write n equations in n variables 
xi, xs, x^, :■ x^ as follows, 

aiiXx + aiiX2 + ■■- + ai^i = ti, 
OaiKi + aaaij + -.- + 02^„ = ij. 



a„ixi + antX2 + ■■■ + Om*, = K. 
The determinant formed by the coefficients of the variables is called tlie 
determinant of the equations (§§87, 43) and is denoted by A. To solve 
tiiB equations for any one ot the variables, say ctj, we multiply the first 
equatdon by the oofactor of ay in A, i.e. by Ajj, the second equation by 
Atj, the third equation by Ai}, etc., and add. Tliis sum is by g 71 

(oij-iy + aijAy + .-. 4- <Sn^Aaj)Xj = Axj = kiAij + k^A^j + ■■■ + k^A^, 
as the coefficients of all the other variables vanish (§ 73), Hence if 
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^ rjt 0, we hava the following rule : Mack variable is the quotient of two 
determinants, the denominator in each case is the determinant of the 
equations, while the numerator in obtained from the denominator by re- 
placing the coefficients of the variable by the constant terms (g§ 37, 43). 

75. Elimination, if the » linear equations are homogeneous, i.e. if 
ki, /C2, ■■■ fei are all zero, we have 



;i + 022^2 + • 



f a-irX,^ = 



Q„lSl + OnsEj + ■■■ + OBHiKB = 0. 

These equations are evidently satisfied by the values 

ai =0, K2=0, ...K„=0. 

Other values of the variables can satisfy the equations only if the deter- 
minant of the equations is zero. For, the method of g 74 gives 
case of homogeneous equations 

A'X.i = 0, ^1X2 = 0, ..- AXa = 0. 
Heuoe if Xi. x^, ■■• '-c^ are not all zero we must have 



the 



This result may also be stated as follows ; The result of eliminating « 
variables between n homogeneous linear equations is the determinant of 
the equations equated to zero. 

If, for instance, x» ^ 0, we can divide each equation by !C„ and then 
solve any n—1 equations for the quotients X\/x^, X2/X,,, •■■ On-i/ssn. It 
thus appears as in § 48 that when .4 = 1) the ratios of the variables can 
be found unless all the cofactors Au are zero. 



1. Show that 



I flu «,2l 

I uai ssj I 
2. Write the expansion of 



EXERCISES 

"n aiB "I! an 

an aii an Om 

1 as4 ■ 
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8. Express Ou3^ + a^x^ + a^e^ + 03a: 4- Bi as a dBtermiiiant. 
4. FUid the value of 



6. Solve the equations -. 



-t->r2y--A 



:+M 



\x-\-y-i.z-^Z 



7. Are tlie following equations satiafied ty other values of the variables 
tlian 0, 0, 0, ? 



{a) 



(.!>) 



= 0, 



l2* + 2i;- 



x+2v+z+iw 



8. The relations between the sides and cosines of the angles of a tr 
find the relation between the cosines of the angles. 
76. Special Forms, in any determinant 



two elements are called conjugate when one occupies the same row and 
column that the other does column and row respectively ; thus the 
element conjugate to an is Uif The elements with equal subscripts an, 
an, •■■ dan are called the leading elements; they are their own conju- 
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A detenninant ia which each element is equal to Ita conjugate (i.e. 
la = «t() is called symmetric. 

A determinant in which each element is eqaal and opposite in sign to 
lis conjugate (i.e. ait=— ««) is called skew-symmetric; the condition 
tmplies that the leading elements are all zero. 

A skffot'SymmetTlo determinant of odd order is always equal to xero. 

For, if we change the rows to columns {5 70, Prop. 3) and multiply 
each column by — I, the determinant resumes its original form. But 
since the determinant is of odd order we have multiplied hy — 1 an odd 
number of times, which changes the sign of the determinant [(4), § 70]. 
Hence denoting tlie value of the determinant by _i, we have — A ^ A, 
U.A = (i. 

11. Multiplication, it can easily be verified for determinants of 

the second order that the product of any two such determinants 

I Oil aisl |6ii ftijl 

l«2i rtjj| \bn 622] 

can be expressed as a determinant of the second order in any one of the 

four following forms ; 

I OjiBii + ai ' 2 aaf i + 012622 1 . I »n6n + Cis&si Q11612 + a^hn I . 
I a-abw + 03 6 a«i6« + a^h^i \ ' \ at\hn + "ss&ai 031612 + O22622 1 ' 

I oii&u + a 16 1 oii&iE + 021621 1 . I OuSii + aji^is aii6si + 021622 1 
|aia6n + ajs6ii 012612 + osi^'Jil ' liiAi 4- O23&12 (I12&21 + 022621! 

Thus the first of these forme is, by (5), § 70, equal to the sum ol four 

determinants 

I oii6n "11621 1 I aii6ii 013622 j , 1 012612 O11621 1 I O12612 012622 1 

I031611 031621 1 lojiftii 022622I I022612 O21621 1 1 033612 022632! 

of which the first and fourth are zero, while tlie sum of the second and 

third reduces to 

. , Uu Oi=| , . I On rti-; kill 013; 1 611 612! 

OllDjE — i lit 1 I = ■ . , ■ 

|031 0«| III Oal |021 O22I I621 622I 

For determinants of higher order the same method can be shown to 
hold. Without g vm^ tie general picof we here confine ourselves to 
illustrating the method f r dtteiminants nt the third order : 
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lOii On aijl Ifin &i! ^la] |Cu '^12 "isl 
Oil ojs (lis - 621 &2S !>s3 = Cai Cj^ Cjj , 
laai as2 las I l''ai 632 6ssl iCu O32 csjl 
where 

I'll = "ii&ii + "isfiia + "13*131 Cja = flii&s: + an^^i + ais&js. 

"13 = OiiBai + ai2i>ai + 313633, cai = (I31611 + 022&!a + anhis, 

etc. The product determinant can liere also be written in four different 

forms, according as we combine rows wilb rows, rows with columns, 

columns with rows, or columns with cohimns. 

If the two determinants to be multiplied are not of the same order, 
they can be made of the same order by addmg to the lower determinant 
columns and rows consisting of zeros and a one ; thus 



01 



n 



EXERCISES 

1. Show that (o) The minors of the leading elements of a symmetric 

deterrniuaut are symmetric. (6) The minora o( the leading elements of 

a skew-symmetric determinant are skew-symmetric, (e) The square of 

any determinant is a symmetric determinant. 



'i; determinants : 



\A H (?j 
((!) // IS FK 



I X y 


z 


X 1 





y 1 





a 


1 






1 1. 1 1 


1 

\ 


111 

10 11 
110 1 
1110 



(State this property in words.) 
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■A = ix-ay(:'-+2a). (o) 



, =(«-«)H^+Sa). 



1 Show that any determinant wboae elflments on eitlier side of the 
liiiucipal diagonal aie all zuio, ib equal to tie product of the leading 
elements 

B A svmuietiiL deteimmant m ivhioh all the elements uf the hist 
row and first i-olumn aie 1 ami such that eveij othei element is the sum 
of the element abore and the element to the right of it, ha& the value 1. 
Illustrate this proposition for a determinant of the fourth order, 

6. Show that any Bkew^ajm metric determinajit of order 2 or 4 Is a 
perfect sqnare. This i3 true for any skew -symmetric determinant of 

7. Expand the following determinants: 



/ 







8. Express as a determinant 



10 11 

• 1 . 

|o 1 o| 



CO \i 2 3 . 

It 1 5l I' 



9. Show that 


a & <■, 


, " 


d e / 


\g h k \g' li' k< 


g h k fi fi 
a ? ■> a' b' c' 
S e i d' e' f 




■^ (J ,- (/' h' ¥ 
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CHAPTER VI 
THE CIRCLE. QUADRATIC EQUATIONS 

78. Circles. A circle, in a given plane, is defined as the locus 
of ail those points of the plane which are 
at the same dlstaiuie from a fixed point. 

Let {h, Tc) be the center, r the radius 
{Fig. 31) ; the necessaiy and sufficient 
condition that any point P (x, y) is at 
the distance r from O (h, k) is that 

(1) (a:-h)^+(y-7c)^^rK 

This equation, which is satisfied by the cooi-dinates x, y of 
every point on the circle, and by the coordinates of no other 
point, is called the equation of the circle of center C (k, Ic) and 
'^■adivs r. 

If the center of the circle is at the origin (0, 0), the equation 
of the circle is evidently 

(2) x' + f = ,'. 



EXERCISES 
Write down the equations of the following circles ; 
(o) center (8, 3), radius 7 ; 
(6) center at origin, radius 3 ; 

(c) center at (— c, 0), radius a ; 

(d) circle of any radius touching the axis Ox at the origin ; 

(e) circle of any radius touching the axis Oy at the origin. 
Illustrate each case by a sketch. 
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79. Equation of Second Degree. Expanding the equation 
(1) of § 78, we obtain the equation of the circle in the new form 

a.= + 2/2 - 2 7iK - 2 fti/ + 7i' + ^ - )■= = 0. 
This is an equation of the second degree in x an<3 y. But It is of 
a particular form. The general equation of the second degree 
in X and y ie of the form 

(3) Ax> + 2 Hxtj ■^Bf + 2Gx-^2Fy+C^0; 

i.e. it contains a eonatant term, C; two tenns of the first de- 
gree, one in x and one in y ; and three terms of the seoond de- 
gree, one in x^, one in xy, and one in y. 
If in this general equation "we have 

it reduces, upon division by A, to the form 

.= + ,. + _.4-^-^ + ^ = 0, 

■which agrees with the form (1) of the equation of a circle, ex- 
cept for the notation for the coef&cients. 

We can therefore say that any equation of the second degree 
which contains no xy-term and in which the coefficients of a? and 
y'^ are equal, may represent a circle. 

80. Determination of Center and Radius. To draw the 
circle represented by the general equation 

(4) Ax^ + Av^ + 2Gce + 2Fy+C=0, 

■where A, O, F, C are any real nnmbera ■while ^ t^ 0, we first 
divide by A and complete the squares in x and y; i.e. -we first 
write the equation in the form 

The left-hand member represents the square of the distance of 
the point (x, y) from the point (—G/A, —F/A); the right- 
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hand member is constant. The given equation therefore repre- 
sents the circle whose center has the coordinates 



and whose radius i) 



'-V! 



h£,-^„avwtwc: 



This riidius Is, however, imaginary if 6^ + F^ < AO; iu this 
ease the equation is not satislied by any points with real co- 
ordinates. 

If 6' + F' = AC, the radius is zero, and the equation is satis- 
fied only by the coordinates of the point (— G/A, —F/A). 

If Gf+F'' > AC, the radius is real, and the equation repre- 
sents a real circle. 

Thus, the g&iieml equation of the secoiid degree (3), S 79, repre- 
sents a circle if, and only if, 

A^B=^0, 7J== 0, G^ + F^> AC. 

81. Circle determined by Three Conditions, The equation 
(1) of the circle contains three constants h, Jc, r. The general 
equation (4) contains four constants of which, however, only 
three are essential since we can always divide through, by one of 
these constants. Thus, dividing by A and putting 2 G/A — a, 
2 F/A = 6, G/A = c, the genera! equation (4) assumes the form 
(5) x' + f + ax + bi/ + c = 0, 

with the three constants a, 6, c 

The existence of three constants in the equation corresponds 
to the possibility of determining a circle geometrically, in a 
variety of ways, by three conditions. It should be remembered 
in this connection that the equation of a straight line contains 
two essential constants, the line being determined by two 
,1 conditions (§ 30). 
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EXERCISES 

1. Draw the oirdea repi'eseatad by Uio following equations: 

(c) 4a:3 + 4j/2_ea;-10»( + 4 = 0. (d) )fi + f + x-iy = 0. 
(e) 2s:3 + 3 j^_7x = 0. {/) -jfi + f ~3x ^ Q = 0. 

2. What is tlie equation of the circle o£ center (ft, k) that touches the 
axis Ox ? that touches the axis Oy ? that paaseB through the origin ? 

3. What la the equation of any circle whose center lies on the asia 
Oxf on the axis Oy? on the line y=x? on the line y = 2x.? on the line 

4. Find the equation of tlie circle whose center is at the point (— 4, 6) 
and which passes through the point (3, 0). 

B. Find the circle that has the points (4, — 3) and (—2, — 1) as ends 
of a diameter. 

6. A swing moYing in the vertical plane of the observer is 48 ft. away 
and is suspended from a pole 27 ft. high. If tiie seat when at rest is 2 ft. 
above the ground, what ia the equation of the path (for the observer as 
origin)? What is the distance of the seat from the observer when the 
rope ia inclined at 45° to the vertical ? 

7. Find the locus of a point whose distance from the point {a, li) is x 
times its distance from the origin. 

Let P (k, j/) be any point of the locus ; then tlie conditioa is 

V(i-o)= + Cj/-6)^= KVx^ + yi; 
npoE squaring and rean'anging this becomes ; 

(1 - «3)a;2 +[1 - K^)J)2 - 3 ai - 2 61/ + o* + &2 = 0. 
Hence for any value of k except « = 1 , the locus is a circle whose center is 
a/(l-ii2), b/il-s^) and whose radius is kVo:' + b'/(l- k^). What 
Is the iocus when « = 1 ? 

a. Find the locus of a point twice as far from the origin as from the 
point (6, — 3). Sketch. 

9. What is the locus of a point whose distances from two points Pi, 
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10. Determine the locus of the points which are « times as far from 
the point (~2, 0) as from the point (2, 0). Assign to k the values 
VE, . V3, v^, i VS, i v^, J i/2 and illustrate with sketches drawn with 

11. Determine the locus of a point whose distance from the line 
Sx-~ iy+ 1 =0 is equal to the square of its distance from the origin. 
Illustrate witb a sketch. 

13. Determine the locus of a point if the square of its (listance from 
tlie line ir + y — a = is equal to the product of its distances from the 

82. Circle in Polar Coordinates. Let us now express the 
equation of a circle in polar coordinaUa. If C(i'i, <^i) is the 
center of a circle of radius a (Fig. S2) 
and P(t,^) any point of the circle, 
then by the cosine law of trigo- 
nometry o^i^iM^ 

r" + T^ — 2 nr cos (<f, — 4,,) = a'. pm. aa 

This is the equation of the circle since, for given values of )■„ 
i^i, a, it is satisfied by the coordinates i", <]> of every point of 
the circle, and by the coordinates of no other point. 

Two special cases are iinportaiit; 

(1) If the origin Obe taken on the circumference and the 
polar axis along a diameter OA (Fig. 33), 
the equation becomes 

r' + d^ - 2 ar cos </. = a"-, c 

i.e. r = 2a cos ip- 

This eqitation has a simple geometrical 
interpretation ; the radius vector of any *'"^' '"^ 

point Pon the circle is the projection of the diameter OA =2a 
on the direction of t)ie radius vector. 

(2) If the origin be taken at tlie center of the circle, the 
equation is r = a. 
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EXEECISES 
1, Draw the following circles in polar coordinates ; 
(a) r = 10aos<p. (6) r =. 2a cos (*. - 4 «■). (c) r = sin^. 

(d) r = 6. (e) r = 7 sill (^ - ^ TT). (/) r = 17 cob ^. 

3. Write the equation of the circle in polar coordinates : 
{a) with center at (10, Jir) and radius 5 ; 
(6) with cEiiter at (6, J ir) and touching the polar axis ; 

(c) witli center at (4, ^ ir) and passing through the origin ; 

(d) with center at (3, jt) and passing through the point {4, ^ ir). 

8. Change the equations of Ex. (1 ) and (2) to rectangular coordinates 
■with the origin at the pole and the asis Ox coincident with the polar axis. 

i. Determme in polar coordinites the locus of the midpoints of the 
chords drawn from a fixed point of a circle. 

83. Quadratic Equations. The fundamental problem of 
finding the intecsectiona of a line and. a circle leads, as we shall 
Bee (§ 86), to a quadratic equation. Before discussing it we 
here recall briefly the essential facta about quadratic equations. 

The method for solving a quadratic equation consists in com- 
pleting the square of the terms in x^ and x, which is done most 
conveniently after dividing the equation by the coefficient of a^. 
The equation 

x'^-\-2 px + q = 
has the roots 

a!= — j?±VjJ^-(y. 

The quantity /i' ~ 9 is called the discriminant of the equation. 
According as the discriminant is positive, zero, or negative, the 
roots are real and different, real and equal, or imaginary. In 
the last caae, i.e. when_p^<g, the roots are, mote precisely, 
conjugate complex, i.e. of the form a + bi and a— bi, where a 
and b are real while » = V— 1. 

As remarked above, any quadratic equation may be thrown 
into the form here discussed, by dividing by the coefficient 
of ;f-^. 
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84. . Relations between Roots and Coefficients. If we de- 
note tlio roots of tlie quadratic equation 

iB'+ 2px+ q=0 
by it!i and x.^ , we have 

CBi =— p +V^^ q, x^ = — p — Vjj' — q, 
whence 

iCi + DTj = — 2 p, x^Xi = q ; 
i. e. the sum of the roots of a quadratic equation in which the 
coe^Aiieni o/u^ is reduced to 1 is equal to minus the coefficient of 
x; the product of the roots is equal to the constant tei-m. 
With the values of x^, x^ just given we find 
{x— x^{x — a^) = a^ + 2px + q, 
so that the quadratic equation can be written in the form 

(O! _ Xy){X - X,) = 0, 

which gives 

x'-{x, + o:,)x + x,x,_ = (S. 

These properties of the roots often make it possible to solve 
a quadratic equation by inspection. 

EXERCISES 

1. Solve the quadratic equations ; 

(a) a:*- 6* + 8 = 0. (fi) x^ + h x - li == d. 

(c) 2a^-3;-28-0. (rf) 6 j:^ - 7a;-6 = 0. 

(«) 3?+2ix~ffi + b-^=Q. if) a^r?- {<fi + lfl)x + W = d. 

ig) a»24-&» = 0. C*) 13«'^ + 8j;-I5 = 0. 

2. Show that the solutions of the quadratic eqaationo** + 6* + c = 
may be written in the form 3^ = — ^ ± ~ — —■ 

When are these solutions real and unequal ? equal ? imaginary ? 

3. Write down the quadratic equation that has the following roots : 



(»).S, -2. 

(«) a-^,a^-b. 




-3,0. 


3+2^3. 


(e) 5, - 5, 
(;l 1 + V2, I 


_V2, 


M », --■ 


W ; 


!, - S- 




(!) 3, V2. 
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4. Without solving, determine tlie nature of the roots of tlie follow- 
ing equatione : 

(a) 5ic2-0a-2 = O. (h) G^c^ + fia;+ 1 =0. 

(v) 2x^-x + 3=0. (d) 20 »;= + e :( - 6 = 0. 

5. For what values of k are the roots of the following equatioos real 
and different ? real and equal ? conjugate complex ? 

(a) x^-ix + le = 0. (B) a?-|- 2te + 86 = 0. 

(c) 9 a;^ -)- fcc + 26 = 0. (d) ax^ + bx + k = 0. 

(e) i^s - 5 1 + 6 = 0. (/) a«= + fee 4 c = 0. 

6. Solve the following equations aa quadratic equations : 

(a) !/*-3^-i=0. (Lets)2=2.) (6) 3#-2 + 8«-i - 2 = 0. 



(c) a^ + \^ + 3 = 


= 3. 


(rt: 


' X-H3 


+ -^ 


= 2. 


(«) me + 18 i»» - 


243=0. 


c: 


12^-1 


+ a:H- 


■ 15 = 0. 


7. K XiOaAXi. 


are the roots of 


a;2 + 2 


J>^ + 5 


= 0, find the values of 


(a) xfiCi + XiXi^ 


(6) ai= 


■ + ^=. 




(C) (3^1 


-:rj)=. 


«o i+i. 


wri 


i + ^ 




(/) *i" 


+ «!=. 



and apply these insults to the case k^ — 3 » + 4 = 0, 

S. Without solving, form the equation whoso roots are each twice 
the roots ot afl- Sx + 7 = 0. [See § 84.] 

9. What is the equation whose roots are m times the roots of 
cc= + 2jffl+g = 0? 

10. Form the equation whose roots are related to the roots of 2 a^ — 
3 a; - 6 = 0, in the following ways : 

(a) less by 3 ; (ft) greater by 3 ; (o) divided by 6. 

85. Simultaneous Linear and Quadratic Equations. To 
solve two equations in x and y of wliich one is of the first 
degree (linear) while the other is of the second degree, it is 
generally most convenient to solve the linear equation for either 
X or y and to substitute the value ao found in tlie equation of the 
second degree. It then remains to solve a quadratic equation. 

An equation of the first degree represents a straight line. 
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If the given equation of the second degree be of the form 
described in §79, it \yill represent a circle. By solving two 
Buch simtiltaneous equations we find the eoordluatea of the 
points that lie both on the line and on the circle, i.e. the points 
of intersection of line and circle. 

8S. Litersection of Line and Circle. Let us find the in- 
tersections of the line 

with the circle about the origin 

9!2 + j/= = r'. 
Substituting the value of y from the former equation into the 
latter, we find the quadratic equation in x -. 

'^+(mx + by:=rS 
or (1 + m?)a? + 2mbx + b^-i^ = 0- 

The two roots Xi, x.^ of this equation are the abscissas of the 
points of intersection ; the corresponding ordinates are found 
by substituting a^, ar^ in ^ = mx -]- 6. 

It is easily seen that the abscissas a^, x^ are real and differ- 
ent if (I + m'y -b^ > 0, 



Since m = tan a, and hence 1/Vl + m^ — cos «, the preceding 
relation means that b cos a < )■, i.e. the line has a distance from 
the origin leas than the radius of the circle. If 

{t + m.Y'-b' = 0, 
the roots iCj, x^ are real and equal. The hue and the circle then 
have only a single point in common. Such a line is said to 
touch the circle or to be a tangent to the circle. If 

the roots are complex, and the line has no points 
with the circle. 
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87. The General Case. The intersections of the line and 
ciicle 

Ax + Bi/ + C=0, 
x' + f + ax + by + c=^0, 

are found in the same way : substituta the value of y (or x), 
found from the equation of the line, in the equation of the 
circle and solve the resulting quadratic equation. 

It is often desired to determine merely whether the line ia 
tangent to the cArde. To answer this question, substitute y 
(or a;) from the linear equation in the equation of the circle 
and, without solving the quadratic equation, write down the con- ■ 
dition for equal roots (p'' — <i>i 83). 



3, Find the intersections of the line ■ix + y — 5 = and the cirafe 
ifi + ,/i — 22x — iii+25-d. 

3. Fiud the intersections of the line 23: — 7j + o = n and the circle 
23^ + 'i]^ + Qx + ily-U=i). 

4. Find the eijuations of tlie tangents to the circle ii;^ + y'^ = 16 that 
are parallel to the line y = — 3 a; + 8. 

5. Show that the equations of the tangents to the circle x'' + if = r^ 
with slope m are y =■■ nix ± j'Vl -H m^~ 

6. For what value of r will the line Sk — 2y— 6 = 0be tangent to tlie 
circle a^ -I- j/i = )" V 

7. Find the equations of the tai^enta to the circle 33;^ + 2;)^— 3a; 
+ 5y — 7 = that are perpendicular to the line a: + 2j/ + 3=0. 

8. Findthe midpoint of the chord intercepted by the line 5i — j/ +9=0 
on the circle a^ + j/^ = 18. (Use § 84.) 

9. Find the equations of the tangents to the circle x'' + y^ = 58 that 
pass through thfl point (10, 4). 
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88, The Tangent to a Circle. The tangent to a circle (com- 
pare § 86) at any point P may be defined as the perpendicular 
through F to the radius passing through P. To find the equa- 
tion of the tangent to a circle whose center is at the origin, 



at the point P{x, y) of the circle (Fig. 34), observe that the 
distance p of the tangent from the origin 
is equal to the radiris )• and that the 
angle ,8 made by this distance witli the 
axis .Oas is such that 




substituting these values in the normal 

form X cos /3 + i' sin ^ = ?) of the ^ ^g. m 

equation of a line (§ 54), we find as equation of the tangent 

where x, y are the coordinates of the point of contact P and 
X. y"are those of any point of the tangent. 

89. The General Case, To find the equation of the tangent 
to a circle whose center is not at the origin let us write the 
general equation (4), ^ 80, viz. 
(4) Ax^ + Ay' + 20x + 2Fy+ C^a, 

in the foria 

^ ^aj^Y^a) a^^ a^ a' 

where — G/A, — F/A are the coordinates of the center and 
CP/A^ + FyA^~ C/A is the square of the radius r (§80). 
With respect to parallel axes through the center the same circle 
has the equation 

.■ + ,. = ?4.?-5 = 



A^ 



A 
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and tlie tangent at the point P(x, y) of the circle is (§ 88) : 

Hence, transferring back to the original axes, we find as 
equation of the tangent at P(_x, y) to the circle (4) : 

AxX + AyY+0(:x+X)+F(ji+ Y)+C=0. 
This general form of the tangent is readily remembered if we 
observe that it can be derived from the equation (4) of the 
circle by replacing a;' by xX, y^hy yY, 2xhyx-{-X, 2y'byy+Y. 

EXERCISES 

1. Find tlie tangent to the given circle at the given point: 

(a) :^ + 'f = il, (5, -4). 

(6) a:3 + !/« + 0a + 6!/~19 = O, (-2, 3). 

(e) Sx^ + 3yi' + -l0x + ny+lS=0,{-2, -5). 

(d) ^ + ^ - ax -■ by =0, (a, b). 

2. The eqnation of any eirele through the origin can be written in the 
form {^Sl) sfi + if + ax + by = 0; sTiow that tlie line as + 6;; = is the 
tangent at the origin, and find the equation of the parallel tangent. 

3. Derive the equationofthe tangent to the circle {x—h)^+ (y—k)^ = r\ 
J 1. Show that the circles x^ + y^ _ a a + 2 y + 2 = and x'^ + y'' - 4 y 

+ 2 = touch at the point (1, 1) . 

B. find the tangents to the circle !i?-\-y^ — 2x — i.Oy-\-9 = at the 
extremities of the diameter through the point (—1, 11/3). 
y 6. The line Sk + y = 10 is tangent to the circle x^ + y^ = 2Q; what is 
the point of contact ? 

7. What is the point of contact it Aa: + By + = is tangent to the 
circle ^ + y'^ = 1^? 

I B. Show that x~y — 1 = is tangent to the circle x' + y^ + ix 
— lOy — 5 = 0, and find the point of contact. 

9. By § 86, the line y = mx+ b lias hut one poin 
the circle x'^ + y'' = r^ il (I + m^)i^ = t^ ; sliow that in 
drawn to the coiniuon poitit is perpendicular to the Ihif 
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90. Circle through Three Points. To find the equation of 
the circle passing through three points Pi_{xi,y,), P^ix^, j/j), 
Pii^i ^3)1 observe that the coordinates of these points satisfy 
the equation of the circle (§ 81) 

(C) '.^■' + y'' + r'x + by + c = Q; 

hence we must have 

i^i' + Hi^+asii + byi + = 0, 

(7) x," + y^^ + a% + 6^j +0 = 0, 

1 iBa^ + Vi" + ctxi + bys+c = 0. 

From the last three ec[uationa we can find the values of a, b, 
and c; these values must then be substituted in the first equa^ 
tion. 

In general this is a long and tedious operation. What wo 
actually wish to do is to eliminate a, b, between the four 
equations above. The theory of determinants furnishes a very 
simple means of eliminating four quautities between four 
homogeneous linear equations {§ 76). Our equations are not 
homogeneous in a, b, c. But if we write the first two terms in 
each equation with the factor 1 : {x* -I- ^') ■ li {^i + Vi) • !> ^te., 
we have four equations which are linear and homogeneous in 1, 
a, 6, c ; hence the result of eliminating these four quantities is 
the determinant of their coefiicients equated to zero. Thus the 
equation oftlie circle through three points is 

a? + f X y 



Compare § 49, where the equation of the straight line through 
two points is given in determinantform. 
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EXERCISES 

1. Jind the equations of tlio circles that pass tlirougli the points ; 
(a) (2,3), (-1,2), (0, -S). 

(6) (0,0), (1, -i), (6,0). 
(c) (0, 0), («, 0), (0, b). 

2. Find the circles through tlie points (3, — 1), (— 1, —3) which 
touch the axis Ox. 

3. Find the circle through the points (2, 1), (— 1, 3) with center on 
the line 3 K - !/ + 2 = rt. 

4. Find the circle whose center is (3, — 2) and whicli touches the 
\meSx + iy~ 12 = 0. 

6. rind the circle through the oiigHi Chat touches the line 
43;_6j(-14 = 0at (fi,2). 

6. Find the circle inscribed in the triangle determined by the lines 

2ix-7>j+S=0,3x-is — ^=<y, 53: + 12j)-50 = 0. 

7. Two circles are said to be orthogonal it their tangents at a point of 
intei'section are perpendioiUar j the square of the distance between their 
centers is then equal to the sum of the squares of their radii. If the 
equations of two intersecting circles are 

afi -i-y^ + aix + b^ + ci = 0,' and i'^ + y' + aa* + SsJ/ + ca = 0, 
show that the circles are orthogonal when cciOa + 6i0s — 2(i;i + cj). 

8. Find the circle that has its center at ( — 2, 1) aiui is orthogonal to 
the circle a;!S + s^-^x+B^O. 

9. Find the circle that has its center on the line y = 3x + i, passes 
through the point (4, — 3), and is orthogonal to the circle 

x^ + jfi + 13x + 5y + 2 =0. 

91. Inversion. A circle of center and radius a heing givi 
(Fig. 35), we can find to every point P of the plane 
(excepting the center 0) one and only one point P' 
on OF, produced beyond P if necessary, such that 

OP . OF = aK 
The point P' is said to be inverse to P with respect 
to the circle (O, q) ; and as the relation is not 
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changed by interchanging P and. P', the point P is inverse to P'. The 
point is calletl the center of inversion- 
It is clear that (1) the inverse of a point P within the circle is a point 
P' without, and nice versa; (2) the inverse of a point of the circle itself 
coincides with it ; (3) as P approaches the center 0, its invBrse P' moves 
ofi to infinity, and «fce versa. 

The inverse of any geometrical figure (line, curve, area, etc.) is the 
figure formed by the poinis inverse to all the points of the given figure. 

92. Inverse of a Circle. Taking rectangular axes through O 
(Kg. 36), we find for the relations between the coordinates of two in- 
verse points P(3:, |/), P'(»', !/'),W we put OP = »■, OP' = r': 



and similarly 



x'i + y'i' x'^ + yi-' 

Theseequationsenableus toflnd to any cnrvevrhose equation is given the 
equation of the inverse curve, by simply substituting for x, y their values. 
Thus it can be shown that T>y inversion any circle is transformed into 
a circle or a straight line. 

For, if in the general equation of the circle 

A{-J? + !/=) + 2<;a;-i-2.FV+(? = 
we substitute for x and y the above values, we find 

'"- + 2 Oa' „ -— , - .; + 2 Fa^- '"' +C = 0, 




(,x'^ 



■")' 



«1 + yii 



that is, ^0* + 2 Oah^' + 2 Fa''s' + G(x'-' + y'") = 0, 

which Is again the equation of a circle, provided G ^0. In the special 
ease when C = 0, the given circle passes through the orighi, and its in- 
verse is a straight line. Thus evei^ circle through the origin is trans- 
formed by inversion into a straight tine. It is readily proved conversely 
that every straight line is transformed into a circle passing throt^h the 
origin ; and in particular that every line through the origin is transformed 
into itself, as is obvious otherwise. 



y Google 



PLANE ANALYTIC GEOMETRY 



EXERCISES 

1. Find the coordinates of the points inverse to (4, 3), (2, 0), {—5, 1) 
with respect to the circle x^ + y^ = 25. 

2. Show that by inversion every line (except a line through tlie center) 
is transformed Into a circle passing through the cente 

3. Show that all circles witli center at ttie cen 
transformed by inversion into concentric circles. 

4. Find the equation of the circle about the center of inrersion which 



B. With respect to the circle x''+ y'' ^ 16, find the equations of the 
curves inverse to ; 

(o) *=5, (!i) x-v^O, (c) x^ + y'^-Qx^O, (d) x'^+^-10y-i-l = li, 
(e) 8x-4y+S=0. 

6. Show that the circle Aii^ + Ay'' + 2 Qn + 2 Fn + a'^A = is trans- 
formed into itaelf by inversion with respect to the circle x^ + y'' = cfi. 

7. Prove the statements at the end of § 02. 

93. Pole and Polar. Let P, p' (Fig. 37) he 
respect to the circle (0, a) ; then the perpen- 
dicular I to OP through I" is called the polar of 
P, and P the pole of the line I, with respect to 
the circle. 

Notice tliat (1) if (as in Fig. 37) P lies within 
the circle, its polar I lies outside ; (2) if P lies 
outside the circle, its polar intersects the circle 
in two points ; (3) if P lies on the circle, its 
polar is the taugent to the circle at P. 

Referring the circle to rectangular asi 
that its equation is 

ji= -I- 9= = «=, 
we can find the equation of the polar I of 
any given point F(x, y). For, using 
as equation of the polar the normal 
form X cos (3 -)- T sin ^=p, we have 
evidently, it P' is the point inverse 
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tliei-efore the equation becomes 



or simply 

This tlien Is the equation of the polar I of the point P {x, y) with re- 
sped, to the eirele of radius a about the origin. If, in particular, tJie 
point F(x, y) lies on the circle, the same equation represents tlie (a»- 
gent to the circle 3i' + y^ = cfl at t!ie point P(x,y), as sliown previously 



94. Chord of Contact. The polar l of any outside point P with 
respect to a given circle passes through the points of contact Ci , Ca of 
the tangents drauin from, P to the drcle. 

To prove this we have only to show tiiat it Cj is one of the points of 
intersection of the polar I of P with the circle, then the angle OC,P 
(Fig. 39) is a right angle. Now the triangles 
OC\P and OP'C\ are similar since they have 
the angle at in common and the including 
sides proportional owing to tiie relation 

OP- OP' = a^, 
OP^_a_ 
'■^' a OP'' 

where a = OCi, It follows that ^ OC^P = 

The rectilinear aegment G\Gi is sometimes called the chord of contact 
of the point P. We have therefore proved that the chord of contact of 
any outside point P lies on the polar of P. 

It follows that the equations of the tangents that can be drawn from 
any antside point P to a given circle can he found by determining the 
intersections 0i , C'l of the polar of P with the circle ; the tangents are 
then obtained as the lines joining Ci, Cj to P. 
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SB. The General Case. The equation of the polar of a point 
P(x, y) Witt respect to any circle given in the general form (4), 



(4) Aif + Ay^ + ^Gx + 'JFij + C^O, 

is found by the aame method that was used in J 89 L( 
equation of the tangent. Tlius, with respect to parallel a 
center the equation of the circle is 

" A' A' A' 
the equation of the polar of F{x, y) with respect to I 



generalize the 

[fis through the 



§93: 



«X+,F=- 



gia f a 



A' A^ 



s f.guation of the 



Hence, transferring back to the original asea, ■ 
polar of P (ai, y) with respect to the circle (i) -. 

AxX+AyY-^G!x + X-)+F(y-^ Y)+ (7 = 0. 

If, in particular, the point P (a, ■y) lies outside the cirole, this polar 
contains the chord of contact of P; if P lies on the circle, the polar be- 
comes the tangent at P (§ 8S). 

96. Construction of Polars. if a point Pi descrihen a line I, its 
polar h with respect to a given circle (0, a) turns about a fixed point, 
via., the pole P of the line I (Fig. 40). 
Convewely, if a line h tiiras df^out one 
of its points P, to pole Pi with reject 
to a given circle (0, a) describes a line I, 
viz. [he polar of the point P. 

For, the line I is transformed by in- 
version with respect to the circle {0, n) 
into a circle passii^ through and 
through the pole P of I; as this circle 
must obviously be symmetric with respect 
to OPitmusthave OP as diameter. Any 
point Pi of I is transformed by inversion 

into that point Q of the circle of diameter OP at ivhich tliis circle is in 
tersected by OPi . The polar of Pi is the perpendicular through Q ti 
OPi ; it passes therefore through P, wherever P| bo taken on I. 

The proof of the converse theorem is similar. 
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Tbe pole P| of any line h can therefore lie constructed as the intersec- 
tion of the polars of any two points of ij ; this ia of advantage when the 
line i] does not meet the circle. And the polar (j of any point Pi can be 
constructed as the line joining the poles of any two lines through Pi ; this 
is of advantage when the point Pi lies inside the circle. 

EXERCISES 

1. Fiad tho equation of the polar of tlie given point with respect to 
the given circle and sketch if possible ; 

(o) (4, 7),^ + B« = 8. 

(6) CO, 0), 3^ + s^i" ~ 3 a; - 4 = 0. 

(d) {2, -S), x^ + y^ + Sx-i- lOy + 2 = 0. 

2. Find the pole of the given line with, respect l.o the given circle and 
sketch if poasible : 

(a) x-j- 2y~ 20 =0, 3? -\- y'' = 20. 
(6) j: + S + 1 = 0, 3?* + !/S = 4. 

(c) ix-y = IS, x^ + )i^=^ 25. 

(d) Ak + Bj/ + C = 0, ^ + y^ = '^. 

(e) j( = DM + 6, aa + j,2 _ ^. 

3. Find the pole of the line joining the points (20, 0) and (0, 10), 
with respect to the circle x^ + ^^ = 25. 

4. Find the tangent to the circle X^+ji^-10x+iy+9=Q at (7, —6). 
B. Find the intersection of the tangents to the circle 2x'' + 2y''~- 15 x 

-I- J — 28 = at the points (3, 6) and (0, — 4) . 

6. Find the tangents to the circle x^ + y'^.-iix — Wy + 2 = that 
pass through tte point (3, — 3). 

7. Find the taogenta to the circle x^ + y^ — Sx + y — 10 = that pass 
through the point (— |, ~ ^). 

8. Show that the distances of two points from the center of a circle 
are proportional to the distances of each from the polar of the other. 

9. Show analytically that if two points are given such that the polar 
of one point passes through the second point, then the polar of the second 
point passes through the first point. 

10. Find the poles of the lines x - y - S = s.ndx + !/ -h S = with 
respect to the circle a^ + j^ — R»-|-4y + 3=0, 
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97. Powei of 

tion of the circle 



I Point. 



the left-hand member ot the equa- 




we sabstitnte tor a and y the coordinates X\ , yi of a point Pj i 
circle (Fig. 41), the expression (xi — hy-^{y\- 
from zero. Its value is called the povrer 
of the point Pi (kj , j/i) with respect to 
the eircle. Aa (_xi — h)^ + (ji — k)" is 
the square of the distance PiO = d he- 
twecti the point Pj (^i, yj) and the 
center (7(ft, k), the power of the point 
-Pi (s^ii ^i) with respect to tlie circle is 
d^ — r' ; and this is positive for points 
without the circle (d > f ) , aero for points Fio. 41 

on the circle {d = c), and negative for points within the circle (rf < !■). 
If the point lies without the circle, its power has a simple interpretation; 
it is the square of the segment Pi T = < of the tangent drawn from Pi to 
the circle : 

(5 = # - r= =Cxi - hy+(yi - i)3 - A 

Hence the lengtli { of the tangent that can be drawn from an outside 
point Pi (xi , j/i) to a circle x^ + y^ + ax + hy+e = Qia given by 

(2 = j^2 + j,,2 + axi + by, + c. 
Notice that the coefficients of 3? and y'^ must be 1. Comparo the similar 
case of the distance of a point from aline (S 56), 

98. Radical Axis, The locus of a point whose powers witli respect 
to any two circles 

x^+V^ + aiiB + b-iy + ci = 0, 
k2 + !/* -f flaj + b^y + C3 = 0, 
are equal ia given by the equation 

ai^ + f + aix + biy + Ox = x^ + ^ + a^x + b^y -i- Ca, 
which reduces to 

(ai - %)j: +(6i - b,)y + (c, - c.) =. 0. 
This locus is therefore a straight line ; it is called the radical axis of the 
two circles. It always exists unless a, = n» and 6| = *;, i.e. unless the 
circles ai 
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Three, circles taken in pairs have three radical axes which pass through 
a common point, called the radical center. For, if the equation of the 
third circle is 

x^ + y^ + a^ + b^y + 03 = 0, 

tho equations of the radical axes will be 

((15 - 03)2 +(63 - bs)y + (i!2 - cs) = 0, 
(as - ai)x + (63 - bi)y +(<Si-c,)^ 0, 
(di - ai)x + (61 - 6j)j/ + (ci - C2) = 0. 
These lines intersect in a point, since the determinant of the coefficients 

in these equations is equal to zero (Ex. 10, p. 57). 

99. Family of Circles. The equation 

(8) (x^ + y' + aiX + h^ + c,) + K{x' + f + a,x + Jj,y + c,)==0 
represents a family, or pencil, of cirdes each of wliidi passes 
through the points of intersection of the (yirdes 

(9) iB5 + / + «,3: + 6,jp+c, = 0, 
and 

(10) x' + f-\-a,x + b& ■{■€, = (), 

if tliese eitcles intersect. Por, the equation (8) written in the 
form 

(l + K)3^+(l+„y + (a^+KOs)a; + (6,-|-«62)t/ + c,+ K(^=0 
repreaenta a circle for every value of k except « = — 1, as the 
coefficients of 3? and 'if are equal and there is no a!y-terni (§ 79). 
Each one of the circles (8) passes through the common points 
of the circles (9) and (10) if they have any, since the equation 
(8) ia satisfied by the coordinates of those points which satisfy 
both (9) and (10). Compare § 58. The constant « is called the 
parameter of the family. 

In the special case when « = — 1, the equation is of the first 
degree and hence represents a line, viz. the radical axis (§ 98) 
of the two circles (9), (10). If the circles intersect, the radical 
axis contains their common chord. 
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EXERCISES 

1. Find the powers of tUe following poiiita witli respect to the circle 
jjS -1-^ — 3a — 2^=0 and thus determine their positions relatiye to the 
circle: (2, 0), (0, 0), (0, - 4j, (3, 2). 

2. "What is the lengUi of the tangent to the circle : (a) nfi + ^ + ax 
+ 6j) -1- c = from the point (0,0), (6) (x- U)2+.(it - 3)^ - 1 = from 
the point (4, 4)? 

S. By § 97, (^ = # — j^=(i! + *•)(!:; — 0; interpret this relation 
georaetrioally. 

4. Find the radical asis of the circles a;^ + ;/^ + ax+6i/ + c = and 
v? -^^ '!P + bx -}■ ay + a = ^ and tlie length of the common chord, 

5. Find the radical center of the circles k' + j^ — 3a; + 4!/ — 7=0, 
3? + ^ = 16, 3(a:2 + y'i)j^Qx ■'r 1 = 0. Sketch the circles and tlieir radi- 

8. Find the circle that passes through the intersections of the circles 
a^ + j,2 + 5a; = and o? +ij^ + x -'iy - b = 'i, and (a) passes through 
the point (—5, 0), (6) has its center on the line 4» — 2^ — 15=0, 
(c) has the radius 6. 

7. Sketch the family of circles x^ + y''-&y + k(*2 + y'' + Sy)=(i. 

8. What family of circles does the equation Ax + Bji + C + <i{x^ 
-1- S^ + OS; + Tiy + c) = I'epresent ? 

9. Find the family of curves inverse to the family of lines y = inx+ 6; 
(o) with m constant and 6 variahle, (6) with m variable and 6 constant. 
Di-aw sketches for each case, 

10. Show that a circle can he drawn orthogonal to three circles, pro- 
vided their centers are not in a straight line. 

11. Find tlie locus of a point whose power with respect to the circle 
2 *2 -I- 2 s*^ — 5 a: + 11 y — 9 = is equal to the square of its distance from 
the origin. Sketch. 

12. Show that the locus of a point for which the sum of the squares of 
its distances from the four sides of a square is constant, is a circle. For 
what value of the constant is the circle real '! For what value is it tiie 
inscribed circle ? 
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13. Find the loous of a point if tlie sum of the squares of its distances 
from the sides ot an equilateral triangle of side 2 o is consta,nt. 

14. Show that tlie oirole througli the points (2, 4), (— 1, 2), (3, 0) is 
orthogonal to tlie circle which is tlie locus of a point the ratio of whose 
distances from the points (3, 4) and (— 1, 2) in 3. Slietch. 

15. Show Uiat the circles through two flsed points, say {—a, 0), 
(q, 0), form a family like that of Ex. 8. 

16. The locus of a point whose distaaees from the fixed points (— o, 0), 
(a, 0) are in the constant ratio « (^ 1) is the circle 

af' + !(' + 2i±^aa;-ha^ = 0. 

Compare Ex. B, p. 90. Show that, whatevei' a (^ 1), this circle inter- 
sects every circle of the family of Ex. 16 at right angles. 

Parameters, in problems on loci it is often convenient to express 
the coordinates s, y of the point describing the loous in terms of a third 
variable aiid then to eliminate this variable. Thas, for any point on a 
circle of radius a about the oirigia we have evidently 

eliminating ^ by squaring and adding we find 

Tiie vaiiable ^ is called the parameter; the equations (a) are the 
parameter equations of a circle about the origin. 

17. The ends ji, J5 of a straight I'od of length 2 a move along two per- 
pendicular lines ; find the locus of the midpoint of AS. 

18. One end j1 of a straight rod of length o describes a circle of radius a 
and center 0, while the other end £ moves along a line through 0. Taking 
this line as axis Ox and as origin, find the iocus of the intersection of 
OA (produced) with the perpendicular to the axis Ox through B. 

19. Four rods are jointed so as to form a parallelogram ; if one side is 
fixed, find the path described by any point rigidly connected with the op- 
posite side. 

20. An inversor is any mechanism for describing the inverse of a given 
curve. Peaueellier'a cell consists of a licked rhombus APBP' attached 
by means of two equal links OJ., 0£ to a fixed point 0. Show that this 
linkage is an inversor, with as center. 
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CHAPTER Vri 

COMPLEX NUMBERS 

PAJIT I. THE VABXOUS KINDS OF jS"tJMBEES 

100, Introduction. The process of finding the points of in- 
tersection of a line and a circle (§ 86) involves the solution of 
a quadratic equation. The solution of such a quadratic equa- 
tion may involve the square root of a negative number. Thus 
the roots of a!=-2 « 4-3 = area; = 1 ± V^^. 

The square root, or in fact any even root, of a negative num- 
ber is called SMimaginary number; and an expression of the 
form a + V— & in which a ia any real number and 6 any posi- 
tive real number is called a complex number. 

We shall first recall briefly the successive steps by which, in 
elementary algebra, we are led from the positive integers to 
otlier kinds of numbers. 

101. Fundamental Laws of Algebra. The so-called natural 
mimb&ra, or positive integers 1, 2, 3, 4, ■ ■ ■ form a class of 
things for which the operations of addition and Tnultiplioation 
have a clear and well-known meaning. These operations are 
governed by the following laws : 

(a) the commutative law for addition and for multiplication ; 

a -f 6 = 6 -|- ffl, ab = ba; 

(b) the associative law for addition and for multiplication : 

(« + S)+c = c.+ (S + c), (a),)c = o(So); 

(c) the distributive law, connecting addition and multiplication : 

(m + b)e-ac + bc, a(b + e) = ab + ac. 
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102. Inverse Operations, The result obtained by adding 
01- multiplying any two or more positive integers is always 
again a positive integer. 

This is not true for the so-called inverse operations : subtrac- 
tion, the inverse of addition, and division, the inverse of multi- 
plication. To make these inverse operations always possible 
the domain of positive integers is extended by introducing ; 

(a) the negative numbers and the number zero ; 

(b) the (positive and negative) rational fractions. 

The relation between these various kinds of numbers is best 

understood by imagining -jr -i i -j i In 1 / | g ^ ^ 

the positive integers repre- pm, 43 

sented by equidistant points on a line, or rather by the distances 

of these points from a common origin (Fig. 42), 

Negative numbers are then represented by equidistant points 
on the opposite side of the origin; zero is represented by the 
origin ; and fractions oon'espond to intermediate points. 

103. Rational Numbers. The positive and negative inte- 
gers, the rational fractions, and zero, form the domain of ra- 
tional numbers. By adopting the well-known rtdes of signs the 
operations of addition and multiplication and their inverses, 
subtraction and division, can be extended to these rational num- 
bers; and all four of these operations, with the single exception 
of division by zero, can be shown to be always possible in the 
domain of rational numbers, so that any finite number of such 
operations performed ■with a finite number of rational numbers 
pi-oduces again a rational number. 

In the domain of positive integers such linear equations aa 
a;-f7=!0, 5« — 3 = cannot be solved. But in the domain of 
rational numbers the linear equation ax + b = can always be 
solved if a and b are rational and a is not zero. 
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104. Laws of Exponents. In th,e domaiu of positive inte- 
gers, we pass from adiiition to multiplication by denoting a 
sum of b terms each equal to a by the symbol ab, called the 
product of a and h. Similarly, we may denote a prodnct of 
h factors each equal to a by the symbol «* ; this operation is 
called raising a to tJis bth pmoer, or involution. By this defini- 
tion, the symbol a' has a meaning only when the exponent b in 
a positive integer'. Bnt the base a may evidently be any 
rational number. The laws of exponents, or of indices, 

a'' ■ a" = a^'', a" ■b''={aby, («")' = «'"', 
follow directly from the definition of the symbol a\ The re- 
sult of raising any rational number to a positive integral power 
is always a rational number. 

105. The Inverses of Involution. It should be observed 
that the symbol a^ differs from the symbols a + b and ab in 
not being commutative {§ 101) ; i.e. in general a and b cannot 



a' ^6", if b^a. 
It follows from this fact that while addition and multiplication 
have each but one inverse operation, involution has two : 
(a) If in the relation 

b and c are regarded as known, the operation of finding a is 
called extracting the, bth root of c, or evolution, and is expressed 
in the form 

a = v'c. 
(6) If in the same relation a and c are regarded as known, 
the operation of finding 6 is called taking the logarithm of a to 
the base a and is indicated by 

&=log.c. 
Logarithms will be discussed in Chapter XII ; for the present 
we shall consider only the former inverse operation. 
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106. Irrational Numbers. Even when a, b, and therefore c 
are positive integers, the extraction of roots is often impossible, 
not only in the domain of positive integers, but even in the 
domain of rational numbei's. Thus, in so simple a case as 
6 = 2, c = 2, we find that a = VS is not a rational number, (' e. 
it is not the quotient of any two integers, however large. For, 
suppose that ■\/2 = h/k, where h and k are integers and the ra- 
tional fraction k/k is reduced to its lowest terras ; then squaring 
both aides, we find 2 = h^/}i?. But the rational fraction h^/k^ 
is also reduced to its lowest terms and consequently cannot 
be equal to the integer 2, 

We are thus led to a new extension of the number system 
by including the results of evolution : any root of a rational 
number that is not a rational number ia called an irrational 
number. The rational and irrational numbers together form 
the domain of real numbers. 

If numbers are represented by points on a line as in g 102, 
the number VS has a single definite point corresponding to it 
on the line ; for, the segment representing it can be found aa 
the hypotenuse of a right triangle whose sides have the length X. 
It" can be shown that a single definite point corresponds to 
any given irrational number. 

It thus appears that although the rational numbers, " crowd 
the line," i.e. although between any two rational numbers, how- 
ever close, we can insert other rational numbers, they do not 
"fill" the line; i.e. there ai'e points on the line that cannot 
be represented exactly by rational numbers. 

107, Extension of Laws. A. rigorous definition and dis- 
cnsaion of irrational numbera requires aomewhat long and com- 
plicated developments. It will here suffice to state the result 
that irrational numbers are subject to tiie same rules of operation 
as are rational numbers. 
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The fundamental laws of addition and multiplication (§ 101) 
hold therefore for all real numbers, and so do the laws of signs 
of elementary algebra. As regards the laws of exponents 
(§ l&i), they can be shown to hold when the bases are any real 
numbers. Moreover, it can be shown thafc the symbol a* has 
a deiinite meaning even when the exponent 6 is any real num- 
ber, and that the laws of exponents hold for such powers, pro- 
vided only that the bases are positive. It is known from 
elementary algebra how this can be done for rational exponents 
by defining the symbols a" and or™ as 

.• = 1, r. = -5-: 
«"* 

and it is shown in the theory of irrational numbers that the 
latter definition can be used even when m is irrational. 

Thus the laws of exponents {§ 104) hold for any real ex- 
ponents provided the bases are positive. 

108. Measurement, Historioally, the gradual introduction 
of rational fractions, of negative numbers, of irrational num- 
bers, ■was determined very largely by the appUcatimis of arith- 
metic and algebra. Any magnitude that can be subdivided 
indefinitely into parts of the same kind as tbe whole, and 
hence can be " measured," leads naturally to tbe idea of tbe 
fraction. Magnitudes that can be measured in two opposite 
senses, like the distance along a line, the height of the ther- 
mometer above and below tbe zero point, credit and debit, the 
height of the water level above or below a fixed point, suggest 
the ideaof negative numbers. Tbe incommensurable magnitudes 
that occur frequently in geometry lead to the introduction of 
irrational numbers. One of the principal advantages of algebra 
consists in the remarkable fact that all these different kinds of 
numbers are subject to the same simple laws of operation. 
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109. Imaginary Numbers. As mentioneii in § 107, there is 
still a restriction, in the domain of real (i.e. rational and 
irrational) numbers, to the use of the laws of exponents (§ 104) : 
the square root of a negative number has no meaning In this 
domain. 

Thus, V— 2 is not a real nnmber; for, by the definition of 
the square root, the square of V— 2 is — 2 ; but there exists 
no real number whose square is — 2. In other words, such 
simple equations a8a^ + 2 = 0, a;'— 2a;+3 = have no real 
solutions. It has therefore been found of advantage to ^ve one 
further extension to the meaning of the term "number," by 
including the even roots of negative numbers, under the name 
of imaginary minibers. 

110. The Imaginary Unit Au) e\en loot of a, negative 
(rational or irrationaJ) numbpi ih iebne 1 is an imaginary 
number. Every sucb numbpi cin be reduced to the form 
±V— a, where a is positive It is LU&tomirj to denote V— 1 
by the letter i and call it the imaginary unit Any imaginary 
number ±V— a can therefore be written In the form 

that is, every imaginary number is a real multiple of the imag- 
inary unit i. Notice that as * = V^^ we always have 
j= = - 1. 
The algi^braic sum ot a real number and an imaginary num- 
ber', i.e. the expie^iion a + bi where a and b are real, is called 
a complex number Notice that the domain of complex num- 
bers int hides both ifal and imaginary numbers. Por, the 
complex numhei a-\-bi is real in the particular ease when 
6 = 0, it IS an imaginary number if a = 0. The great advan- 
tage of complex numbers lies in the fact that all the seven 
fundamental operations of algebra (viz. addition, subtraction, 
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multiplication, division, involution, evolution, and logarithmi- 
zation), with the single exception of division by zero, can be 
performed on complex numbers, the result being always a 
complex number ; i.e. if we denote by a, j8 any two complex 
numbers, then « + /J, a - ;8, a/3, a/j3, a^, -fa, logg a can all be 
expressed in the form a + bi. It can then be shown that evei-y 
algebraic equation of the nth degree has n complex roots. 

111. L^uaginary Values in Analytic Geometry, in eiemea- 
tary analytic geometry we are concerned with "real" points and lines, 
i.e. with points whose coordinates are real and with lines whose equations 
have real ooefBoieiits. But it should be observed that points with com- 
plex coordinates may lie on real lines and that lines with complex coefB- 
cients may contain real points. Thus, the coordinates of tlie point 
(3 4- 3 i, 1 — 2 i) satisfy the equation of the real line Zx + Sy — T = 0, 
and the equation (^l+2i)x— (3 + 3 i) !( + 1 = is satisfied by the point 
(3, 2). Calculations with imaginary points and lines roay therefore lead 
to results about real points and lines. 

A rather striking esample is afforded by the the theory of poles and 
polars with respect to the circle. We have seen (§§93-95) that with 
respect to a given circle every line of the plane (excepting those through 
the center) has a real pole and every point (excepting the center) has a 
real polar. If the line I iuterseots the circle in two points Qi, g; , its 
pole P can be found as the intersection of the tangents at ^i, gj. If the 
line I does not intersect the circle, this geometrical c 
possible. But the analytic process of finding the points of ii 
the line I with the circle can be carried through. The coordinates of the 
points of intersection will be imaginary ; and hence the equations of the 
tangents at these points will have imaginary coel¥icients. But the point 
of intersection of these im^inary lines will be a real point ; viz. the pole 
P of the line I and its real coordinates can be found in this way. 

Thus to find the pole of the line y = 2 with respect to the circle 
x^+ifi=l we obtain the imaginary points of intersection (VSi, 2) and 
(— V3i, 2); the imaginary tangents at tliese points are therefore: 
VSix +211^1, — V3ia: + 2y = li theseimaginarylinesintersectin the 
i-eal point (0, J); it is easy to show that this is the required pole. 
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PAKT IT. GEOMETRIC IKTERPEETATION OF 
COMPLEX NUMBERS 

112. Representation of Imaginaries. The meaning of com- 
plex numbers will best be undei'stood fuora their graphical 
representation. 

We have seen (§ 102) that every real number a can be repi-e- 
senteil by a point ^ on a straight line on -which an origin 
and a positive sense have been selected. 
We shall call this Hoe (Fig. 43) the 
OMis of real nurabers, or briefly the reed 




To represent the imaginary numbers 
we draw an axis through at right 
angles to the real axis and call it the 
axis of imaginary numbers, ov briefly """ 

the imaginary axis. The point A' on this axis, at the distance 
OA' = a from the origin, can then be taken as representing 
the imaginary number ai. 

113. Representation by Rotation, This representation is 
also suggested by the fundamental rale for dealing with im- 
aginary numbers that i^ = — 1. For, if a be any real number 
and A its representative point on the real axis, the i-eal num- 
ber — a has its representative point A" situated symmetiically 
to A with respect to on .the real axis ; in other words, the 
segment OA" which represents — a can be regarded as ob- 
tained from the segment OA that represents a by turning OA 
through two right angles about 0. Thus the factor — 1 = i^ 
applied to the number a, or rather to the segment OA, turns 
it about through two right angles. This suggests the idea 
that the factor V— 1 = '', applied to a, may be interpreted as 
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turning the segment OA through one right angle in the oounter- 
clockwise sense so as to make it take the position OA', Indeed, 
if the factor i be now applied to ai, i.e. to the segment OA', it 
will turn OA' into OA" and produce ai? = — a. 

Turning OA" eonntercloekwise through a right angle, we 
obtain the point A'" on the imaginary axis whioh represents 
ai^ s= ■— ai ; and finally, turning OA'" counterclockwiBe through 
a right angle we regain the starting point A which r^ 



114. Representation of Complex Numbers. A complex 
numbef, i.e. an expression of the form 

z~ x + yi, 
where a;, y are real numbers while i is the imaginaiy unit 
V— 1, is fully determined by the two real numbers x and y, 
provided we know which of these is to be the real part. If 
we take the real axis as axis Ox, the imaginary axis as axis 
Oy, of a rectangular coordinate system . 
(Fig. 44), the numbei-s x, y determine 
a definite point of the plane, and only 
one. This point P(x, y) can therefore 
be taken as representative of the com- ' 
plex number z = j. + yi. ^^'^- ** 

This representation also agrees with the idea (§ 113) that the 
factor I turns through a right angle. For if we lay off on the 
real axis, or axis Oi, OQ = x, and on the same axis QB = y 
we obtain Off = OQ + QR = x + y; and if we turn QR about 
Q through a right angle into QF we obtain x ■+■ yi and reach 
the point P. 

To every complex number z = x + yi thua cormaponds one and 
only one point F(x, y) ; to every poviit P(x, y) of the plane cor- 
responds one and only one complex number e= x -ir yi. 
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The real numijers, and only these, have their representative 
points on the axis Ox; the imaginary mimbers have theirs on 
the axis Oj/. The origin (0, 0) represents the complex num- 
ber + ;"0 = 0. 

115. Correspondence of Complex Numbers to Vectors. It 
should be recalled that strictly speaking {§ 102) a real number x 
is represented, not by a point A of the real axis, but by the 
segment OA = x. Similarly the complex number z = x + yi is 
represented, strictly speaking, not by the point P (Fig. 44), but 
rather by the radius vector OP, taken with a definite direction 
and sense. Thus the complex number z = x + yi represents a 
vector (see §§ 19-20), whose rectangular components are » 
and y. It will be shown below that the addition and subtrac- 
tion of complex numbers follow exactly the laws of the com- 
position of (concurrent) forces, velocities, translations, etc., in 
the same plane. 

116. Equality of Complex Wimibers. Two complex num- 
bers Zf^ = Xi + y,i and j^j = uij -|- ^ji are caMed equal, if, and only 
if, their representative poiiUs coincide, i.e. z, = z^ if 

Xy — fl^j and y^ = y^, 
just as two forces are eq^ual only when their rectangular com- 
ponents are equal respectively. 
If we apply the ordinary rules of algebra to the equation 

»i + Vii = ai; -I- J/ji 
we obtain 

X, - X, = ()/i - y^)i. 

3\ ow the real number Xi — x^ cannot be equal to tlie imaginary 
number ()/j — !/j)i unless % — a;, = and i/^ — j'l = ; whence 
again we find Xi = aij, i/j = y^. 

It follows in particular that the complex number z = x + yi 
is zero if, and only if, .r = and ?/ = 0. 
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EXERCISES 

1. Locate tho points wLloli represent the following complex 
(o) 4^31. (ft) 2i. (c) -1-1 

(e) A + .li. if) S-ii. (ff) -lO-Ji. 

2. Find the values of m and li 
W Cm -»)+(- + .-2)1.0. 



W ' 



tlis foUowlTig equations ; 

(S) (»«+»"-2S) + C>»-»-l)< = »- 
(d) ,»».. »■-«■ + 4,-, 



w that 



4. Show that the following leliLtions a 



{d) i' - #i = 3. 
i, !i lieing any positjve 



6. Show tliat 

(<i) iC- 1 + VS is a cube ri 

(t) K+1- "^0 is a cube ro 



tOf ' 



117. Addition of Complex Numbers. Tke sum of two 

complex mitabers «i =s= iCj + j/,1 and Zi = x2 + ys,i is defined as the 
complex number z =: (xi+ x.^ + (jfi+yi)i; mother words, if (Fig. 
45) Pj is the point that represents 3i and P^ the point that rei>- 
resents z^, then the point P that repre- 
sents the sum s = Sj + Sj has for its ab- 
scissa the sum of the abscissas of .P, 
and Pj and for its ordinate the sum of 
the ordinates of P, and P^. It appears 
from the figure that this point P is the 
fourth vertex of the parallelogram of ^"^' '^ 

which the other three vertices are the origin and the points 
Pi, P,- 

118. Analogy to Parallelogram Law of Vectors. By com- 
paring g^ 19, 20 it will be clear that the addition of two eoin- 
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121 



plex numbers consists in tiiidiiig the resultant OP of tlieif 
representative vectors OP^, OP^ The vectors may be thought 
of as forces, velocities, translations, etc. In the ease of trans- 
lations this composition of two successive translations into a 
single equivalent translation is particularly obvious. 

While a real number x= OQ represents a translation along 
the axis Ox, an imaginary number yi a translation along the 
axis Oy, a complex number z = xi-yi can be interpreted as 
i-epresenting a translation OP in any direction (Fig. 44). The 
succession of two such translations Zj = Xi + yii represented by 
OPi (Fig. .45) and s^ = x^ + y^i represented by OP2 is equivalent 
to the single translation s= {xi + x^ + (y, +}/^i represented 
by OP. 

It follows that the addition of any number of complex 
numbers (Fig. 46) whose 
representative vectors are 
OPj, OP2, OP3, OP4, can be 
effected by forming the 
polygon OP-yP^P^P; t]ie 
closing line OP is the rep- 
resentative vector of the 
sum ; precisely as in finding 
the resultant of concurrent 
forces (§ 20). 

119. Subtraction. The diffi 
2, = iCj + j/ji and z2 = ^i-\-y^ ** <^fi- 
finsd as the wmplex number a = (a;, 
— %) + (^1 — y^i- Its representative 
point P is found geometrically by 
laying ofE from Pi (Fig. 47) a seg- 
ment PiP equal and opposite to 
OP^, i.e. equal and parallel to P2.O. 
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120. Multiplication. The product of two complex numbers 
Sj =3 a;i + yii and Sj = aij + y^i is found by multiplying these two 
expreasiona aaxrrding to the wcUnary rules of algebra and observ- 
ing that i^ = ■— 1. We tliua find : 

^Z2 = (x, + 2/,i) (aii + ysi) = XjKj + x,ysi + x^y^i + s/^ji^ 
= (%3^ - Ma) + (a'^2 + iKi/i)''j 
wliioh is a complex number. A geometric construction will 
be given in § 124. 

121. Conjugate Imaginaries. Two complex numbers that 
differ only in the sign of the imaginary part are called con- 
jugate complex numbers. Thus, the conjugate of 5 + 2 i is 
5 -~2i; that of — 3 — i is — 3 + ^ etc. The radii vectores rep- 
resenting two conjugate numbers are situated symmetrically 
with respect to the real axis. 

The product of tvx> conjagate coTiipleai TiuTnbers is a real 
number; for 

{x+yi)(x-yi)=^+f. 

Notice that the roots of a quadratic equation are conjugate 
complex numbers. 

122. Division. To form the quotient of two complex num- 
bers we may render the denominator real, by multiplying both 
numerator and denominator by the conjugate of the denomi- 
nator. Thus : 

Zj ^ Xj + y,i ^( x, + y-ii)(x2 — y^J) ^ iCia^-a^Va^ + x^yii+ y^i ^ 
2a Xi + y^ (^ + W)C^s — W") Xs^ + Vs' 






Here also the result is a complex number, 
struction is indicated in § 125. 
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EXERCISES 



1. SiHipli£y the following expressions and illustrate by geometric 
uonstruclion : 

(a) (3-6i) + {4-3i). (6) (4- 30-(2 + f). 

(c) (6+,) + (3_2()-{i)- W (2-3i)-(-l + i)-{3 + 5i). 

(e) (4)-(3»). (/) (i)4-(S-2i)-(")- 

2. Write tUe following products as complex numbers and locate the 
corresponding points : 

(o) (V3 + tV§)(V54-i->/5). (i) (3- jV8)(>/3-|-iv'2). 

3. Show that 

fal L±li + il^li = 3 (*) (^ + yi)^-('s-!'0^ = *«i'i- 

"■ •' i + i "^ i_j ■ (e) (x+aO' + C^-J/O'^aC^i-f i/*)-129;Y- 

4. Write the following qaotients as complex numbers and locate the 
corresponding points : 

(a) l±ii. m ^-+^. (c) ^^lif. 

,„ fl+flii±M.(l±l<l, („__!_. „,_^. 

5. Verify by geometric construction that the sum of two conjugate 
complex numbers is a real number and that the difference is an imaginary 
number. 

6. Evaluate the following expressions for 2i = 3 + 4 i and s^ == — 3 + 5 i 
and check by geometric construction : 

C«) 21-6-, (6)2s2 + 3, (c) a~5a,. {d)3i + 2^,. 

M 2i-i2,. (/) 2-2«i,. (?) ^(i-^i). W -Si-^i. 

(0^1+222. U) S^i + Hi. (ft)^i-3S2. (0 s^-i^i. 

Cm)«,+6?3-4i. (n) s^-J^i+S, (o) S-ei-s^- <p) s2-6-|si. 

7. Let Xi and I'l represent the projections of a force JPi on the axes 
of X and y, respectively, and Xi and Tj those of a second force Jj. Show, 
by the parallelogram law, that the projections on the axes of the result- 
ant (or sum) of Fi and F-i are Xi + Xs and Yi + Ts, 

8. From Ex. 7, show that tlie correct results are obtained if Fi is 
represented by Xi + Tii, F^ by Xs + Yii, and their resultant by 

Pi4--Pe= (Xi+ Yii) + (X2+ Y^i) = (Xi + Xs) + (ri4- Ts)'- 
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123. Polar Representation. The use of the polar coordinates r. 
of the repreaentRtive point F{x, y) leads to simple 
interpretations of raultiplioation, division, involution, 
and evolution. 

The distance OP — r (Fig, 48) is called tlie modtslus 
or absolute value of the complex numbei' ; the vec- 
torial angle ^ is sometimes called the argument, phase, 



Since 3i = )'cos*. and j/ = !-sinff., 

The right-hand member of this equation is the polar form of the complex 
number z = x + yi. 

124. Products in Polar Form. The product of tvi-o complex 
numbers si ^ !',(cos0i + i shi ipi) and Zi = r2(cos02 -|- i sin^jj is 
Sias=»-i{cos0i-|-isin^i))-s(co3$s + isiu^2) 

=ncz[(coa^iCOH^s-sin^iS[ii^i)+i(sin«ticoa0i + fios^iBin^2)] 
-nr![cosC*, + 0O + *6iLi(0i + ^2)]- 
This shows that the modulus of the product of two complex numbers ia 
the product of the moduli, the amplitude of the product is the sum of the 
amplitudes, of the factors. 

The point P that represents the product of the complex numbers repre- 



follows ; 



y the points Pi and Pj (Fig. 49) 
Let Po be the point on the axis Ox at unit distance 
from the origin and draw the triangle OPoPi ; 
on OFs construct the similar triangle OPiP. The 
point P thus located is the required point. For, 
by construction the angle PjOP = ^i, hence the 
angle PoOP= ^i + ^j. Moreover, as the triangles 
OPflPi and OPsP are similar, their sides are pro- 
portional, i.e. 

1 ; !■! 1= ra ; OP, whence OP = I'li'i 



125. Quotients in Polar Form. For the quotient of the f 
lomplex numbers ^i = i"i(cos ^i 4- i sin ^i) and gj = ri(cos i^a -f- f sin « 
ve End by making the denominator real : 
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ra(C03 •pi + iai 



is^2 + i^n 0j) (cos ■p^-i sin ■p 



^[co 



>i - 0^) + i 



- *!)]■ 



Hence Ihe modulus of tke quoMeitt s = 2i/2»(a the 
quolient of the moduli, the amplUude'is the difer- 
ciKe of l/ie amplitudes ofsx aid 22. Evidently the 
point P tliat represeuta the quotient z = ni/zi 
Fig. 50) can he located by reversing the geometric 
oonBtruotion given in § 124; i.e. by constructing 
on tlie unit segment OFd tlio triangle OPo^similar 
to the triangle OPiFi. 




EXERCISES 



1. Write tlie following comple; 
(a) 2 + 2V3i (6) -3+3 
(e) 7. (/) -8 

3. Write tlie following coniplei 
(a) 3(cos30*^ + isinS0"). 
(c) 10CcO8|T- + isin^ir). 
(e) V2(conT + isini^). 
((7) 7CoosO + !HlnO). 
CO 2V3Cco8j^ + iain^^). 
(A) n(cflaj^ + fsinj^). 






numters in polar 
^3i. (c) 6-6i. (rf) -5C. 

(17) 6^3-51. (ft) -10-lOi. 

the form x + yl: 
(») 5(co.Ji + (Bml,), 
(d) 4(cosU + i8iiiJ^). 
(/) Va("»i' + I"<it')- 
(») B(oo», + >sln,-). 
U) 5V2((!OlJ,+(.ln5,). 
(i) 8(oos75° + i3ia75°). 



3. Put the foUowmg complex numbei^ in polar form, perform the 
iudicated multiplication or division, and write the result in the form 
0: + yi. Check by algehra and iilustrate hy geometry. 

(«) (2V3+2i)(S + 3v^i). (i) (1 + 0(2 + 21). 

(c) (-2-21)(8 + 6i). m (-4 + 4VJ()(-3-3VS(). 

(.) (i+V8i)(i-Vsi)- C) (-2)(-ai). 

aV3-3t. (5) ^i_. 

(j + a( 



(n 
(J) 



(0 



■3 +3^31 



(J) - 



.-V3- 



m - 
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4. Sliow that the modulus of -the product oi ths complex numbers 
a -1- 6i and c + rfi is VCa' + &')(#' + if J. 

5. Show by geometric oonstruotioa that the product of two coujugate 
complex nambem is a real nuitilier. 

6. Show how to locate hy geometric construction the point which 
represents the reciprocal of a complex number. 

7. Show that the point P that represents a complex number z and 
the point 1" that represents tbe conjugate of the reciprocal 1/z are inverse 
points with respect to the unit circle about the origin. 

8. With respect to the unit circle about the origin, find the complex 
numbers representing the points inverse to 

(a) 3 + 4i. (6) 3 + V^. (c) -5 + 3i. {d)l-iiL 

9. Show that the ratio of two complex numbers whose amplitndea 
difier by ± J a- is au imaginary number. 

10. Show that the ratio of two complex numbers whose amplitudea 
are equal or diSer by ± tt is a real number. 

126. De Moivre's Theorem, The rule tor multiplying two com- 
plex numbers (5 124) gives at once for the square of a complex number 
s = r(cos^ + f ain0); 

z2 = [j-Coos •}> + (sin .j,)J' = i<i(eoa2 + i sin 2 ^). 
Multiplying both members by e = j-{oos* + isin^) we find for the 

a' = [j'Ccos ^ + i sin 0)P = )«(cos 3 * -(- i sin 3 *.) . 
This suggests that we have generally for the iith potver of z, n being 
any positive integer: 

3" =[r (cos « + ! ain 0)]» = !-''{cos n-p + isian<t.). 
This is known as de Moivre's formula. 

To complete the formal proof we use mathematical induction (g 62), 
Assuming the formula to hold for some particular value of n, it is at once 
shown to hold for n-|- 1, by multiplying both members by 

which gives 

2»+i = [»-(cos ^+ i Sin 0)]"+i = r"-^'[cos (ii + l)^ + i sin (n + 1)0]. 
As the formula holds for n = 2, it holds tor n = B, and iience for j^ = 4, etc., 
i.e. for any positive integer. 
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127. Generalization of De Moivre's Theorem. De Moivie's 
formula can be shown to hold for any real exponent n. That it holds for 



If in 
, =0, -B 


the formula for the quotient 
re find 

1 = A (cos 02 - 


t = «,/«. (5 
-isin^j), 


laii 


) we put J', = 1, 


V droppi 


ng the subscript 2 : 

- = - (oos — 


(.In*). 






E we ra, 
iteger), 


ise this complex number to the «th powei 
which can be done by § 12fi, we find 


: (n 


. being a positive 




(i)"— i 


!(„.,.,-, 


sin 


»*), 


fliioh proves de Moivre's formula for a 


negative inte 


igral 


espOQent. 



If in de Moivre's formula (§ 126) we put 

nil ~ 9, r" = /), and hence ^ = — , i- = v/p, 
where v'p is the positive nth root of the real number p, we obtain 
[%(oos^^ + (sin^^]''=y.(cos» + iaitie), 

t«. [KoosS + isin^)]"=V^(cos^ + J.siniy 

This shows that de Moivre's formula holds when the exponent is of the 



form 1/n, The extension to the case when the eiponent is ajiy rational 
fraoUou is then obvious. 

128. Imaginary Roots. The last formula gives a means of finding 
an fi.th root of any real or wmplex number-. To find all the roots of a 
complex number 2 = p(cos 8 + i sill 6) we must observe that as 

cos e = cos (e + 2 srra), sln 8 = sin (C + 2 wm), 
where m is any integer, the number z can be written in the form 

^ = P[C09 (e + a ™) + i Sin (B + 2 ,rm)], 
60 that by § 127 its roots are given by 
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If in this expression we giTe to m aucceBsively all integral values, it takes 
just B diaerent values, viz. those for m = 0,1,2, ■■■ , re— 1 ; therefore ony 
complex number z = >)(cos P + i sin e) has n roots, viz. : 



■ VpIi 



These it root« all hfive the Sivme modulus '-i/p, while tlie amplitudes differ 
hy 2 jr/n. Hence tlie points representiug these it 
roots lie on a circle of radius Vp about the origin 
RUd divide tliia circle into it equal parts. 

For example, the three cube roots of 8 ( are found 
as follows. In polai' form 

+ 8i = 8(cosj7r + iaiil» ; 

by de Moivre'a formula (§ 127) we have 

L 3 3 J 




m = 1 gives the root : 2(cosS5r + iaiilf tt) =2(-iV3 + ii) =-V3+ t; 
ra = 2 gives the root r 2(cos|jr + iainf ir) =2(0 + t ( - 1)) =- 2i. 

If we put m = 3, we get the firat root again, m = 4 gives the second root, 
and BO on. Thus .there are three diatinct cube roots of 8 i, viz. V3 + i, 
i/3 + i, — 2 i. These roots are represented by the points Pi, A, Pi, 

y (Fig. 51). 
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129. Square Roots. The particular problem of finding tfie square 
root of a complex number a + bi oan also be soWed by observing that the 
problem requires us to find a complex number x-Yyi such that 

rt + 6f = (ic + yi)^. 
Expanding the square and equating real and imagmarj parts, we find for 
the determination of x and y the two equations 

Eliminating y between these two equations, we obtain 

x^ — ^=a; thatis,a^-«x2_is2^0; 

whence 3^i= = \{a -(- Va^ + 6=), s'-j^ = i(a - y/WT^)- 

iSince X is to be a real number and hence y? must be positive, and as 
«<v'«-+6^ (unless 6 = 0, which would mean that the given number a + hi 
is real), we must take x-^ and not ij'. Hence 

a^ = ±VJ(^TV^^TP). 
These values of a are zero only when 6=0 and a<0; for then va^=: — a. 
In this particular case we find y = ± V— a, and hence 

Vo + 6f = ± v'^^ s. 
In the genera! oaae, when S i^ 0, we find from the equation 2zy = h fov 
each of the two values of x one value of y. 

EXERCISES 
1. Show how to locate the square of n complex number by geometric 
in. Locate the cube. 

aetricaliy that 8i (Fig. 01) ia the product of the numbers 
d by the points Pi, Pj, Pj. 

3. For 2i = l + 2i, Z2 = 2-i show that si^- sa^ =(2i + Js)(2i-S2) 
and iUusttate geometrically. 

4. For the same numbers verify aud illustrate geometrically that 

(Z, ~ Zif = «,' - 2 £jS3 + Ss=. 

5. Show how to locate the points that represent the square roots of a 
complex number. 

6. Locate by geometric construction in two ways the points whtoh 
represent [r(cos^ + isin^)]i. 
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7. Put the following complex numbers in polar form, perform the in- 
dicated operations, and check by geometric ci 



(0) (1 + V3i}3. 
id) (V3^J)5. 


(«) (- 


(») Vl+V8i. 


(i) ^ 



W C-V3-i)^. 



V3i. (j) V-2 + 2V31*. 

U) V^^r^ii. (k) </-i+4i. (I) -i/eii. 

8. rind the square roots of each of the following complex numbers 
by using the method oi g 129 ; 

(a)1+2H. iP) it (c) -2(8 + 150- 

id) -13, («) i,i:5-l2i). (/) 4«6 + 2(a^-&2)i. 

(3) - 2[2 ab + (a^ - 6=)i]. (ft) - 4 n=&2 + 2(o' - M)i. 

9. Find the three cube roots of unity and show that either complex 
root is the square of the other, i.e. if one complex root of unity is denoted 
by a, the other is ufi. The three cube roots of unity then are 1, w, ofl. 

10. If I, u, a^ are the cube roots of unity (see Ex. 9) show that ; 

(a) I = u^ = u* = u"*, n being an integer. 

(6) l + « + «2 330. 

(c) (l+..-^)^ = ... 

(d) (wp + w«g)(u2p + „9) (p + 9) = p= + 93. 

(/) (l-„ + „=)(i-t.2+^)(i_„» + ^s) =_8„, 

11, Prove de Moirre's formula for ji any rational fraction, i.e. show 
that, if p, q, m, are integers, 

q J" 

la. Show by geometric construction tliat the sum of the three cube 
roots of any number is equal to aero ; that the sum of the four fourth 

13. Solve the following equations and locate the points which repre- 
sent the roots : 

(a) a' - 1 = 0. (6) 3^ + ] = 0. (c) ce* - 1 = 0. (d) ics _ 1 = 0. 
(k)x'~1=I}. (r)«3_27=0, (g)x^ + -[ = (>. .(ft) a^* + 1" = 0. 
(i) rS^.32 = o. (j) x^ + a^ = 0. (k)^ + a^ = 0. (I) i^ - 1 = 0. 



[r(cos^+isinfl.)]' = ^'[co 
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CHAPTER VIII 

POLYNOMIALS. NUMERICAL EQUATIONS 

PAKT I. QTJADEATIC FUNCTION — PARABOLA 

130. Linear Function. As mentioned in § 28, an expression 
of the form mx + b, where m and b are given real numbers 
(m^O) while X may take any real value, is called a linear 
function of x. We have seen that this function is represented 
graphically by the ordinates of the straight line 

y^mx + b; 
b is the value of y for a: = 0, and m is the slope of the line, i.e. 
the raie of change of the function p with respect to a;. 

131. Quadratic Function. Parabola. An expression of 
the form ax^ + bx + c in which a ^ is called a quadratic func- 
tion of X, and the curve 

y = ax^ +bx + c, 
whose ordinates represent the function, is called a parabola. 

If the coefficients a, b, c are given numerically, any number 
of points of this curve can be located by arbitrarily assigning 
to the abscissa x any series of values and computing from the 
equation the corresponding values of the ordinates. This 
process is known as plotting the curve by points ; it is some- 
what laborious; but a study of the nature of the quadratic 
function will show that the determination of a few points is 
sufficient to give a good idea of tlie curve. 
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i first take ;. = 0, e = ; 



132. The Form y = ax^. 
resulting equation 

(1) y = ail? 

represents a parabola which passes through the origin, since 
the values 0, satisfy the equation. This pa/rixbola is symmet- 
ric with respect to the axis Oi/ ; tor, the values of y correspond- 
ing to any two equal and opposite values of x are eqiial. This 
line of symmetry is called the axis of the 
parabola ; its intersection with the parab- 
ola is called the vertex. 

We may distuiguish two cases accord- 
ing as ct > or a < ; if a = 0, the equa- - 
tion becomes y = 0, which represents the 
axis Ox. 

(T) If a > 0, the cui-ve lies above the axis Ox. 
what positive or negative value is assigned to a; 
Furthermore, as x is allowed to i 
also increases indefinitely. Hence the p 
and second quadrants with its vertex at 
the origin and opens upward, i.e. is con- 
cave upward (Fig. 52). 

(2) If a < 0, we conclude, similarly, 
that the parabola lies below the axis Ox, 
in the third and fourth quadrants, with 
its vertex at the origin and opens down- 
ward, i.e. is concave downwa/rd (Fig. 53). 

Draw the following parabolas: 

y = ^,y = Za?,y=-\3?,y=\x'. 

133. The General Equation. The curve represented by the 
more general equation 

(2) y = ax^ -\-hx + c 

differs from the parabola ;/ = oa^ only in position. To see this 



For, no matter 

I K, y is positive. 

absolute value, y 

lies in the first 
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we use the process of completing the square in s 
write the equation in the equivalent form 






'-,k= 



b^ 



1 y 


K 


1. 




/ h 


k 









the equation 1) 

y~h = a(x-h)\ 
and it is clear (§ 13) that, with reference to parallel axes 
Oiat|, O^Vi through the poiut 0^ (h. k) the equation of the 
curve is i/i = ax^^ (Fig. 54). The parabola (2) has therefore 
the same shape as the parabola y = ax^; but its vertex lies at 
the point (h, k), and its axis is the line x = /*. The curve 
opens upward or downward according as a > or a < 0. 

134. Nature of the Curve. To sketeh the parabola (2) 
roughly, it is often sufdoient to find the vertex (by completing 
the square iu x, as in § 133), and the intersections with the axes. 
The intercept on the axis Oy is obviously equal to c. The in- 
tercepts on the axis Ox are found by solving the quadratic 
equation 

a3? + bx + c=0. 

We have thus an interesting interpretation o£ the roots of any 
quadratic equation : the roots of ax^'-^ bx + c~0 are the 
abscissas of the points at which the parabola (2) intersects 
the axis Ox. The ordinate of the vertex of the parabola 
is evidently the least or greatest value of the function 
y = ax' + bx + c according as ci is greater or less than zero. 
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EXERCISES 

1, With respect to the same coordinate axes draw the curves ij = aj!^ 
toya=2, J, 1, i, 0, — i, — 1, — I, — 2. What happens to tho paraMa 
!/ = ax'^ as « changes ? 

a. Determine ia each of the following examples tiie value of a so that 
the parabola y = ay? will pass through the given point : 
(a) (3,3). (6) (-4,1). (c) (-2, ^2). (H) (3,-4), 

3. A body thrown vertically upward in a vacuum with a velocity of v 
feet per second will just reach a height of h feet such that h = -^tl^. 
Draw tlie curve whose ordinates represent the height as a function of the 
initial velocity, 

(a) With what velocity must a ball be thrown vertically upward to rise 
to a height of 100 ft, ? 

(6) How high will a bullet rise if shot vertically upward with an ini- 
tial velocity of 800 ft. per see, the resiatance of the air being neglected ? 

4. The period of a pendulum of length t (i.e. the time of a small 
back and forth swing) ia T^irVl/g. Take j/ = 32 ft. /sec. and draw 
the curve whose ordinates represent the length I of the pendulum as a 
function of the period T. 

(a) How long is a pendulum that beats seconds (i.e. of period 2 sec.) ? 
(&) How long is a pendulum that makes one swing in two seconds ? 
(c) !Find the period of a pendulum of length one yard. 

5. Draw the following parabolas and find their vertices and axes : 
W y=^ix^-x + 2. (ft) i/ = -1e2 + s. (c) v = 5x^ + Ux + 3. 
(li) y = 2-x-x'. (e) y = (i^-S. (.f) y=—9-A 

(g-j ;/=3 3!=-8«-f-5. (A) y = lofi + 2x~&. (i) s?^ %x-y = fi. 

6. What is the Value of b if the parabola y = r? -\- bx — Q passes 
through the point (1, 5) ? of c if the parabola f/ = *^~6a + c passes 
throi^h the same point P 

7. Suppose the parabola y — a*'' drawn ; how would you draw y — 
(t(z+2)2p j/ = a(a;-7)2? y = a^^ + 2-> y = ax^ -11 ^ = a!c2+2a: + 3 ;> 

8. What happens to the parabola y=:ax^ + bx + c as c changes ? 
For example, take the parabola y = 3^ — x + g, where c = ~ 8, — 2, — 1 , 
0, 1, 2, 3. 
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9. What happens to the parabola y = ax^ + hx + c, as a changes ? 
For example, take ^ = oj;* — k — 6, where ii = 2, 1, ^, 0, — J, — 1, — 2. 

10. (o) If the parabola ;; = asc^ + bx is to pass through tlie points 
{1, 1), (— 2, 1) what must he the values of a and 6 ? (b) Determine the 
parabola y = ax^ + bx + e so as to pass through the points (1, ^), (3, 3), 
(4, i) ; sketch. 

11. The path of a projectile in a vacuam is a parabola with vertical 
axis, opening downward. With the starting point of the projectile as 
origin and the axis Ox horizontal, the equation of tlie path must be of the 
form y = as? -f !>x. If the projectile is observed to pass through the points 
(30, 20) and (60, 30), what U the equation of the path ? What is the 
highest point reached ? Where will the projectile reach the ground ? 

12. Find the equations of the parabolas determined by the following 
conditions ; 

(a) the axis coincides with Oy, the vertex is at the origin, and the 
curve passes through tJie point (— 2, — 3) ; 

(6) the axis is the line x = ii, the vertex is at (8, — 2), and the curve 
passes through the origin ; 

(c) the axis is the line x =— 4, Uie vertex is (- 4, 6), and tlie cui^e 
passes through the point (1, 2). 

13. Sketch the following parabolas and lines and finil the coordinate.'! 
of their points of intersection : 

ia) y = 6x^y = lx+S. (b) y = 23?-&x,v = x + 6. 

(_e) y = 2-Sx\y = 2x-i-3. (d) y ^3 + x~x\x + y ~ i = 0. 

14. Sketch the following curves and find their intersections ; 

(ft) «3 + !)2 = 25, i/ = ^x^. (l>) x^+f^-Sy = 0,y = iafi~2x + B. 

15. The ordinate of .every point of tiie line y = ^x + i is the sum of 
the corresponding ordinates of the lines y = ^x and y=ii. Draw the last 
two lines and from them conslmct the first line. 

16. The ordinate of every point of the parabola y = ^)? + \',r — 1 is 
the sum of the corresponding ordinates of the parabola y = ^x^ and the 
line y = ix — l. From this fact draw the former parabola. 

17. The ordinate of every point of the parabola y = Ja^ — a; + 3 is the 
difference of the corresponding ordinates of the parabola j; = Ja^ and the 
line y = x — S. In this way sketch the former parabola. 
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18. Suppose the pavabola y = ax^ + bz + c drawn, how would yoa 
sketch the following curves? Are these curves also parabolas ? 

(u) y ^ a(x + k)" + bix + h) + c, ft>0. 
(ft) y = aix-ii)^ + b(x-%)+c. 

(c) y = a(2x-)^ + b(_2x)-^o. 

(d) ;* = 8a=;)2 + 6a*)+c. 

19. Find the values of x for which the following relations are tnie : 
(a) *s - a; - 12 < 0. (ft) U-x-sPX). 

(e) 33^+5a;-2^0. (d) 5 + IS*- Ox^So. 

(e) x^-S>Sx + 5 (/) 3;2-5<3s + 5. 

30 Rhow that the equation of the parabola j = o# + bx + c that 
passes tliTOiitjh the points (ci , ji), (»i , ya), (2:3 ^ ^s) may be written in 
the foim 

y x^ X l\ 
yi xi' Xi 1 1 



(3) Show that if the minor of x"^ vanishes, the three given points lie on 

(6) What oonclosion do yon draw if the minor of y vanishes P 

(c) To what does this deterraiuant reduee If the orl^n is one of the 
given points ? 

135. Symmetry. Two point.? Pi , Pa are said to be situated 
symmetriccdly with respect to a line I, if I ia the perpendicular 
bisector of F^P.^ ; this is also expressed by saying that either 
point ie the reflection of the other in the line I. 

Any two plane figures are said to be symmetric with respect 
to a line / in their plane if either figure is formed of the reflee- 
tions in I of all the points of the other figure. Each figure is 
then the reflection of the other in the line I. Two such figures 
are evidently brought to coincidence by turning either figure 
about the line I through two right angles. Thus, the lines 
y=L2x + 3 and -y == — 2x — 3 are symmetric with respect to 
the axis Ox. 
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A line I is called a,ii axis of symmetiii (or simply an axis) of 
a figure if the portion of the figure on one side of I is the 
reflection in I of the portion on the other side. Thus, any 
diameter of a circle is an axis of symmetry of the circle. 
What are the axes of symmetry of a square ? of a rectangle ? 
of a parallelogram ? 

In analytic geometry, symmetry with respect to the axes of 
coordinates, and to the lines ^ = ± a;, is of particular importance. 

It is readily seen that if a figure is symmetric with respect 
to both axes of coordinates, it is 8ynim,etric with reject to the 
origin, i.e. to every point P, of the figure there exists another 
point P, of the figure such that the origin bisects P^Pi. A 
point of symmetry of a figure is also called center of the figure. 



1. Gire the coordinates of the reflection of the point (a, 6) in tlie 
axis Ox i in tlie axis Og ; in the line y = x; in the line y ^2x; in the 

2. Show that when x is replaced by — s in the equation of a given 
curve, we obtain the equatioa of the reflection of the given curve in the 
y-asis. 

3. Shovir that when x and y are replaced by y and x, respectively, in the 
equation of a given curve, we obtain the equation of the reflection of the 
given onrve in the line y = x. 

4. Sketch the lines y = — 2 x + 5 and x = --2y + h and And their 
point of intersection. 

6. Sketch the parabolas y = a^ and x = y'^ and find their points of in- 
tersection. 

6. Find the equation o£ the reflection o£ the line 3«~8y + 4 = 0iQ 
the line y = x; in the axis Ox; in the axis Oy ; in the line y = —x. 

7. What is the reflection of the line k = a in the line y = x? in the 

8. Find and sketch the circle which ia the reflection of the circle 
a;2 + i/3 _ 3 a^ _ 2 = in the line y = x, and find the points in which the 
two oii'clcs ir 
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9. Bind the circle whicb is the reflection of the circle x.^ + y'' -4x +3 
in the Una y = x; in the coordinate axes. Sketch all of these 



10. What is the general equation, of a, circle which is its own reflection 
in the line y = x? in the axis Ox ? in the axis Oy ? What circle is its 
own reflection in all three of these lines ? 

11. What is the equation o£ the reflection of the parabola ?/ =— 3^ + 4 
in the line y = x9 in the line ji = — « ? Are these reflections parabolas ? 

13. What is the reflection of the parabola y = S^~ ax + S in thg axis 
Ok ? in the axis Oy ? Are these reflections parabolas P 

13. By drawing accurately the parabolas y + x^ = T,x + y^— 11, find 
approximately the coordinates of their points of intersection. 

14. If the Cartesian equation of a curve is not changed when k is re- 
placed by — X, the curve is symmetric with respect to Oy ; if it is not 
changed when y is replaced by — y, the curve is symnietric with respect 
to Oj: ; if it is not changed when x and y are replaced by — ic and — y, 
respectively, the curve is symmetrio with respect to the origin ; it it is 
not changed when x and y are interchanged, the curve is symmetric with 
respect to t; = a;. 

136. Slope of Secant. Let P{x, y) be any point of the 



(1) !,_««■. 

If Pi(xj, !/j) be any other point of 
this parabola so that 

(2) y, = «»,=, 

the line PP^ (Pig. 55) is called a 
secant. 

For the slope tan a^ of this secant 
■we have from Fig. 55 : 




(3) 

or, SI 



tan ot = 



QGi 



or, substituting for y and y, their values 



a(x + Xi). 
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137. Slope of Tangent. Keepiug the point P (Fig. 55) 
fixed, let the point Pi move aloug the parabola toward P; the 
limiting position which the secant PP^ assumes at the instant 
when Pi passes through P is called the tangent to the parabola 
at the point P. 

Let us determine the slope tana of this tangent. As the 
secant turns about P approaching the tangent, the point Qi ap- 
proaches the point Q, and in the limit OQi = si becomes OQ=x. 
The last formula of § 136 gives therefore tan a if we make 

tan a = 2 na;. 

The slope of the tangent at P which indicates the "steep- 
ness " of the curve at P is also called the slope of tlie parabola 
at P. Thus the slope of the parabola y — at? at any point 
whose abscissa is ce is = 2 aas; notice that it varies from point 
to point, being a function of x, while the slope of a straight 
line is constant all along the line. 

The knowledge of the slope of a curve is of great assistance 
in sketching the curve because it enables us, after locating 
a number of points, to draw the tangent at each point. Thus, 
for the parabola y = | a!* we find tan a = ^x; locate the points 
for which x = 0, 1, 2, — 1, ~ 2, and draw the tangents at these 
points ; then sketch in the curve, 

138. Derivative. If we think of the ordinate of the parab- 
ola i/ = Che' as representing the function aa?, the slope of the 
parabola represents the rate at which the function varies with 
X and is called the derivative of the function raa,-*. We shall 
denote the derivative of y by y'. In § 137 we have proved 
that the derivative of the function 



/.2(. 
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The process of finding the derivative of a function, which is 
called differentiotion, consists, according to §§ 136-137, in the 
following steps : Starting with the value »/= aa^ of the func- 
tion for some particular value of x (say, at the point P, Fig. 55), 
we give to x an increment Xi—x = iiX (compare §9) and 
calculate the value of the corresponding increment y^ — y = ^y 
of the function. Then ike derivative y' of tJie Junction y is the 
limit that ^y f ^x approaches as i* approaehes zero. In the 
case of the function y = na? we have 
Ay^y,-y = a(ic,' - a;^) = <i[(* + Ax)^^x''] = n[2 KAst.- + (Aa^)'] ; 

hence ^ = «(2 k + Ax). 

Ax 

The limit of the right-hand member as Aa; approaches zero 
gives the derivative : 

Thus, the area y of a oirole in terms of its radius x is 
y = TTi?. 
■Hence the derivative y', that is the slope of the tangent to the curve that 
represents the equation y = irx\ is 

y' = 2 7,x. 
Tliia represents (§ 137) the rate of increase of the area y with respect to x. 
Since 2 Tie is the length of the circumference, we see that the rate of in- 
crease of the area y with respect to the radius x is equal to the circumfer- 
ence of the circle. 

139. Derivative of General Quadratic Function. By this 
process we can at once find the derivative of the general quad- 
ratic function y = aa? + bx + e (§ 131), and hence the slope of 
the parabola represented by this equation. We have here 
Ay = a(x + Axy + b(x + Ax}+c- {ax' + bx + c) 
= 2 axAx -\- a{Ax:y -\- bAx ; 
hence — ^ ~ 2 ax + b + o.Ax. 
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The limit, as Ax becomes zero, is 2aai+b; hence the deriva- 
tive of the quadratic function y = ax} + bx + c is 

140. Maximum or Mmimum Value. It follows both from 
the definition of the derivative aa the limit of i^y/Ax and from 
its geometrical interpretation as the slope, tante, of the curve 
that if, for any value of x, the derivative is positive, the function, 
i.e. the ordinate of the curve, is (algebraically) intsreasing ; if 
the derivative is negative, the function ia decreasing. 

At a point where the derivative is zero the tangent to the curve 
is parailel to the axis Ox. The abscissas of the points at which 
the tangent is parallel to Ox can therefore be found by equat- 
ing the derivative to zero. In this way we iind that the 
abscissa of the vertex of the parabola y = a3? + bx + cia 



which agrees with § 133. 

We know (§ 133) that the parabola y = an^ +bx + c opens 
upward or downward according as a is > or < 0. Hence the 
ordinate of the vertex is a minimum ordinate, i.e. algebraically- 
less than the immediately preceding and following ordinates, if 
a > ; it is a maximum ordinate, i.e. algebraically greater than 
the immediately preceding and following ordinates, if a < 0. 

We have thna a simple method for determining the max- 
imum or minimum of a quadratic function as' + 6ic -|- c ; the 
value of X for which the function becomes greatest or least is 
found by equating the derivative to zero ; the quadratic func- 
tion is a maximum or a minimum for this value of x according 
as a < or > 0. 

Thas, to determine the greatest rectangular ai-ea that can be inclosed 
by a iDotiiidary (e.g. a fence) of ^ven lengtli 2 k, let one side of tte 
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rectangle be called x, ; then the other side lah — x. Hence tlie ai'ca A of 
the rectangle is 

A = x{k - %) = to - o:\ 

Consequently the derivative ot A m k — -ix. If we set this equal to 
zero, we have 2 a; = i, whence z = k/2. It follows that ft — a; = & / 2 ; 
hence the rectangle of greatest area Is a square 

EXERCISES 

1. Locate the points o£ the parabola y = x' — ix ■\- % whoae abscissas 
are — 1, 0, 1, 2, 3, 4, draw the tangents at lliess points, and then sketch 

2. Sketch, the parabolas 4^=— s?+-4w and y = !i? — & by locating 
the vertex and the intersections witli Ox and drawing the taTigents at 
these points. 

3. Is the function y = 5(^2 - 4 1 + 3) increasing or decreasing as x 
increases from •£ = i? from ,c = § ? 

4. Eind tlie leant or greatest vahw of the quadratic functions : 
(o) 29;^-3»+ 6. (b) 8 - 6s:- x^. (c) x^ — ^ii— 5. 
{d) 2-2x-^. («) 4 + «-iic2. (/) 5^2 _ 20 31 + 1. 

5. Find the derivative of the linear fnnction y = mx + b. 

6. The curve of a railroad track is represented by the equation 
y = ^x\ the axes Ox, Off pointing east and north, respectively ; in what 
direction is the train going at the poinis whose abscissas are 0, 1,3, — i ? 

7. A projectile describes the parabola j/ = ^a— 3k^, the unit being the 
mile. What is the angle of elevation of the gun ? What is the greatest 
height ? Where does the projectile strike the ground ? 

8. A rectangular area is to be inclosed on three sides, the fourth side 
being bounded by a straight river. If the length of the fence is a con- 
stant *, what is the masimum area of the rectangle ? 

9. Let e denote the error made in measuring the side ol a square ol 
100 sq. ft. area, and M the corresponding error in the computed aiea. 
Draw the curve representing .E as a function of e. 

10. A rectangle surmounted by a semicircle has a total perimeter of 100 
inches. Draw the curve representing the total area as a function of the 
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PART II. CUBIC PUNCTIOH" 

141. The Cubic Function. A fuuction 
of the form a^^ + a^x^ + ci^x + a^ is called 
a cubic function of x. The curve repre- 
sented by the equation 

y = aaX? + a,!^ + (lija! + fflfl 
ca,n be sketched by plotting it by points 
C§ 131). 

For example, to draw tlie ctirve ie[ire- 
sented by the equation 

we select a nuinber of valuea of x and com- 
pute the corresponding values of y : 




-10 1 



2 



18 



smooth 
corre- 



y=-24 860 

These points can then be plotted and connected by a 
curve ■which will approximately represent the curvi 
spouding to the given equation (Fig. 66). 

142. Derivative. The sketching of such a cubic curve is 
again greatly facilitated by finding the derivative of the cubic 
function; the determination of a few points, with their tan- 
gents, will suffice to give a good general idea of the curve. 

To find the derivative of the function t/ = a^x^ + a,x^ + ajx 

+ % the process of § 138 should be followed. The student 

may carry this out himself; he will find the quadratic function 

y' = 3 a^ + 2 iiia; -f aj. 

143. Maximum or Minimum Values. The abscissas of 
those points of the curve at which the tangent is parallel to 
the axis 0» are again found by equating the derivative to 
zero ; they are therefore the roots of the quadratic equation 
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3u(p? + 2aiX + ai = Q. 
If at such a point the derivative passes from positive to nega- 
tive values, the curve is concave downward, and the ordinate 
is a maximwm; if the derivative parses from negative to posi- 
tive values, the eurve is concave upward, and the ordinate is 
a minimum. 

144. Second Derivative. The derivative of a function of 
X is in general again a function of as. Thus for the cubic 
f unction y ^ a^fl^ + aiX^ + eye + a, the derivative is the quad- 
ratic function y' = S aits? + 2 a,x + a,. 
The derivative of the first derivative is called the second deriva- 
tive of the original function; denoting it by y", we find (§ 13!)) 

1/" = 6 0^3: + 2 fflj. 
As a positive derivative indicates an increasing function, 
while a negative derivative indicates a decreasing function 
(§ 140), it foUov^s that if at any point of the curve the second 
derivative ia positive, the first derivative, i.e. the slope of the 
curve, increases ; geometrically this evidently means that the 
curve there is mncave upioanl. Similarly, if the second de- 
rivative is negative, the curve is concave downward. We have 
thus a simple means of telling whether at any particular point 
the curve is concave upward or downward. 

It follows that at any point where the first derivative van- 
ishes, the ordinate is a minimwrn if the second derivative is 
positive ; it is a maximum, if the second derivative is negative. 

145. Points of Inflexion. A point at which the curve 
changes from being concave downward to being concave up- 
ward, or vice versa, is called a point of inflexion. At such a 
point the second derivative vanishes. 

Our cubic curve obviously has but one point of inilection, 
viz. the point whose abscissa is se = — a-^/(S a„). 
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EXERCISES 

1. Find the first and seeond derivatives of y when ; 

(o) y:=63;a-.7a:^-3;+"2. (6) j( =20 + 4«- 5k= - 3^. 
(c) 103, = c«"- 5^-2 + 3^ + 9. (d) s, = (K -!)(»;- 2)(:c-3). 
(e) y = 3^i'(»;+3). (/) 7 ^ = 3«- 2aCa^- 1). 

2. Sketch the curve J = (a— 2)(*+ 1)(3; + 3), ohserving thesignof ^ 
between the iDterseotions with 0», and determining tlie minimum, masi- 
mum, and point of inflection. 

5. In the curve y ~ a^j^ + HMX^ + oa^ + as, wliat is the meaning of as ? 
4. Skeujh the curves : 

(a) 5j/=(3;-l)(K + 4)=. (h) i, = C^-3)'', 

(e) ej/^fi+sj + aJ'-icS. (d) B = j^~4x. 

(e) 8s( = 6E2„a;a. (/) y ^3? ~?.x^ + i%-b. 

8. DravB the curves y = x, y — x\ y = x', with tlieir tangents at the 
points whose abscissas are 1 and — 1. 

6. Find tie ciiuatiou of the tangent to the cuitc liy = 5 x^ — 2x'^ 
+ x — 20 at the point whose abscissa is 2. 

7. At wliat points of the curve y =x^ — 5x^ + S are the tangents 
parallel to the line ;/ =-3a; + B? 

8. Are the following curves concave upward or downward at the 
indicated points ? Sketch each of them. 

(a) y = ix>'-6x,a.tx=a. (6) 5y = 5x~3a^, atx=- 2. 

(c) y = z3-23;2+5,at3; = J. (_d) 2!( = a^-Sii^, at a; = 1. 

(e) y = l-x-v?,3,tx=:0. (/) 10y=a?+x^-15x+^,a.tx^~i. 

9. Show that tfie parabola y =:ax^ +bx + c is concave upward or 
concave downward for all values of x according as « is positive or negative. 

10. The angle between two curves at a point of intersection is the 
angle between their tangents. Find the angles between the curves y = x^ 
and y = x^ ai their points of intersection. 

11. Find the angle at which the parabola y = 23? — &x — & Intersects 
the curve i( = a;' + 8 a: - 17 at the point (2, - 3) . 

la. The ordinate of every point of the curve j/ = a:' + 2 a^ is the sum of 
the ordinates ol the curves y =x^ and y = 23?. From the latter two 
curves construct the former. 



y Google 



146 PLANE ANALYTIC GEO-METRY [VIII, § 14fi 

13. iFroin the curve y = x^ construct the following curves : 

(«) 2) = 4 «=. (6) y = f I J. (6> y=x^-2. (d) y = 2 k' + 4. 

14. Draw the curre 'iy = x^ — Sx^ and its reflection ia the line y = x. 
What is the equation of this reflected eurve? What is the equation of 
the reflection in the axis Oy ? 

IB. A p ce f db 1 IS 1 '*q ar is used to make a boi. hj 
cutting eq 1 &q f th f ur ud tumiug up tbe sidei 

Draw the wl d te i ^ t th volume n± the box as ■! 

function of h d f tl lu. re t t M d its maximum 

Ifl. Th re g h f ta gul b m t from ^ log one foot in 

diameter i [ p 1 to ( t t t lie"!) the width and tha 

square of 1 d ptl Fl d h d m ns f the strongest heam which 

can be cut f th 1 g D th wl e ordinates repiesent the 

strength of tl b is 1 t f h dtl 

17. Show that the equationotacurve in the form J/ = («!' + 6*2 + ex + d 
ia in general determined by four points Pi (ii , yO, Pa {*2 , Vs), i*3 (*s , ya)> 
Pi (!)k 1 Vt)t ""li '"ay ^ written in the form 
y 3? x^ » ] 
yi xi^ xi^ Wl 1 
yt xn^ x^ xi i = 0, 
yi ceo' ccj^ xa 1 
y, a,' x,^ 1-4 1 
IB. find the equation of the curve in the form y = (Cc^ + /yifl ^ex+d 
whicli passes through the following points : 

(a) (0,0), (2,-1), (-1,4), (3,4); 
(6) (1,1), (3,-1), (0,5), (-4,1). 
19. SIiow that every cubic curve of the form y = aoK* + oi^^ + a^^- + oa 
is symmetric with respect to its point of inflection. 

146. Cubic Equation. The real roots of the cubic eqitation 

a(^-i-a,a? + a^x + a^ = 
are the abscissas of the points at which the cubic curve 

y == a^^+ a^^ + cisfl! + ttj 
intersects the axis Ox. This geometric interpretation can 
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be used to find the real roots of a numeHccU cubic equation ap- 
proximately : calculating * the ordinates for a series of values 
of X (as in plotting the curve by points, § 141), or at least deter- 
mining the signs of these ordinates, observe where the ordinate 
changes sign. At least one real root must lie between any 
two values of x for which the ordinates have opposite signs. 
The first approximation so obtained can then be improved by 
calculating ordinates for intermediate values of x. 
Thus to find the roots of the cubic 

a^ + a;'- 16^^ + 6 = 
we fiud that 

fo).-a! = -5 -4 -S -2 -10 1 2 3 4 
J/ is _ + + 4.4.+ __„4. 

The roots lie therefore between — 5 and — 4, and 1, 3 and 
4. To find, e.g., the root that lies between and 1, we find that 

fora! = 0.1 0.2 0.3 0.4 

J, is 4- + + + _ 

The root lies therefore between 0.3 and 0.4, and as the cor- 
responding values of y are 1.317 and — 0.176, the root is 
somewhat less than 0.4. As 

fora;= 0.40 0.39 0.38 

2/ = -0.176 -.0.029 +0.119 
a more accurate value of the root is 0-39. 

This process can be carried as far as we please. But it is 
very laborious. We shall see in a later section (§ 170) how 
it can be systematized. 

EXERCISES 

1. Knd to three significant flgurea the real roots of the equations : 

(a) 3;= - i a^a -I- 6 = 0. (b) x^ + a? - x- I = 0. 

(e) 3;a-3x + li=0. (d) ^(j: - l)(3;-2)= 4. 

* For abridged uumoriual multiplication and dirlsiou see thB note on p. 35B. 
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PAET III. THE GENERAL POLYNOMIAL 

147. Polynomials. The methods used in studying the 
quadratic and oubio functions and the curves represented by 
them can readily be extended to the general case of the poly- 
nomial, or rational integral function, of the nth. degree, 

y = cu,x-' + a^af-^ + a^x"'^ + — + a„^,a; -i-a„, 
where the coefficients Oo, a„ — a„ may be any real numbers, 
while the exponent n, which is called the degree of the poly- 
nomial, is a positive integer. 

We shall often denote such a polynomial by the letter y or 
by the symbol /{x) (read : function of x, or f ot x); its value 
for any particular value of x, say x^x, or a; = ft, is then de- 
noted by /(«i) or f(h), respectively. Thus, for x = we have 

/(«)-<■, 

148. Calculation of Values of a Polynomial. In plotting 
the curve y =f(x) by points (§ § 131, 141) we have to calculate 
a number of ordinafcea. Unless /(a;) is a very simple poly- 
nomial this is a rather laborious process. To shorten it ob- 
serve that the value /(a;,) of the polynomial 

/(a;)=atfB" + a,a^-^+ ■■■ + a, 
for x = x, can be written in the foriii 

/(^O =( ((,('W.i + «i)a\ + «j)3;i + «B)ai+ ■■■ +ffl«-i)«. + o«. 
To calculate this expression begin by finding a^j -i- ai ; inul- 
tiply bv C| and add Oj ; multiply the result by x, and add a^ ; 
etc. This IS best cairied out in the following form : 
a Ui a^ ■ ■ ■ a„ 

a^j (at)Xi + ffl|) 3^ 

«o3q + ai (<Vh + a^)xi + a2 ■ ■ ■ 
For instance, if 

f{x) = 2a^-3a^-12a;-|-5 
= {_{2x-^)x-12)x-\-r,, 
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to find /(3) write the coefficients in a row and place 2x3 = 
below the aeeood coefficient ; the aum ia 3. Place 3 x 3 = 9 b 
low the third coefRcient ; the sum ia — 3, Place 3 x ( — 3) = — 
below the laat coefficient; the sum, —4, is =/(3). 
2-3-13 5 



This process is useful in calculating the values of y that cor- 
respond to various values of x, as we have to do in plotting a 
curve by points. Tt is also very convenient in aolving an equa- 
tion by the method of § 146. 

EXERCISES 

1. If /(a^) = 5!tS-13l; + 2, what is laeaat by /(a)? by/(3:-!-ft)? 
What is the value of /(O)? of /(2) ? of/{-3/5) P of/(-l)P 

2. Find the ordinates of the curve y — x* — 7? ■^^x^—Vix-'rp for 
«=3, -8, -J. 

3. rindtheordinateaof 27/ = .i*-l-33;2_20j;-25fora; = 1, 3,3, - 1, 



4. Suppose the curve y —f(x) drawn ; how would you sitetoh : 

(«) !/ = /(a-2)? (6) s< = /(^ + 3)? (c) y=f{2x)? (d) V=A-^)? 
(e) y=f[l)^ (/) V=f(^)+5? (g) y=f(x)-2x? 

5. Calculate to three places of decimals the real roots of the equations : 

(«) E^ + 3;2 ^ 100 ; (6) 3^ - 4 = ; (c) # - 7a: + 7 = 0. 

149. Derivative of the Polynomial. We have seen in the 
preceding sections how greatly the sketching of a curve and 
the investigation of a function is faeilitated by the use of the 
derivatives of the function. Thus, in particular, the first 
derivative y' is the rate of change of the function y with x, 
and hence determines the slope, or steepness, of the curve 
y ~f{x). "We begin therefore the study of tlie polynomial by 
determining its derivative. The method is essentially the 
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aame as that used in §§ 138, 139 for finding the derivative of 
a quadratic function. 

The first derivative y' of any function ij ai x ia defined, as 
in g 138, to be the limit of the quotient a^y/^x as AiB approaches 
zero, ^y beir^ the increment of 
the function y corresponding to 
the increment Axot x; in symbols ; 

^ ^^^«Ax' 
Geometrically this means tliat t/' 
is the slope of the tangent of the ^"'" ^' 

curve whose ordinate is y. For, Ajz/Ak is the slope of the secant 
PP^ (Fig. 57) : 




and the limit of this quotient as Ax approaclies zero, i.e. as P, 
moves along the curve to P, is the slope of the tangent at P: 

if = tan II = tim -— ■ 

■' iJ^=o Ax 

If the function y be denoted by/(.'e), then 

l^y=f{x + Ax)-f(x); 
hence 

■' ai=D Ax 

150. Calculation of the Derivative. To find, by means of 
tlie last formula, the derivative of the polynomial 

i/=/(a;) = noi«" + ffl,ar-'+ ■■■ +«,„ 
we should have to form first/(.'eH- Aa;), Le. 

cl^{x + Ax)'' + a^{x + A3-)'^^+ ■■■ +a„, 
subtract from this the original polynomial, then divide by Ax, 
and finally put Ax=Q. 
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This rather cumbersome process can be avoided if we 
observe that a polynomial is a sum of terine of the form ax" 
and apply the following fundamental propositions about 
derivatives : 

(1) the derivative of a sum of terms is the sum. of the deii'ya- 
iives of the terms ; 

(2) the derivative o/hib" is a times the derivative of vf ; 
{3), the derivaiive of a constant is zero'; 

(4) tlie derivative ofx" is nx"''. 

The first three of these propositions can be regarded as 
obvious ; a fuller discussion of them, based on an exact defi- 
nition of the limit of a function, ta given in the differential 
caJcnlua. A. proof of the fourth proposition is given in the 
next article. 

On the basis of these propositions we find at once that the 
derivative of the polynomial 

y = a,/e" + a,3r-'' + o^af-^ + ■■■ +a„_-,x + a^ 
is 

y' = a^nar-' + a^{n~l)x''-' + a^{n-2)x'-^+ ■■■ +«„_i. 

151. Derivative of ae". By the definition of tlie derivative 
(§ 149) we have for the derivative of 7/ = af ; 

liirf Ax 

Now by the binomial theorem (see below, § 152) we have 
{x + Axr = x" + vx-'Ax + '' C"'-^^) x"'\M-f + - +(A,.)% 
and hence 



(;e + Aft,-)''-x"=)W!»~'Aa:-f-^^^j;^a:"-'(A^)'-|- - + (Aa^)". 
Dividing by Aa; and then letting Aa; become zero, we find 
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EXERCISES 

1. Find the derivatives of the following functions of a; by means of 
the fundamental definitioa (§ 1-19) and check by § 150 : 

(a) a'. (6) x-^^x. (c) ^> + ea2. 

2. rind the derivatives of the following functions ; 

(a) 5a^-3x^ + 6». (&) 1- « + Jx^- J>;». (c) (ic-2)». 

id) (2a; + 3)'>. (e) 3(ia;- 1)'. (/) K"+tw"-i+6a:"-'. 

3. For the following functions write the derivative indicated; 
(a) 5 a:3 - 3 3:, find y"'. (6) a«* + 6* + c, find y"'. 

(c) yf, find s,v. C^) 03:^ + 6^=+^+ d, find r'- 

(e) i^cS find y". (/) ^*'. *'"'' !'""■ 

(ff) a;^2 — gi:^, find j'". (ft) {2a — 3)^ find j"'. 

152. Binomial Theorem, in S 151 we have used the biiiominl 
theorem, for a positive integral exponent n, i.e. the proposition that 
(1) (j; + A)" = x" + nx^'A + "^'' " "^ V -^A' + MiLrJli^ZlllcE^-Sfta 



r I)..-. 



-7i". 



The formula (1) can be pi'Oved by mathematical induction (§ 62). It 
certainly holds for m = 2, ainoe by direct multiplication we have 

(* + ft)= = 3^ + 2 aA + A^ = ^ + 2 a:ft + ^^^^' 
which agrees with (1) for w = 2, 

Moreover, if the formula (1) holds for any exponent n, it holds for 
n -f 1, For, multiplying (1) by a; 4- A in both members, wo find 
{* + ft)"+J = 
z''+i-f(H + l)a"A + i~tilZ5a^-W+ ... + ^" + ^^"t"~Jl: -. ^ -7t»+i, 

which is the form that (1) assumes when n is replaced by m + 1. 

163. Binomial Coefficients. The coefficients 

^' "' 2! ' ■■* («-l)l ""' n\ 

In the binomial formula (1) are called the hiaomial cuefficients. 
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The meaning of these coefficients will appear tvova another proof of tlie 
formula, which is as follows : If n is a poisitiTe integer, we can write 
(k + ft)" in tlie form 

<a + ft,)(^ + M(a; + h,)ix + hi) - (X + K); 
where the subacripta are used simply for convenience to distingulali the 
binomial factors ; i.e. it is understood that ft, = Tij = ftj = ■.. =h„ = h. 
Each term in the expanded product is tlie product of « letters of which 
one and only one is taken from each binomial factor. To form all these 
terms we may proceed as follows : 

(a) If we choose x from each of the n factors, we obtain as tirat term 
of the expansion a". 

(i) If we choose x from n — 1 factors, the letter A can be chosen from 
any one of the n faotorg, i.e. it can be cliosea in ^Ci ways (§ 64) ; this 

z<'~^(ki + fts + .■■ + ft„), the number of terms being „Ci. 

(c) If we choose x from n — 2 factors, the other two letters can be 
chosen from any two of the n factors, i.e. in „Gi ways ; this gives 

^''-^{ftifts + h,ht + ■■■ -1- ftj/is + --Oi *'is number of terms being ^Os. 

(d) H we choose x from k — 8 factors, the other three letters can be 
chosen from any three of tte n factoi's, i.e. in „Ci ways ; this gives 
x''-^(hihilt3+hihihi + ■■• +AsA37^4^- .-.), tlie number of terms being „Ga. 
Finally we have to choose no x and eouseq^uently an ft from every factor, 
which can be done m „C,= 1 way ; this gives the last term 



Now as fti = ftj T^ -.■ = ft„ =A, we find the binomial expansion : 

(r. + ft)" :== 3^•■ + „Ci3;"-ift + ,.Csj;»-2ft= + — 4- „C„-i3:ft"-i + „C„ft". 

Since, by § 04, 

n 1 = 1. n i= J 2 ' ' ■ ' " "-i - "' " " - 

this form agrees with that of § 152. It will now be clear why the 
binomial coefficients are the numbers ot combinations of n elements. 
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The proof also shows that the binomial coefSoieuts are equal in pairs, 
the first being equiil to the last, the second to the last but one, etc. 

Finally it niay he noted that, with x — 1, ft = 1 we obtain the following 
remarkable expression for the sum, of the binomial co^cients: 
2" = l + ^a,+„Ci+ :■ +M.- 

EXERCISES 

1. Show tiat in the expansion of (s: — ft)» hy the binomial tlieorem the 
signs of the terms are alternately + and — . 

2. If the binomial coefficients of the first, sec- 1 
Olid, third, fourth, etc., power of a biiiooiial are 1 ^ 
written down as in the horizontal lines of the 1 ■! q 1 
adjoining diagram, it will be obserred that (ex- 14 6 4 1 
cepting the ones) every figure is the sum of the 1 5 10 !0 6 1 

two just above it. Extend the tilangle by this mle 

to the 10th power, and prove the rule (see § 15!!). Psscai.'s tkiasole 

3. Expand by tJie binomial theorem ; 

(a) (,x + 2y)K (6) [='^+lJ- W (2a-c)s. 

W i--^-X- (<■■) (a + b + cy. (/) (ix-iy)K 

\'J »V 
(g) (l + 2K)=_(l_2i:)=. (ft) (1 ~ xY". (i) (»-^)^ 

(.0 g-i-^)°- wa-*")*- CO (a + b-c-d^. 

i. Write the term indicated : 

(a) Fourth t«rmin(a4-6)'". (d) Middle term in (kJ _ y^)io. 

(6) Fourth term in (a - h)'^. («) -tth term in (x + A)». 

(c) Tenditermin (3^2 + 4y2)i6. (/) tth term in (a - ft)". 

(g) Two middle terms in (([=-2 6^)'. 

(ft) Termnexttothelastin fa-i'\^. 

6. Show that the sum of the ooeffloients in the expansion of (x—h)" is 
zero when h is an odd integer. 

6. Use the binomial formula to fiiirl (a) (1.02)f>; (h) (a.il7)*. 
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154. Properties of the General Polynomial Curve. In plot- 
ting the curve 

y = a^" + (1,3^"--' + a.a^-' + ■■■ -J- a„ 

observe that (Fig. 58) ; 

(a) the intercept OB ou the axis Oy 
is equal to the constant term «„ ; /"SC 

(b) the intercepts OA^, OA2, ■■■on 7^ — g-^ 
the axis Ox are roots of the equation 
y = 0, i.e. 

a^x" + a,x''-'+ ■■■ +«„ = 0; 

(c) the abscissas of the least and greatest oiclinates are 
found by solving the equation y' = 0, i.e. (§ 150) 

'nat,x"-'+ ■•■ +n„_i = 0, 

every real root giving a minimum ordinate if lor this root y" 
is positive and a maximum ordinate if y" is negative ; 

(d) the abscissas of the points of inflection are found by 
solving the equation y" = 0, i.e. 

ii(»-l)o„*"-=+ ". -|-2a„_a = 0, 

every real root of this equation being the abscissa of a point 
of inflection provided that y"'^0. (If y'" were zero, y' might 
not be a maximum or minimum, and further investigation 
would be necessary.) 

155. Continuity of Polynomials. It should also be ob- 
served that the function y ^ a^ -\- ai9f~' + -■■ ■+■«„ is one- 
valued, real, and finite for every x ; i.e. to every real and iinite 
abscissa x belongs one and only one ordinate, and this ordinate is 
real and finite. Moreover, as the first derivative y' = na^of^^ 
+ ■■• + iia„i is again a polynomial, the slope of the curve is 
everywhere one-valued and finite. 
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Thus, so-called discontinuities of the ordinate (Fig. 69) or of 
the slope (Fig. 60) cannot occur : the curve y = a^" + — -H »„ 
is Gontitmous. 





Fig. 5y 



strictly defined, the contiimity of the function ?/= ooic'-f- — 
+ 0^ means that, for every value of x, the limit of the fimction 
is equal to the valtie of the function. The function y = a^ + — 
+ ffl„ has one and only one value for any value x=:x„ viz. 
0^1X1"+ — +a„. The value of the function for any other 
value of X, hiy tor r, + A«, la a^i^i + Aa;)" + +a which can 
be written m the foim 00X1"+ +a + terms containing Ai 
as factor Theiefore as Av appioaches zeio the function 
I limit, VIZ its ^ iliP foi 1 =:%i 



156. Intermediate Values A. continuous Innttion in 
varying from q,nv nlue to an; other \alue mu^t neLe&s^l.ll> 
pass through all interinedixte laluetj Thns, oui poljnomial 
y = Oo9:"+ +a if it passes from a negative to a positive 
value (01 mce ieisa), must pass thiongh zero It follows 
from this that betioeen awy two oidinates of opposite sign the 
eiirve y = aie'+ +«, must cwss the axit, 0% at least once 

It also follows from the continuity of the polynomial and 
its derivatives that between any tu.o atfei sections vitJi the a%is 
Ox there tnuit he at least one maumum 01 minimufn,, and he 
tween a ina\imum ind 1 minimum theie mu^t he 1 point of 
inflection 

Ordinates at particular points can be calculated by the pro- 
cess of § 148. 
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EXERCISES 

1. Sketch the following carves : 

(a) y^(x-l){x-2)ix~S). (6) iy = ^-l. (c) ]0,/ = »=. 

{d).Wy = xf + 6. (e) 4y = (^+2)^Ca-S). (/) y={x-l)*. 

2. When is the curve y = aax" + aix—'- + ■■■ +a„ symmetric with 
respect to Oy ? 

3. Deteimine the coefficients so tliat the curve y = /lox* + ai«' + cta);^ 
+ aix + «i shall touch Ox at (1, 0) and at (— 1, 0) and pass throvigh 
(0, 1), and sketch the curve. 

i. Find the coordinates of the maxicoa, minima, and points of inflec- 
tion and then sketch the curve 4 y = k* — 2 a^. 

S. Are the following curves concave upvtard or downward at the indi- 
cated points ? 

(a) 18i/ = 16 3^-8 312 + 1, at^=-l, -J.O, J, 3. 

(6) y-ix — x*, at « = ~ 2, 0, 1, 3. 

(c) a = a", at any point ; distingaiah the cases when « is a positive 
even or odd integer. 

6. What happens to the curves y =^ ax^ and y = ax^ as a changes ? 
For example, take a = 2, 1, |, 0, — J, — 1, — 2. 

7. Find the values ot x for which the following relations are true ; 

8. Show that the following curves do not cross the axis Ox outside of 
the intervals indicated : 

(a) y — x^~-2x^ + 4:X + 5, hetween — 2 and 2. 
(6) j = a;*-53? + 6a;-8, - 3 and 3. 

(c) y = a?-ai' + 3x — 3,0nD6.1. 

(d) y = x* + !i^ — 3x + 2, Oandl. 

9. Those curves whose ordinates represent the values of the first, 
second, etc., derivatives of a given polynomial are called the first, second, 
etp., derived mirves. Sketch on the same coordinate ases the following 
curves and their derived curves : 

(a) 6 !f = 2 k8 -8 j;= - 12 x. (6) y = (x~ 2y(z + 1). 

(c) y = (x + i)>. (d) 2y = x^ + -fi + l. 

10. At what point on Ox must the origin be taken in order that the 
equation of the curve y = 2x^-Sx^ — 12x~5 shall have no term in »? ? 
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PART IV. NUMERICAL EQUATIONS 

1B7. Equations. Roots. In plotting the oui'vea y = atfe" + 
■■■ + a, (§ 154) it is often desirable to solve equations of the form 

(1) aoa!-+ - +fl„ = 0, 

the coefficients an , 0,^ — ff„ being given real numbers and n any 
positive integer. The solntiou of such numerical equations, 
at least approximately, presents itself iu many other prob- 
lems. The roots of the equation (1) are also called the roots, 
at zeros, of the function OiP" + ■•■ 4-a„. 

It is understood that «o ^ since otherwise the equation 
would not be of degi-e« n. We can therefore divide (1) by o„ 
and write the equation in the form 

(2) x^+p,x"-'+ - +p,=0, 

where pi=(i,/c!(„ft=«2/«[« ■■■ p„=a,Jao are given real numbers. 

158. Relation of Coefficients to Roots. We here assume 
the fundamental theorem of algebra that every equation of the 
form (2) has at least one root, say x = x^, which may be real or 
imaginary. If we then divide the polynomial x"+p,x"~^+ — +p„ 
by ic — x„ we obtain a polynomial of degree w — 1 ; the equation 
of the {n — l)th degree obtained by equating this polynomial to 
zero must again have at least one root. Proceeding in this 
way, we find that every equation of the form (3) has n roots, 
which of course may be real or complex, and some of which 
may be equal. It also appears that the equation (2) may be 
written in the form 

(3) (a,-a,,)(a,-»,).-(ji->;.)=0, 

where ic„ iCa, ■■- «„ are the n roots, or performing the multiplica- 
tion {§ 163) : 

(4) «■ -(X, + - +fr,.)«--' +(J!A + ■•• +^.-,it.)a'""' + - 

+ {-l)-i-,-«. = 0. 
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Compaving the coefficients in (4-) with those in (2), we iind : 



i.e. if the coefficient of the highest power of a polynomial is 
one, then the coefficient of «"'', with sign reversed, is equal to 
the.sum of tlte roots; the coefficient of af-^ ie equal to the sum 
of the products of the roots two at a time ; miniia the coefficient 
of ai""' is ec(ual to the sum of the products of the roots three at 
a time, etc. ; plus or minus the constant tenn (according as n is 
even or odd) is equal to the product of all the roots. 

159. Bquations with Integral Coefficients. Tlie results of 
the last article can often be used to advantage to find the roots 
of a numerical equation (2) in which all the coefficients Pi, ■■■j>„ 
are integers. We then try to resolve the left-hand member 
into linear factors of the form x — x^; if this can be done, the 
roots are the numbers x^^. 

The fact that the constant term p„ in (2) is plus or minus 
the product of the roots can be used in the same case by trying 
to see whether any one of the integral factors of ±p^ satisfies 
the equation. 

EXERCISES 

1. Find the roots of : (rt) :ii' -7 x + Q=0; (b) xfi-'ix^-lSx—ld-f); 
(c) x*-l=0; (d) x'-lx^-lS = 0; (e) »>- Sa^ -2^ + 24 = 0. 

2. Form the equation whose roots are : (a) 2, - 2, S; (ft) — 1, — 1, 1 ; 
(c) 0, V2, - v^ ; (d) - 1, 1, i, - |. 

3. For the equation x^ +pi^+piiX i-ps = iletenuine tJie relation 
between the coeffloienfcs when ; (a) two roots are equal but opposite in 
sign ; (6) the product o( two roots Ls equal to the square of the third ; 
(c) the three roots are equal, 

4. Showthatthesumof the n jitli roots of ajiy number is ^ero. What 
about the sum of the products of the roots two at a time ? three at a time ? 
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160. Imaginary Roots. In general, the real roots of a 
numerical ecLuation sire of course not integers, nor even rational 
fractions, but irrational numbers. In solving such au equation 
tho object is to find a number of decimal places of each root 
sufficient for the problem in hand. Methods of approximation 
appropriate for this purpose are given in the following articles. 

The imaginary roots of the equation can be determined by 
somewhat similar, though more laborious, processes. It will 
here suffice to show that imaginwiij roots always occur in pairs 
of conjugates ; that is, if an imaginary number a + ^i is a root 
of the equation (!) (with real coefficients), iken the conjugate 
imaginary number a^ ^iis a root of the same equation. 

'Fox, substituting a + j3i for x in (1) and collecting the real 
and pure im^inaiy terms separately, we obtain an equation of 
the form A + Bi^ 0, 

where A and B are real ; hence, by § 116, ^ — and B = 0. 

If,, on tlie other hand, we substitute in (1) « — ^i for x, the 
result must be the same except that i is replaced by — i; we 
find therefore A — Bi = 0, and this is satisfied if ^1 = and 
B = 0, i.e. if a 4- fii is a root. 

It follows in particular that a cubic equation always has at 
least one real root. Indeed, in the case of the cubic equation, 
only two cases are possible : (a) the equation has three real 
roots, which may of course be all different, or two equal but 
different from the third, or all three equal ; (6) the equation 
has one real and two conjugate imaginary roots. 

161. Methods of Approximation for Real Roots. If a good 
sketch of the curve i/ = a)iX''+ ■■■ +«„ were given, we could 
obtain approximate values of the real roots o£ the equation 

«o«"+ - +«,. = 
by measuring the intercepts OA^, 0A«, etc., made by the curve 
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161 



on the axis Ox (§ 15i). If the curve is not given, we calculate 
a number of ordinatea for various values of x until we find 
two ordinates of opposite sign ; we know (§ 156) that the cutve 
must cross the axis Ox between these ordinates, and therefore 
at least one real root of the equation must lie between the 
abscissas, say x^ and x^, whose ordinates are of opposite sign. 

We can next contract the interval between which the root 
lies by calculating intermediate ordinates. By this process a 
root can be calculated to any desired degree of accuracy. But 
the process is rather long and laborious. The calculation of 
the ordinates is best performed by the process of § 148. 



162, Interpolation. If the interval within which the root 
has been confined is small, we can obtain, without calculating 
further ordinates, a further approximation to the root by 
replacing the curve in the interval by its secant, aud finding 
its intersection with the axis Ox. 

Suppose (Fig. 61) that we have 
found that a root lies between 
OQ, = Xi and 0Q2 = Xi, the ordi- 
nates Q,Pj = y, and Q^P^ = J/a being 
of opposite sign. Then x, is a, first - 
I to the root a 




if Q, and Qj lie close together, the 

intercept OQ made by the secant 

P^Pn on the axis Ox is a second approximcUion. Let us 

calculate the correction Q^Q = h which must be added to 

the first approximation x, to obtain the second approximation 

X, + h. 

The figure shows that Q,Q/BP, = P,Q,/P,B, i.e. 



Vi-Vi 
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hence tlie correction h is 



This process, which is the same as that used in interpolating 
in a table of logarithms, is known as the regtda falsi, or rule 
of false position. 



163. Tangent Method. AnothGr method foi- finding a 
consists in using tbe intercept made on the axis Ox not by the 
by the tangent to the curve at Pi- 

Tlie correction QiQ' = k is found 
(Fig. 61) from the triangle PiQiQ', in 
■which the taugent of the angle at Q' is 
equal to the value of the derivative ^i' 
at Pi, This triangle gives 




^PiQi^, m. 



Find hy this method the roots of o^a _ g j; + i _ o. 

164. Newton's Method of Approximation. After finding, 
by § 161, a first approximation w, to a root of the equation 

(1) u^e" + a.x''-' + ■■■ +0^ = 0, 

tran.=ifer the origin to the point (x„ 0). Thus (Fig. C2), if a 
root lies between 3 and 4, transform the 
equation to (3, 0) as origin, by replacing 
9! by 3 + 7(. An expeditions process for 
finding the new equation in h, aay 



(2) b^k" + hh"- 



= 0, 
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As h ia a proper fraction, its higher powers will be amall, 
so that an appmximate value of k can be obtained from the 
linear terms, i.e. by solving 6„_|/i+&„ =0, which gives h ap- 
proximately = — &„ /&„_!- Hence we put 

(3) h = -^+lc, 

where k is a still smaller proper fraction. If the approxima- 
tion obtained from the Hnear terms should be too rough, we 
may find a better approximation of h by solving the quadratic 

We next substitute the value (3) of h in (2) and proceed in 
the same way with the equation in k. The process can be 
repeated as often as desired ; the last division can be carried 
to about as many more significant figures as have been obtained 
before. The example in § 168 will beat explain the work. 

165. Remainder Theorem, if a polynomial /(*) = aoK" +■ 

OiS"-! H — + «„ of degi-ee n be divided by j; — A, there is obtaiaed in 
general a quotient Q, whicli is a polynomial o£ degree « — 1, and a re- 
mainder It : 

Fora; = ft the last equation gives/ (ft) = 
MoiJiiaZ for any paftiaular vaiiie ft o/ ce is 
tained ^^on dividing the polynoiaial by x— h: 

f{h) = at^' + - + a„ = Ii. 

This proposition is known as the remainder theorem. 

166. Synthetic Division. As an example let uB divi 
by a — 3. By any metlod we obtain flie following result ; 
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The elementajy uietliod is as follows : 



-3a: + fl 
-4 
This process can be notably shortened ; 

(a) As the dividend, ia a polynomial, it can be indicated aiiffioiently by 
writing down its coefficients only, any missing tei'm being supplied by a 
zero : 2 - 3 - 13 6 

(6) As X in tlie diriaoi' has the coefHcient 1, tlie fii'st terms of the 
partial products need not be written ; the second terms it is more con- 
venient to change in sign ; in other woi-da, instead of multiplying by — 3 
and subtracting, multiply by + 3 and add. 

The whole calculation then reduces to the following scheme : 
2-3-12 S[3 

6 9-9 

2 S - 3 -4 
This Is the same scheme as that in § 148. But it should be observed 
that this method, known as synthetic division, gives not only the remain- 
der ~ 4, i.e- /C3), but also the coelficients 2, 3, — 3 of the quotient. 

167. Calculation of /(i»i + ft), if ia/(a) = Qor,"+ ■.. + «„ we sub- 
stitute x = xi + h, we find ; 
f(x) =f(x, + h) = a^{Xi+h)"+ai{Xi + 7i)-"' + - + «,-i (a:, + ft) + «„- 

Expanding the powers of ici + ft by the binomial theorem aad arrang- 
ing in descending powers of ft we obtain a result of tlie form 

/(a) =/(a,-l-ft)=6oft» + 6ift"-'-l--.- +bn.ih + b„. 

To find the coefQoients b^, 6i,.-' 6„ of this espajision of f(x\ + h) in 
powers of A observe that as ft = e — aii we have 
fix) =f{Xi -I- A) = &,(* - xi)' + bi(x-x,)--^ + -. -I- &„_,(« - xi) + 6„. 

The last term, 6,, is therefore the remainder obtained upon dividing 
/(z) by K — Ki ; it is best found by synthetic division (§ 166). The quo- 
tient obtained upon dividing /(x) by le — Si is evidently &((* — Xi)"'' 
-f bi(x — Xi)"''-' + ■■■ -1- 6„_i ; tlio last term, b„-i, can again be obtained 
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i the rema-inder upon division tiy « — Ki. Proceeding m this way all 
s 6„, 6„_i, ■■■ fti, fiijOan b« found, 
mple of § 166 we hays 





H 


9 


-9 


2 


6 


~3 
27 


_4 


3 


9 
6 


24 





T!ie result is i /(3 + ft) = ^ A^ + 1& ^^ + 24 ft - i, 
168. Example. The roots of the equatloa 

are I'eadily found to lie between — 3 and ~ 2, and 1, 3 and i. To 
calculate the last of these we find by tranaterring the origin to the point 
(3, 0) the following equaUon for tie correction h to the first approxima- 
tion, which is 3 (§ 197) : 

2 fta _|_ 15 fti 4- 24 A _ 4 =: 0. 
The linear terms give h = l/6— 0.17; as the quadratic term, 15 h\ is 
about 0.12. and 1/24 of this is 0,02, a somewhat better approsimatiou is 
ft = 0.15. Substituting 

ft = 0,15 + fti, 
we find r 315 ^4 -i 

0.3Q 2.295 3,H442S 
2 15.30 26.295 - 0.0B575 
.30 2.340 

2 15.60 28.635 

3 15.90 
Hence the equation for hi is 

3 ftis -f 15.90 ft,2 + 28.636 ft, - 0.06676 = 0. 
The linear terms give ^^ ^ 0.001947. 
As the quadratic term can mfluonce only the 6th decimal place, we can 
certainly take ki = 0.00195 and thus find the root 3.15196. 
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169. Negative Roots. To find a negatiye root replace :e by - k 
in the given oqualion, i.e. i-eflect the curve in tlie axis Oy. 

To find aroot greater than 10 replace x by 10^, or 100 s, etc., in the 
given equation, and. calculate z. 

170. Horner's Process. W.G. Ilomer's method is essentially the 
same as Newton's, inasmuch as it consists in moving the origin closer 
and closer up to the root. Bat it calculates each signiflcant figure 
separately. Thus, for the example of § 168 we should proceed as follows : 

As ill §g 167, 168, we diminish the roots of the equation 

by 3 so tliat the equation (as there shown) takes the form 
2 o^a + 15 a;= + 24 a; - 4 = 0. 



Tlie left-hand member changes sign between 0.1 and 0.2, 
fore the origin through 0.1 to the right: 



We 






2 16.2 26.52 



2 16.0 
rhe new equation la 2 a» + 15.0 9^ + 27.00 5:- 1.448 = 0. 

The left-hand member changes sign between 0.05 and 0.06 ; h 
move the origin through 0.05 : 

15,6 27.0 



■ 


.10 


.785 


l'.39225 


2 


15.70 
.10 


27.845 
.700 


- 0.05575 


2 


15.80 


28.035 





The new equation is 2 ^9 + IB. 91 
We can evidently go on in ti 
Itshould not be forgotten (§ 164) that after finding a number of significant 



28.035 31-0,05575 ^0, 

e way finding more decimal p 
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figures in tMa way, about aa mauy more can be found, by simple division. 
Thus, we have found % — S.lij ■- ; the linear terms of the last equation 
u 0.001U5, so that 3^ = 3.15195. 



EXERCISES 

1. S'voA: (a) the cube root of 67; (6) the fourth root of 19; (c) the 
fifth root of 7, to seven significant figures, and check by logarithms. 

2. Newton used his metliod to approximate the positive root of 
k' — 231 — 5 = 0; find this root to eight significant figures. 

3. Find, to five significant figures, the root of the equation 

!C= + 2.73 a* = 0.375. 

4. Find the coordinates of the intersectionis of the curve y 
= (j;-l)2(x + 2)withthe!iiiea: (a) f^ = 3 ; ih) y=\v.JrV,(fi') y = \vi~\. 

5. After cutting off slices of thickness 1 in., 1 In., 3 in., parallel (o 
three perpendicular faces of a cube, the volume is 8 cu. in. What was 
the length of an edge of the cube ? 

6. rind the radius of that sphere whose volume is decreased bQ'% 
whan the radius is decreased 2 ft. 

7. For what values of k will the lines fcK + ;/ -f 2 = 0, a: + S;y — 1 = 0, 
2*— ?( + ii; = pass through a common point ? 

8. For what values of it are the following equations satisfied by other 
values of a;,i/, s, jo than 0, 0, 0, 0? te + 2!/ + 2-8«i = 0, 23;+iy + s 
-1B = 0, a;~2;f + ft£ + M = 0, 3; + 7y-3 + iwi=0- 

9. A buoy composed of a cone of altitude 6 ft. surmounted by a 
hemisphere with the same base when submerged displaces a volume of 
water equal to a sphere of radius 5 ft. Find the radius of the buoy. 

10. Find, to four significant figures, the coordinates of the Intersections 
of the parabolas ■s Jr '^ = 1,% -^ 'f = \\,'^^. 13, p. 138. 

11. By applying Newton's method (§ IM) to both coordinate axes 
simultaneously, find that intersection of the parabolas t? — i; = i ind 
a; + ((2 = 3 whiiii lies m the first quadrant 

12. The segment cut out of a ^thereof ridms a bj a pUnti thiough 
its center and a parallel plane at the distaw-e r from it his a volume 
= ?rx(ffl^ — J)"), at what distance fiom ils base must a hemisphere be 
cut by a plane parallel to the base to bisecttbe volume of the heraispbere ? 
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171. Expansion of /{x + h). The solution of numerioat equa- 
tions is based on the fundamental fact {§ 167) that if f(x) is a poly- 
nomial, then f(xt +■ h) can he expressed aa a polynomial of the same 
degree in h, and the coeflcients A„, Ai, •■■ A^ of this polynomial can be 
calculated. Thus, for 

f(x) =0,^ + ai*» + as»2 + aix ^ ^^ 

f{xi+ h) = «o (*i + ?»)' + «i (a^i + hy + oa <jKi + h)H a^ (m + A) + a^ 

= a^* + aixi^ + a^Xi^ + ojii + 44 

+ (4 ajK,* + 8 arf + 2 UiKi + (la)ft 

+ (9 Oo*!^ -f- 3 aiSJi + da) ft* 

+ (4 3(i»i + ni)ft' 

+ aahK 
Now this process is closely connected witli that of fimjing the successive 
derivatives of the polynomial. Thus we have for 

/(x) =at0* + «ia:= + oai'J + asx + a^ 
the derivatives : 

/"(*) = 12 Oo** + e rti« + 2 fla, 
f"'(_x) = 2ia^ + &ai, 

/''W=24«o, 
all higher derivatives being zero. If in these expressions we put k = kj 
and then multiply them respectively hy 1, ft, fl^/21, h'/A !, fl'/41, and 
add, we find precisely the ahove expression for/(iKi -|- li); hence we have; 

1-2.3 1-2-3-4 ' 

whenever /(a;) is a polynomial of degree 4. 

It can be proved in the same way that for a polynomial of degree n 

fixi + h) = f(x,) + f'(x,)/i + ^-^^h^ + - +&^ h\ 

Tills formula is a particular case of a general proposition of the differ- 
ential calculus, known as Taylor's theorem. It shows Uiat the value of a 
polynomial for aiiywilue x — Xi + h can befotind if we know the value of 
the polynoiaial itself and of all its ii derivatives for some partioitlar 
value Xi ofx. This property is characteristic for polynomials. 



/(j^i-f ft)=/(i.O+/'(«Oft+-VT^'''+i 
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THE PARABOLA 



172. The Parabola. The parabola can be defined as the 
loaua of a point ivhose distance from a fixed point is equal to its 
distance from a fixed line. The fixed point is called the focus, 
the fixed line the directrix, of the parabola. 

Let F (Fig, 63) be the fixed point, d the fixed liae; then 
every point P of the parabola must satisfy 
the condition 

FP = PQ, 

Q being the foot of the perpendicular from 
P to d. Let us take Fas origin, oc pole, and . 
the perpendicular FD from F to the directrix 
as polar axis, and let the given distance FD 
^2a. Then FP =r mid PQ = 2 a -r cos ^. 
The condition FP=PQ becomes therefore 
r = 2 a — i- cos <l>, 




(1) 



f o<«4* 



This equation, which expi'esses the radius vector of P as a 
function of the vectorial angle 0, is tlie polar equation of tJie 
parabola, when the focus is taken as pole and the perpendicular 
from the focus to the directrix as polar axis. 

173. Polar Construction of Parabolas. By means of the 
equation (1) the parabola can be plotted by points. Thiis, for 
1^ = we find r = a as intercept on the polar axis. As ^ 
increases frcHn the value 0, )■ continaally increases, reaching 
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, and becoming infinite as ^ ap- 



the value 2 a for tjj = 
proaehes the value w. 

For any negative value of i^ (between and — jt) the radius 
vector has tbe same length as for the corresponding positive 
value of ^ ; this means that the parabola is symmetric with 
respect to the polar axis. 

The intersection A of the curve with its axis of symmetry 
is called tbe vertex, and the axis of 
symmetry FA the axis, of the parab- 
ola. The segment BB' cut off by 
the parabola on the perpendicular to 
the axis drawn through the focus is 
called the latus rectum; its length 
is 4 a, if 2 a is the distance between 
focus and directrix. Notice also that 
the vertex A bisects this distance 
FD so that the distance between focus ^"^' '^ 

and vertex as well as that between vertex and directrix is a. 

In rig. 63 the polar axis is taken positive in the sense from 
the pole toward the directrix. If the sense from the dii-ectrix 
to tbe pole is taken as positive (Fig. 64), we have again with 
F as pole FP — r, but the distance of P from the directrix is 
2a + r cos <^, so that the polar equation is now 

(2) •■ = r4!TT' 




We have assumed a as a positive number, 2 a denoting the 
absolute value of the distance between the fixed point (focus) 
and the fixed line (directrix). The radius vector r is then 
always positive. But the equations (1) and (2) still represent 
parabolas if a is a negative number, viz. (1) the parabola of 
Pig. 64, (2) the parabola of Fig. 63, the radius vector )■ being 
negative (5 16). 
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can thus be traced, 



174. Mechanical Construction, A meehanism for tracing 
an arc of a parabola consists of a right- 
angled triangle (shaded in Fig. 65), one of 
whose sides is applied to the directrix. 
At a point H of the other side BQ a 
string of length EQ is attached ; the otbei- 
end of the string is attached at the foeiis ' 
F. As the triangle slides along the di- 
rectrix, the string ia kept taut by means 
of a pencil at P which traces the parabola. 
Of course, only a portion of the p£ 
since the curve extends to inlijuty. 

175. Transformation to Cartesian Coordinates. To obtain 
tlie cartesian equation of the parabola let the origin be taken 
at the vertex, i.e. midway between the fixed line and fixed 
point, and the axis Ox along the axis of the parabola, positive 
in the sense from vertex to focus (Fig. 66). Then the focus 
F has the coordinates a, 0, and the equation of the directrix is 
x = —a. The distance i^P of any point 
P(x, y) of the parabola from the focus is 
therefore V(« — a)° -I- y^, and the dis- 
tance QP of P from the directrix is 
« + X. Hence the equation is 

(x-a)' + f = {a + xf, 
which reduces at once to 
(3) y2 = 4«a;. Fro. m 

This then is the cartesian equation of the parabola, referred 
to vertex and axis, i.e. when the vertex is taken as origiu and 
the axis of the parabola (from vertex toward focus) as axis Ox. 

Notice that the ordinate at the focus (a, 0) is of length 2 a ; 
the double ordinate B'B at the focus is the latus rectum (§ 173). 



r 



yGoosle 



172 



PLANE ANALYTIC GEOMETRY [IX, g 176 



176. Negative Values of a. In the last article the constant 
a was again regarded as positive ; but (compare § 173) the equa^ 
tion (3) still represents a parabola when a is a negative number, 
the only difference being that in this case the pai'abola turns its 
opening in the negative sense of the axis Ox (toward the left 
in Fig. 66). Tl;us the parabolas y^=4aa! and ^*=~4aa; are sym- 
metric to each other with respect to the axis Oy (Ex. 14, p. 138). 

The equation (3) is very convenient for plotting a parabola 
by points. Sketch, with respect to the same axes, the parab- 
olas : y^~16x, y^ = — !& X, y' = x, y'^ = — X, y"^ = Z X, "if = — \x. 

177. Axis Vertical. The equation 

(4) a!= = 4rt)/, 

which differs from (3) merely by the interchange of a: and y, 
evidently represents a parabola whose vertex lies at the origin 
and whose axis coincides with the axis Oy. The parabolas (3) 
and (4) are each the reflection of the other in the line y =^x 
(Ex. 14, p. 138). The equation (4) can be written in the form 

1 5 
^ = 4«"- 
As 1/4 a may be any constaut, this is the equation discussed in 
S132. 

178. New Origin. An equation of the form (Fig, 67) 

(5) (,-*)■ = 4 (.(a, -ft), 




or of the form (Fig. 68) 

(6) (»;-/i)'-4a(s-t), 
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evidently represents a pai'abola whose vertex is the point (Jl, k), 
while the axis is in the former case parallel to Ox, in the latter 
to Oy. For, by taking the point (h, k) as new origin we can 
reduce these equations to the forms (3), (4), respectively. 

The parabola (5) turns its opening to the right or left, the 
parabola (6) upward or downward, according as 4 a is positive 
or negative, 

179. General Equation. The equations (5), (6) as well as 
the equations (3), (4) are of the second degree, Now the 
genera! equation of the second degree (§ 79), 

Ax^ + 2 Hxy + By^ + 2Gx + 2Fy + C = 0, 
can be reduced to one of the forms (5), (6) if it contains no 
term in xy and only one of the terms in k^ and y\ i.e. ii H = Q 
and either A or B is =0. This reduction ia performed (as in 
§ 80) by completing the square in j/ or a; according as the equa- 
tion contains the term in y^ or xK 

Thus any equation of the second degree, containing no term in 
xy and only one of tlie squares a?, if, represents a •pa/rabola, whose 
vertex is fonnd by completing the square and whose axis is 
parallel to one of the axes of coordinates. 

EXERCISES 

1. Sketcli the following paraljolas: 

2. Slcetcli tJie following curves and find tlieir intersections : 

3. Sketch, the following paral)olas ; 

(a) (;/-2)' = 8(j:-5). (6) (^ + 3)^ = 5(3-!/). 
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4. Sketoli each of the following parabolas and find the coordinates of 
lie vertex and focus, and the equations of the directrix and axis ; 
(_a) V^-2y-3x-2^0. (b) x^ + ix ~ iy = 0. 

(e) x^-ix + Zy + l=(>. (d) Sx^-Qx-y = <i, 

(e) 8 y^- 16 3/ + a: 4- 6 = 0. {/) y'^ + y ■i-x = 0. 

(g) x^-z-&!i + i = (i. (ft) 8j/^-3* + 3 = 0. 

B. Slietoh th.e following loci and find their int«rsectious : 
(m) !) t= 2 *, If = x^. (6) if = iax, x + y = S a. 

(o) y'' = x + S, ^ = 5-a. (d) y^ + ix+i=Q, x^ + v'=i\. 

6. Sketch the parabolas with the following lines and points as direc- 
trices and foci, and find their equations ; 

(a) K - 4 = 0, (6, - 2). (6) y + S = 0, (0, 0). 

(c) 2iE + 5 = 0, (0, -1). ((!) s=0, (2, -3), 

(«) 3s-l=0, (-2, 1). (/) z-2a = 0, (o, 6). 

7. Find the parabola, with axis parallel to Ox, and passing through 
the points : 

(_a) (1,0), (5,4), (10, -6). (6) (J^, - 5), (i 0), (J, -3). 

(c) (-1,5), (3,1), (^,0). 

a. Find (he parabola, witli axis pai'allel to Off, and passing tlirough 
the points : 

{a) (0,0), (-2,1), (6, 9). (&) (1,4), (4, -1), (-3,20). 

(0) (-2,1), (2, -7), (-3, -2). 

9. Find tlie parabola whose directrix is the line 3x~ iy — Iff = 
and whose focus is ; (a) at the origin ; (i) at (5, —2). Sketch each of 
these parabolas. When does the equation of a parabola contain an xy 
term? 

10. Find the parabolas with the following points as vertices and foci 
(two solutions) ; 

(a) (-3,2), (-3, 5). (6) (2,5), (-1,5). 

(0) (-1,-1), (1,-1), id) (0,0), (0, -a). 

11. Show that the area of a triangle whoso vertices F, (_Xi, j/i), 
Pi (*s, !/s)> Pa I'-Ci , J/a) are on the parabola j/^ = 4 .ax, may bi 
by the determinant 

1 !^'^ ^' ^1 1 

g^ Ua^ ^2 1 = ^ O/s - s'O (>J3 - yO(w - vi}- 
I yi^ Vi 1 1 
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18. The area Aoi& cross-section of a sphere of radius R, at a distance 
ft from the surface, is given by the formula 

Eflduce this equation to standai'd fonn A = jfcft/^, where A and h differ 
from A and ft by constants, Wliat is the meaning of A and ft ? 

13. Show that if the area A of the cross-section of any sohd perpen- 
dicular to a line I, at a distance ft from any fixed point P in I, is a quad- 
ratio function of ft ; 

A = ah^ + bh + c; 
another point Q in I exists, such that 

J = M^ 
where ft denotes the distance from Q and A differs from ^ by a constant, 

14. If s denotes the distance (in feet) from a point F in the line 
of motion of a falling body, at a time ( (in seconds) , 

where g is the gravitational constant (32.2 approximately) and Sj is the 
distance from P at the time („, show that this eqimtion can be put in 
the standard form 

where s denotes tlie distance from some other fixed point in the line of 
motion and ( is the time since the body was at that point. 

IB. The melting point ( (in degrees Centigrade) of an alloj 1 lead an i 
zinc is found to be 

(=13S-H.876a-)-.0!!25:t2^ 
where i is the percentage of lead in the alloy. Reduce the equation to 
atandird form t = ki? ; and show that a = a; — A, t = ( — * where ft is 
the peicentage of lead that gives the lowest melting point and A ia the 
tempera taie at which that alloy melts. 

16 Show (hat the locus of the center of the circle which piises 
through a fixed point and is tangent to a fixed line is a parabola 

17, Show that the locus of the center of a circle which is tangent to a 
fixed line and a fixed circle is a parabola, rind the directrix of this 
parabola. 

19. Write in determinant form the equation of the parabola through 
three given points, PiC^i, ^0, ^2(^2, y^), Ps{^3, y-t) with ixis [.aiallel 
to 2. coordinate axis. 
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180, Slope of the Parabola. The slope tan a of the parabola 



at any point P(x, y) (Fig. G9) c 
first determining the slope 



tan «i = 



1 be found (comp. § 137) by 




i^ = 4 c^i , and 



of the secant PPi , and then letting 

P,(xj^, y,) move along the curve np 

to the, point P(x, y). Now as P, 

comes to coincide with P, x, becomes 

equal to x, and yi equal to y, so that - 

the expression for tan ui loses its 

meaning. "But ob^ei-ving that P and 

Pi lie on the parabola, we have y^ = 4 

hence yi^ — if = ia(x, — x). Substituting from this relation 

the value of a:, — a; in the above expression for tan Mi, we find 

for the slope of the secant : 

yi ~f Vi + y 

If we now let Pi come to coincidence with P so that )/i becomes 
= y, we find for the dope oftM tangent at P{x, y) : 

(7) tan« = — ■ 

y 

This slope of the tangent at P is also called the slope of the 
pa/rabola at P. The ordinate y of the parabola is a function of 
the abscissa ai; and the slope of the parabola at P(x, y) is the 
rate at which J/ increases with increasing a; at P; in other words, 
it is the derivative y' of y with respect to x (compare § 138). 

As by the equation of the pai'abola we have y = ± 2^aa>, we 
find: 
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^-Vl- 



The double sign in the last expression corresponds to the fact 
that to a given value of x belong two points of the curve with 
equal and opposite slopes. 

181. Explicit and Implicit Functions. The result jnst obtained 
that wlien y^ — iax then the deriTative of y with respect to a; is 



can l3e derived more easOy by the general method of tlia diftorential cai- 
culus. This requires, however, some preliminarv explanations 

In the eases in which we have previousiy determined the derivative y' 
of 3 Junction yotx this function was given explicitly , i e the equation be- 
tween X and J that represents the curve was given solved for y, in the 

Our present equation of the parabola, y^ = iax, is not solved for y 
(though it could readily be solved for y by writjng it in the form 
y = ±2Vax) ; the same is true of the equation of tlie oirele x'^ ■j-y'' = a\ 
or more generally ^ + tf' + ax + by + c = 0, and aliao of the general equa- 
tion of the second degree {§ 70), An^ +2 Bxy + By'' -t-2Gx + 2:^^+0=0. 
Such equations in x and y, whether they can be solved for y or not, are 
said to give y Implicitly aa a function of x. For, to any particular value 
of X we can find from siioh an equation the corresponding values of x 
(there may be several values ; and they may be real or imaginary) . Thus, 
any eqwMo« between x.and y, of wTiateoer form, detm-minesy as a func- 
tion ofx. 

182. Derivatives of Implicit Functions. The differential cal- 
culus shows tliat to find the derivative y' of a function y given implicitly 
by an equation between x and y we have only to differentiate this equation 
with respect to x, i.e. to find the derivative of each term, remembering 
that y is a function of x. To do this in the simple cases with which we 
shall have to deal we need only the following two propositions (A) and 
(B), §5 183, 184, 
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183. (A) Derivative of a Function of a Function, ffuiea 
frntation of y, and y a function of x, the derivative of u leitli respect to x 
is tJieproduci of the derivative of u mth- respect to y into Ike derivative y' 
ofy ioith respect to x. 

For, as « is a function of y which itaelf is a function of », u is also 
a function of Xi If a be inoreased by is;, y will receive an increment Ay 
and u an increment Am. We want to find the derivative of u witli respect 
to z, i.e. the limit of Au/Ae as bx approaches zero. Now we can put 

Ax A^ Ax 
the liniit of the first factor, Au/Ay, is the deiivative of « with respect to 
y, while the limit of the second factor, Ay/Ax, is the derivative y' of y 
with respect to z. 

Thus, if « = ^», we know (§ 151) that the derivative of u with respect 
toy is = jiB'^'. But If i( = y'f and j/ is a function of x, we can also find 
the derivative of ti tolth respect to x; by the proposition (A) it is 
ny^-'-y'. For example, snppose that m = |)', where y = !i? — 3x, so 
that M = (ic* — 8 x)'. Then the ^-derivative of m is 3 j/^ ; hut the 3>de- 
rivativa otuisBy^ -y' = By^(2x - 3) =3(x^ - S x)'^C2 x-S). This can 
readily foe verified by expanding (x!' — 3 x}^ and differentiating tlie result- 
ing polynomial in the usual way (§150). 



184. {B) Derivative of a Product, ffuandvai 


-e functions of X, 


the derivative of m i» u times the derivative of v phis v 


times the deriva- 


tiveofn: 

derivative of tiv = vv- + vit'. 




For, putting m = y, we have to find the limit of Ay /Ax 


. When X is in- 


creased by Ax, ti receives an hicrement Am, v an increii 


[lent Av, and the 


increment Ay of y in tliei-etore 




Ay^[n+Au)iv + Av)-uv; 




dividing by A:c, we find 




A|, (m + Am)(. + A.)-»^ «^'' + «^" + 


Mi.. 



In the limit, Ay /Ax becomes y', Av/Ax becomes v'; Au/Ax becomes u 
and the last term vaiiislies because its factor Av becomes aero. Hence ; 
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185. Computation of Derivatives of Implicit Functions. 

We are now prepared tfj fiad the deinative of y wlien y is glyen Im- 
piicitly as a luiiction ol J^ by the equation y' = iax. We have only 
to diHerentiate this equation with respect U) v, le. find the 9><lerivatiTe 
of each term, remembenns that ji is a fanetion of x. The teim ^, as 
a. function of a fimctlnn, gives 2 y v' , the tenn 4 ax give^ 4 a ; hence 
we find 

2 yy' = 4 8, whence y' = — , 

Simllai'ly, we find by diftei'eatiatiiig the equation of the circle 



i.e. the aiope of the cirelo ii;^ + ?/= = a- at any point P(.i!, y) is iiiinus the 
reciprocal of the slope of the I'adius thi-ough P. 

If ^ is given implicitly as a function of x by the equation 
x^ + hxy=12, 
which, as we shall see later, represents a hyperbola, we And the derivative 
of y, i.e. the slope of the hyperbola, by diSerentiating the equation and 
applying fo the second term the proposition (S) ; 



EXERCISES 
1. rind the derivative of u with respect to x for the following 
functions ; 

(o) M = j;^, wheny =3e — 5. (i) « = y9+ly, wheny = 3;2_2 J^. 

(c) u:^2^— 3j/2,when y=x^-'rx. {d) u= J J^ — y, when y = »'. 

S. Find tlie slope of the following parabolas at the point P(3:, y) : 

{a) y^ = &x. ib) i/_5i/ + 6a; + 4 = 0. (c) 3j/2=45._5. 

8. Fiady' for the following products; 

(a) y=x\:^ + 6x). (6) y = (x + 3){x- b). 

(c) y = (_x-a){x-b)(x-c). (d)y=.(r.-B)i2x + -l). 
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4. Find the slope at the point F(x, p) for eacli of tlie following cii-cles 
by differentiation ; compare tlie results with §§ 88, 89 : 

(a) «^ + y^ = 12. (6) x^+y'^ + ax + by + c^Q. 

(c) Ax)' + Ay'' + 2 Gx -i-^ Fn + C = 0. 

5. Find the slope j)' for each of tho following curves at the point 

P{^, y) ■■ 

(a) xy = a^. (b) x''y-fix + i = 0. 

ic) A3fi + 2Hxy + By^ + 2Gx + 2Fij^ = 0. 

186. Equation of the Tangent. As the slope of tlie 
parabola ,f^ j. ^^^-^ 

at the point P(x,yj ia 2 a/21 (§§ 180-18r>), the equation of the 
tangent at this point is 

where X, T are the coordinates of any point of the tangent, 
while X, y are the coordinates of the point of contact. This 
equation can he simplified by multiplying both sides by y 
and observing that jr' = 4 cia; ; we thus find 
(9) yY=2a{x+X). 

Notice that (as in the case of the circle, § 89) the equation 
of the tangent is obtained from the equation of the curve, 
/ = 4 ax, by replaeing y'hjyT, 2 x by x + X 

The segment TP (Fig. 70) of the tangent from its intersec- 
tion T with the axis of the 
parabola to the point of contact 
P is called the length of the 
tangent at P; the projection TQ 
of this segment TP on the axis 
of the parabola is called the 
subtangent at P. Now, with 
Y"=0, equation (9) gives X=--x> 
subtangent is bisected by the vertex. 




.e. T0= OQ; hence the 
This furnishes a simple 
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coiistvuction for the tangent at any point P of the parabola, if 
the axis and vertex of the parabola are known. 

187. Equation of the Normal. Tlie normal at a point P 
of any plane curve is defined as the perpendicnlar to the tan- 
gent through the point of contact. 

The slope of the normal is therefore (§ 27) niinns the recip- 
rocal of that of the tangent. Hence the equation of the normal 
to the parabola is : 

that is : 

(10) yX + 2aY=(2a + x)^. 

The segment P2f of the normal from the point P{x, yy 
on the curve to the intersection N of the normal with the axis 
of the pai'abola is called the length of the nO)-mcU at P; the 
projection QJVof this segment .P^^'on the axis of the parabola 
is called the subnormal at P. 

B"ow, with r=0, equation (10) gives X = 2ffl-|-3;, and as 
x=:OQ, it follows that QN=2a; i.e. the subnormal of the 
parabola is constant, viz. equal to half the lattis recttim, 

188. Intersections of a Line and a Parabola, The inter- 
sections of the p 



with Uie straight line 

y = mx + h 
are found by substituting the value of y from the latter in the 
former equation : 

or, reducing : 

raV + 2 (mb -2a)x + ¥=^0. 
The roots of this quadratic in a: are the abscissas of the 
points of intersection ; the ordinates are tiion found from 
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It thus appears that a sl-raight line cannot intersect a parabola 
in more tJian two points. If the roots are imagiEary, the line 
does not meet the parabola ; if they are real and equal, the 
line ha^ but one point in common with the parabola and is 
a tangent to the parabola (provided m =^ 0). 

189. Slope Equation of the Tangent. The condition for 
equal roots is 

(&»i -2af = b'^m?, 
which reduces to 



The point that the line of this slope has in common "with the 
parabola is then found to have the coordinates 

As the slope of the parabola at any point (x, y) is (§ 180) 
?/' = 2 a/y, the slope at the point just found is y' = a/h = m ; 
i.e. the slope of the parabola is the same as that of the line 
y — mx + b ; this line is therefore a tangent. Thus, the line 
(11) y = Tnce + — 

(s tangent to the parabola if = 4, ax whatever the value of m. 

This may be oalled the slope-form of the equation of the tangent. 
Equation (11) can also be deduced from the equation (9), by 
putting 2 a/y = m and observing that J/^ = 4 ttE. 

190. Slope Equation of the Normal. The equation (10) of 
the normal can be written in the form 

or since by the equation (3) of the parabola x = y^jA. a : 



y Google 



IX, § 1911 THE PARABOLA 

If wG denote by n the slope of this normal, we have: 



so that the equation of the normal assumes the form 

(12) T=nX-2an-an\ 

This may be called the slope-form of the equation of the normal. 

191. Tangents from an Exterior Point. The slope-form 
(11) of the tangent shows that_/)'owia?ij/j»in({3;, j) of the plane 
not tiwre than two tangents can be drawn to the pat'abola y^^iax. 
For, the slopes of these tangents are found by substituting in 
(11) for X, y the coordinates of the given point and solving the 
resulting quadratic in m. This qaadratic may have real and 
different, real and equal, or complex roots. 

Those points of the plane for which the roots are real and 
diiferent are said to lie outside the parabola ; those points for 
■which the roots are imaginary are said to lie within the parab- 
ola; those points for which the roots are equal lie on the 



The quadratic in m can be written 

xm? — ym -}- a = 0, 
so that the discriminant is i/~i ax. Therefoi'e a point {x, y) 
of the plane lies within, on, or outside the parabola according as 
y^-^iaxis less than, equai to, or greater than zero. 

Similarly, the slope-form (12) of the normal shows that not 
more than three normals can be drawn from any point of the 
plane to tJie parabola, since the equaticai (12) is a cubic for n 
when the coordinates of any point of the plane are substituted 
for X, Y. As a cubic has always at least one real root (§ 160), 
there always exists one normal through a given point ; but 
there may be tivo or three. 
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192. Geometric Properties. Let the tangent and normal 
at P (Fig. 71) meet the axia at T, N\ let Q be the foot of the 
perpendicular from P to 
the axis, D that of tlie per- 
pendicular to the directrix 
d; and let he the vertex, 
F the focus. 

As the subtangent TQ is 
bisected by {% 186) and 
the subnormal QN is equal 
to 2(1 (§ 187), while OF^ 
a, it follows that F lies 
midway between T and N. 

The triangle TPN being 
right-angled at P and F being the midpoint of its hypotenuse, 
it follows that jrp = FT=FN. 

Hence, if axis and focus are given, the tangent and the normal 
at any point P of the parabola are found by describing about 
F a circle through P which will meet the axis at T and N. 

As FP=:DP, it follows that FPDT is a rhombus; the 
diagonals PT and FD bisect therefore the angles of the 
rhombus and intersect at right angles. As TP (like TQ) is 

sected by the tangent at .the vertex, the intersection of these 
mis lies on this tangent at the vertex. The properties 
just proved that t/ie tangent at P bisects the ungle between the 
focal radiMS PF and the parallel PD to the aans and that the 
perpendicular from the foons to the tangent meets the tangent on 
the tangent at the vertex are of particular importance. 

193. Diameters. It is known from elementary geometry that 
in a circle all chords parallel to any given direction have their 
midpoints on a straight line whicli is a diameter of the circle. 
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Similarly, in a parabola, the hats of the midpoints of oil chords 



straight line, and this line 



parallel to any given direeAion i 
wMeh is parallel to the axis 
is called a diameter of the 
parabola. To prove this, take 
the vertex as origin and the 
axis ai the parabola as axis Ox 
(Fig. 72) so that the equation 
is ^ = 1 aa;. Any line of 
slope m has the equation 

and with variable b this 
Eliminating x we find for y the quadratic 
, 4 a , iab f. 

The roots j/, , s/j are the ordinates of the points P,, P^ at 
which the line intersects the parabola. The sum of the roots is 




pencil of parallel lines. 



hence the ordinate \{]jy + y^) of the midpoint P between Py , P^ 
is constant (i.e. indepeudent of a;), viz. = 2 «/«i, and indepead- 
eut of b. The midpoints of all chords of the same slope m 
lie, therefore, on a parallel to the axis, at the distance 2 a/m 
from it. 

The condition for equal roots (§ 189) gives b='a/'m,. That 
one of the parallels which passes through the point where the 
diameter meets the parabola is, therefore. 



by § 189 this is a tangent. Thus, tJte tangent at the end of a 
diameter is parallel to the chords bisected by the diameter. 
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EXERCISES 

1. rind and sketdh tJie tangent and normal of the following parabolas 
at the given points : 

(a) 2!/« = 25»;, (2,5). (6) Sjy^^ia;, (3, -2). (c) ;/= = 2^, (J, 1). 
(_d) 6y^ = lix,{i,-2). {e) ;^ = 5;,(1,1). (f) i&f = x, (5, i). 

3. Shovi that the secant thi'ongh the points P(k, y) and Pi{xi , ji) 
of the parabola ^ = 4aa; has the equation iaX'—(y + yi)Y+yyi = 0, 
and that this reduces to the tangent at F when Pi and P coincide. 

3. Find the angle hetween the tangents to a parabola at the vertex 
and at the end .of the latUB rectum. Show that the tangents at the ends of 
the latus reotuin ate at right angles. 

4. Find the length of the tangent, snbtangent, normal, and aubnormal 
of the parabola y^ = 4k at the point (1, 2), 

5. Find and sketch the tangents to the parabola y^ =Sx from each 
of the following points : 

(a) (-2,3). (6) (-2,0). (c) (-0,0). (d) (8,8). 

6. Draw the tangents to the parabola j^ = 3x that are inclined to the 
axis Ox at the angles: (a) 30°, (ft) 45°, (c) 135°, (d) 150°; and find 
tlieir eqaations. 

7. Find and sketch the tangents to the parabola y'^ =ix that pass 
through the point (—2, 2), 

8. Find and sketcli the normals to the parabola y^ = 6a; that pass 
through the points ; 

(«) (1,0). (6)(V, -3). (c)(^, -J). (<i)(f,-3). (e) (0,0). 

9. Are the following points inside, outside, or on the parabola 
&y^ = xf (<t)(3,l}. (6)(2,i). (<!).(8,J). (d)(10,4). 

10. Show that any tangent to a parabola intersects the directrix and 
latus reotum (produced) in points equally distant from the focus. 

11. Show that the tangents drawn to a parabola from any point ot tlie 
directrix are perpendicular. 

12. Show that the ordinate of the intersection of any two tangents to 
the parabola g^ = iax is the arithmetic mean of the ordinates of the 
points of contact, and the abscissa is the geometric mean of the a 
of the points of contact. 
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13. Show that the sum of tlie slopes of aaj two tangents of the paral>- 
ola yJ = 4 aa: is equal to the slope T/Xot the radius vector of the poiat of 
inteisection (X, Y) ot IJie tangents ; find the product of the slopes. 

M. Find the loous of the intersection of two tangents to the parabola 
^ = 4 ox, if the Bum of the slopes of the tangents is c nstaut 

15. Find the locus of the iiiteraection of t vo i erpe lie Uar tangents to 
a parabola ; of two perpendicular normals to a pi abola 

16. Show that the angle between any two tangents to a para ola is 
half the angle between the focal radii of the p nt of conta 

17. From tlie vertex of a parabola any t vo perpei d c t nea ire 
drawn ; show that the line joining their othei nte sectons ^I h the 
parabola cuts tlie axis at a fixed point. 

18. Find and sketch the diameter of the parabola jf^ = Qx that bisects 
the chords parallel to Zx — 2y + h = 0; give the equation of the focal 
chord of this system. 

19. Find the system of parallel chords of the parabola j' = 8 » bisected 
by the line y — Z. 

ao. Find the diameter and corresponding chord of the parabola y^=ix 
that pass through the point (5, —2) ; at what angle does this diameter 
meet its chord ? 

21. Show that the tangents at the extremities of any chord of a parab- 
ola intersect on the diameter bisecting this chord. Compare Ex. 12. 

23. Find the length of the focal chord of a parabola of given slope m. 

23. Find the tangent and normal to the parabola ce^ = 4 ay in terms of 
the coordinates of tlie point of contact. 

21. Find the angles at which the parabolas y^ = iax and k^ = 4 ay 
interaeot. 

25. If the vertex of a right angle moves along a Used line while one 
side of tlie angle always passes through a fixed point, the other side 
emielapes a. parabola (i.e. is alwaysa tangent to the parabola). The fixed 
line is the tangent at the vertex, the fixed point is the foons of the 
parabola. 

26, Two equal conEocai parabolas have the same axis but open in op- 
posite sense ; show that tiiey intersect at right angles. 
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27. If axis, vertex, and one other poiut of the parabola are given, ad- 
ditional points can he constructed aa follows ; Let O be the vertex, F the 
given point, aad § the foot of the perpendicular from P to the tangent 
at the vertex ; divide QP into equal parts by the points Ai, As, — ; and 
OQ into the same number of equal parts by the points B^, Si, ■■■ ; the 
intersections of OAi, OA^., ■■■ with the parallels to the axis through Bi, 
Bi, ••■ are points of the paratola. 

28. If two tangents AFi, AF2 to a parabola with their points of con- 
tact Pi, Pj are given and APt, AP% be divided into the same number of 
equal parts, the points of division being numbered from Pj to A and from 
A to P2, tiie lines joining the points bearing equal numbers are tangents 
to the parabola. To prove this show that the intersections of any tangent 
with the lines AP\, AP^ divide the segments PiA, APi in the same 
division ratio. 

29. The shape assumed by a uniform chain or cable suspended between 
two fixed points Pi, Pa is called a catenary ; its equation is not algebraic 
and cannot be pven here. But when the line Pi Pa is nearly horizontal 
and the depth of tlie lowest point below PiPs is small in comparison with 
P1P2, the catenary agi'ees very nearly with a parabola. 

The distance between two telegraph poles is 120 ft. ; Pa lies 2 ft. above 
the level of Pi ; and the lowest point of the wire is at 1/8 the distance be- 
tween the poles. Find the equation of the parabola referred to Pi as 
origin and the horizontal line through P[ as axis Oj; ; determine the posi- 
tion of the lowest point and the ordinates at intervals of 20 ft, 

30. The cable of a suspension bridge assumes the sliape of a parabola 
if the weight of the suspended roadbed (together with that of the cables) 
is uniformly distributed horizontally. Suppose the towers of a bridge 
240 ft. long are (H) ft. high and the lowestpoint of the cables is 20 ft. above 
the roadway ; find the vertical distances from the roadway to the cables 
at intervals of 20 ft. 



31. When a parabola revolves about its axis, it generates asurface called 
a paraboloid of revolution ; all meridian sections (sections through the 
axis) are equal parabolas. If the mirror of a reflecting telescope is such 
a surface (the portion about the vertex) , all rays of light falling in parallel 
to the axis are reflected to the same point ; explain, why. 
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194. Parameter Equations. Instead of using tlie cartesian 
or polar equation of a curve it is often more convenient to 
express x and y (or r and (f) each in terms of a third variable, 
which is then called the parameter. 

Thus fhe parameter equations of a circle of radius a about the 
origin as center are ; 

x^a cos 1^, y^a sin tj), 
<j) being the parauieter. To every value of <l> corresponds a 
definite x and a definite y, and hence a point of the curve. 
The elimination of ^, by squaring and adding the equations, 
gives the cai'tesian equation a?+y^=a?. . 

Again, to determine the motion of a projectUe we may observe 
that, if gravity were not acting, the projectile, started with an 
initial velocity v^ at anangleetothe horizon would have at the 
time ( the position 

the horizontal as well as the vertical motion being uniform. 
But, owing to the constant acceleration g of gravity (down- 
ward), the ordinate y is diminished by ^ i/f' in the time t, so 
that the coordinates of the projectile at the time t are 

x=:% cos c-t, ?/ = Uo sin t ■ t — ^ gt\ 
These are the parameter equations of the path, the parameter 
here being the time t. The elimination of t gives the cartesian 
equation of the parabola described by the projectile : 

^ = I'o tan £ ■ a! - J' x\ 
2 (.■„' cos^ £ 

195. Parameter Equations of a Parabola. For any parabola 
y" =:iaxw^ can also use as parameter the angle a made by the 
tangent with the axis Ox; we have for this angle (§ 180) : 

tanrt=— ; 

y 

it follows that y — 2a c.tn « and hence x = y^/i a=^ a ctn^ a. 
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The equations 

X— a ctii" a, y = 2 a ctn a 

are parameiiter equations of the parabola y^ = iax\ the eliinina- 
tion of cot a gives the cartesian equation. 

196. Parabola referred to Diameter and Tangent. The 

equation of the parabola y* = 4 axpreaeuves this simple form, if instead of 
axis and tangent at the vertex ive tate as 
axes any diameter and the ti 
The equation in these oblique o< 

where ai = a/sirfla, Kheingtheanglt 
the axes, i.e. the slope angle at the 
0, (Fig. 73). 

To prove this observe that as the new origin 
Oi (ft, Ai) la a point of the parabola y'^ = i(M, 
we have by J 195 

h = a ctn^ «, t = 2 a Otn «, 

a being the angle at which the tangent at Oi is inclined to the a? 
Hence, transferring to parallel axes tlirough Oi, we obtain the equatioi 

(y+Ha ctn a'f = i a (_x + a etn'^ «), 




The relation between the rectangular coordinates x, y and the oblique 
coordinates Xi , jd , both with Oi as origin, is seen from the figure to be 



Substituting these values we 
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The moaning of the constant ai appears by observing that 

o, = jiL_ = l±2^« = o «.■« + ■..;. + .; 

fli ia therefore the distance of the new origin Oi from tho dirootrix, ( 
what amounts to tlie ssime, from the focus F. 



ila, togetlier with 
OFF' (shaded in 



197. Area of Parabolic Segment. J 

aay chord perpendioilar to its axis, bounds i 

Fig. 74), It was shown by Archimedes (about 

250 B,o.) that this area is two thii'ds the 

of the rectangle PP'Q'Q that has the chord 

PF aa one side and the tangent at the vertex 

as opposite aide, P'*'- ''* 

This rectangle PJ" Q' § is often called (somewhat improperly) the cir- 
cumaotibed rectangle so that the result can be expressed briefly by saying 
that the area of the parabola is S/S of that of the circumscribed rectangle. 

This statement is ol course equivalent to saying that the (non-shaded) 
area OQP is 1/3 of the area of the reetangle OQPIl. In this form the 
proposition is proved in the next article. 

198. Area by Approximation Process. To obtain first an ap- 
proximate value (A) for the area OQF (Fig. 75) we may subdivide the 
area into rectangular strips of equal width, 
by dividing OQ into, eay, n equal parts 
and drawing the ordiuatea yi, yi, ■■■ y^. 
If the width of these strips ia £,x so that 
0§ = nix, we have as approximate value 
oE the area ; 

{A) = Ax-yi+Ax.yi+ - +Ax-y^. ' Fig. 75 

Now j/i is tlie ordinate corresponding to the abscissa Ax ; y^ corresponds 
to the absdasa 2 Ax, etc. ; y„ corresponds to the abscissa nix = OQ. 
Hence, if the equation of the curve is a;^ = 4 ay, we have : 




Substituting these values we find ; 



2 Aa;)^ 



- {nAx)K 



y Google 



PLANE ANALYTIC GEOMETRY [IX, § 198 



By Ex, 3 b, p. 74, 




i + ai-i- ... +„2 = j,i(,i+i)(2(i + 1 


)=l(2 


hence {A) = ^^^(2 !i« + 3 j 


^ + «) 



24< 



^M-i> 



Now nikX = Oy = X,,, tlie abBCissa of the terminal point P, whatever the 
number it and length Aa: of the subdivisions. Hence, if we iet the num- 
ber n increase Indeflnitely, we find in the limit the exact expression A for 
tliearea OQP: 



12 a 



Tz-i^y-' 



4a 



where j/„ = x,^^/ 



s the ordinate of the terminal point P. As *,^„ is 
the area of the rectangle OQPB, our proposition is proved. 

The integral calculus furnishes a far more simple and more general 
method for finding tiie area under a curve. The method nsecl above 
happens to succeed in the shnple case of the paiabola bpcause we can 
express the sum 1 + 2= + 3^ + ■■■ + # in a simple form 

199, Area expressed in Terms of Ordinates The area 
(shaded in Fig. 76) between the parabola a^ = 4 m/ the axis Oo, and tlie 
two ordlnatea yi , ys , whose abscissas differ by i 
2 Ax is evidently, by the formula of § 198, 

i Xi^ 4 12 XiAx + S (Azy). 



12 




ftJjft 



This expression can be given a remarkably 

simple form by introducing not only the ordinates !/i = x,yi a, yi = 
{iti + 2 At)V4 o, but also the ordinate j/j midway between yi and y,, 
whose abscissa is xi + Ax. I'or we have ; 



'i + 4 ys + ?/j = 



f H^, - 



i'x)''+(Xi + 2Ax}-'-] 
x + S(_Ax)-'}. 
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193 



X of the parabola if 



We find therefore: 

This formula holds not only when the "ven 
origin, but also when it is at any point 
(ft. A), provided the axis of the parabola : 
is parallel to Oy. 

For (Fig. 77), to find tlie area under 
the arc PiPjPb we liave only to add to 
the doubly shaded area the simply shaded 
rectangle whose area is 2 kAx. We find 
therefore for the whole area ; 

\Ax(yi + iy2-i-y,) + 2kAx = iAx(y, + iy2+ys + G k) 

= k ^^ [to + k)+H,yi + k) +{y, + ft)], 
where yi,yi, ya are the ordinates of the parabola referred to its vertex, 
and hence yi + k, y2 + k, yi + k the ordinates for the origin 0. 

We have tlierefore for any parabola whose axia is parallel to Oy : 
A = \ Ax(yi + iy2 + ys). 





30> ^ 


7,-^ 


'M^ 



200. Approximation to any Area. Simpson's Rule. 



The 



J find a 



approximate value for the a 




last formula is 

under any curve (i.e. the area bounded 
Ijy the axis ftt, an ai'c AB of the ourve, 
and the ordinates uiA ind B Fig "8) 
This method is pwtioiilaily convenient 
if a number of equidistant old nates 
of the curre are kncwn or C'in be 
found graphically 

Let i.( be tbe distance of the ord! 
nates, and let vi y Vs tie ani three 
consecutive oidinates Then the doublv shaded portion of the required 
area, between vi and ^3 will be (if At is sufficiently small) very nearly 
equal to the area under the parabola that passes through Pi , Pi, Pj and 
has its axis parallel to Oy. This parabolic area is by § ]1)0 

= }Ax(!/i+4i(2 + ya). 
The whole area under AB is a sum of such expressions. This method 
for finding an approximate expression for tlio area under any curve is 



Fio, 78 
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known as Simpson's rale (Thomas Simpson, ]?43) alihoiigh tlie fuada- 
mental idea of replacing an arc of tlie carve by a parabolic arc had been 
suggested previously by Newton. 

201. Area of any Parabolic Segment. An the equation of a 
parabola refen-cd to any diameter and tiie tangent at its end has exactly 
tlie same form as when the parabola is referred to its axis and the tan- 
gent at the vertex (§ 196) it can easily be shown that the area of any 
parabolie eegraent is 2/3 of the a 
cireitmsertbed parallelogram. 
statement the parabolic segment 
stood to, be bounded by any a 
parabola and its chord ; and the circura- 
soribed parallelogram is rai 
iT»o of its sides the chord and the parallel 
tangent while the other two sides are *'"■ '" 

parallels to tbe axis through the extremities of the chord (Fig. 79). 

Witli the aid of this proposition Simpson's rule can be proved very 
simply. For, the area of the parabolic segment PiPjPi (Fig. 79) is tlien 
equal to 3/3 of the parallelogram foi-med by the chord Pi Pi, the tangent 
at P2, and the ordinates j/i , ys (produced it necessary). This parallelo- 
gram has a height =2 Ax and a base = MP2 = Vs ~ i (Vi + lit) ' hence 
the area of PiPsPa is 

= iAx(2y2-y,~ y,) = iAx[iys-2 (y, + 1/3)]. 

To find the whole shaded area we have only to add to this the area of 
tlie trapezoid Q1Q3P3P1 which is 

= Ax (j/i+vs). 




Hence A= QiQsPsP-iPi = iAx[iy2-2(yi + ] 



<) + i(yi + >M 



EXERCISES 

1. Show that the area oE any parabolic seg 
of the circnmsoribed parallelogram. 

2. In what ratio does the parabola y^ = ia: 
circle (3; ~ ay -\- y'^ = ia^f 
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3, Find tlie area bounrled. by the parabola ■^ = i.ax, and a line of 
slope m through the focus 

i. By a method similar to tliat used m fliidiiig the area of a parabola 
(§ 1S8), And exactly the area bounded by tlie curve y ~i?, the axis Ox, 
and the line x = a. What is the aiea bounded by this same curye, the 
axis Oz, and the lines % = a, a; = b ' What is the area bounded by the 
curve J/ = a? + c, the axis Ok, and the lines a: = a, « = & ? 

5. Find and sketch the curve whose ordinates represent the area 
bounded by ; {a) the line y = Jx, the axis (te, and any ordinate, (6) the 
parabola y = lx\ the axis Ox, and any ordinate. 

6. Let Pi(iCi, yi), Psixi + ix, ys),Ps(xi + 2 Ar), j/a) be three points of 
a curve. Let^ denote the sum of the areas of the two trapezoids formed 
by the chords PiPs , P^Ps , the axis Ox, and the ordinates ^i, yi, j)j. Let 
B denote the area of the trapezoid formed by any line tlirough F^, the 
axis Ox, and the segments cut off on the ordinates ^i, yg. Find the 
approximation to the area under the curve given by each of. the following 
formulas: }(,A + B), \(2A + B), i(A + 2B). Which of these gives 
Simpson's rule ? 

7. To find an approximation to the area bounded by a curve, the axis 
Ox, and two ordinates, divide the interval into any even number of strips 
of equal width and apply Simpson's rule to each successive pair. Show 
that the result found is : the sum of the extreme oidinates plus twice the 
sum of the other odd ordinates plus tour times the sum of the even ordi- 
nates, multiplied by one third the distance between the ordinates. 

8. Find an approximation to the areas bounded by the following 
curves and the axis Ox (divide the interval in each case into eight or 
more equal parts) ; 

{a)iy = m-x'i. (6) y^(x + 3)(x-2y. (c) y = x:'-xK 

9. The cross-sections in square feet of a log at intervals of 6 ft. are 
3.25, 4.27, 5.34, 8.02, 6.83 ; fiad the volume. 

10. The cross sections of a vessel in square feet measured at intervals 
of 3 ft, are 0, 2350, 5800, 8000, 10200 ; find the volume. Allowing one 
ton for each 35 cu. ft., what is the displacement of the vessel ? 

11. The half -widths in foot of a launch's deck at intervals of 5 ft, are 
0, 1,8, 2.6, 3.2, 3,3, 3.3, 2.7, 2.1, 1 ; find the area. 
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202. Shearing Force and Bending Moment, A straight 

beam AB (Fig. 80), of lengtli I, flsod at one end A in a liorizontal posi- 
tion and loaded uniloi'mly witli w lb. per unit of length, will bend under 
the load. At any point P, at the distance x from A, the effect of the 
load iB(l — x) that rests on PjS is , , 

twofold : 

(a) If the beam were out at F, 
this load, which is equivalent to a 
single force W= V!(l — x) applied 
at the midpoint, of PS, would pull 
the portion PB vertically down. 
This force which tends to shear off 
force F at P. Adopting tiie 
regarded as positive, we have 

F = v,Q-x). 
The shearing force at the vai'ic 
points of AB is tlierefore repre- 
sented by tlie ordinates of tlie 
straight line GB (Fig. 81). 

(6) If the beam were hinged at P, the effect of the load w(l - x) on PB 
would be to turn it about P. As the force viil — x) can \x regarded as 
applied at the midpoint of PB, this effect at P is represented- by the 
bending moment M = ~{v>(l^ x)\ 

the minus sign arising from the convention of regarding a moment as 
positive when tending to turn counterclockwise. 
1 kwise lb u P, the moment is y.jf 
n at Th curve DB repre- 

nt ng the bending moments ^ 
(F (, 82) s a parabola. 

iW e b efly we may say that 
th sngl f e F = w(l-x) 
appl d at th midpoint of PB i 
is q al nt to an equal force *''*'■ ^'^ 

at P tl e liea F= !0(i — «), together with the couple formed by + 
at the midpoint of PB and — P at P; the moment of tfiis coupli 
bending moment j¥ = — iH;(; — j;)^. 





the 



y Google 



IX, §203] THE PARABOLA 197 

203. Relation of Bending Moment to Shearing Force. For 
any beam AB, fixed at one or both eads or supported, freely at two or 
more points, in a liorizontai position, and loaded by any vertical forces, 
\M» shearing force at any point Pis defined as tlie algebraic sum of all the 
forces (including the reactions of tlie supports) on one side of P, and the 
bending moment at P as the algebraic sum of the moments of these forces 
about P. 

It may be noted that if the shear J" is constant, the bending moment is 
a linear function of x (i.e. of the abscissa of P) ; if .F (as in § 203) is a 
linear function of a, Jf ia a quadratic function ; in either case the deriva- 
tive of ilf with respect to k is equal to F ■■ 
M' = F. 
It follows that the bending moment is a maximum or minimum at any 
point wliere tlie shear is ^ero. 

EXERCISES 
Determine F and M as functions of x for a liorizontai beam AB of 
length I and represent .F and jW graphically : 

1. When the beam is fixed at one end A (cantilever) and carries 
a single load W at the other end B. 

2. When the beam is freely supported at its ends A, B and loaded ; 
(a) uniformly with v> lb. per unit of length ; (6) with a single load W at 
the midpoint ; (c) witli a single load UTat the distance a from A. De- 
termine first the reactions at A and B. 

3. When the beam is supported at the two points trisecting it and 
carries : («) a uniform load w ib./ft. ; (6) a single load WbXA and at B. 

4. Wlien the beam is supported at its ends and is loaded; (a) with 
w lb. /ft. over the middle third ; (6) with w Ib./ft. over the first and tiiird 
thirds; (c) with w Ib./ft. oyer the first half and 2!o ib./ft. over the 
second half. 

6. When the boam is fixed at A and carries w Ib./ft. over the outer 
half. 
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ELLIPSE AND HYPERBOLA 

204. Defiiiition of the Ellipse. The ellipse may be defined 
as the locus of a point whose distances from two fixed points lio/oe 
a constant sum. 

If Fi, Fi (Fig. 83 are the fixed points, which are called the 
foci, and if P la any point of the 
ellipse, the condition to be satisfied 
by P is 

F^P -\-F.,P = 2 a. -4-+ 

The ellipse can be traced mechan- 
ically by attaching at i^,, F, the 
ends of a string of length 2 a and Fra. 83 

keeping the string taut by means of a pencil. It is obvious 
that the curve will be symmetric with respect to the line F^F^, 
and also with respect to the perpendicular bisector of F-^F^. 
These axes of symmetry are called the axes of the ellipse ; their 
intersection is called the center of the ellipse. 



-++- 



205. Axes. The points A^, ^ 
where the ellipse intersects these 
The distance A^ Aj of those vertices 
that lie on the axis containing the 
foci Fi, J'a is = 2 a, the length of 
the string. For when the point P 
in describing the ellipse arrives at 
Ai, the string is doubled along 
Fi A^ so that 

1H8 



, Bi {Figs. 83 and 84) 
1 are called vertices. 
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and sincu, by symmetry, A^F^ = F^ Aj, we have 
A^Fi + Fi^Fj + FiAi = A^A^ = 2 a. 
The distance A^Ai = 2 a, which is called the major axis, must 
evidently be not less than the distance FiFi between the foci, 
which we shall denote by 2 c. 

The distance B^B, of the other two vertices is called the 
minor axis and will be denoted by 2 6. We then have 

for when /'arrives atS^, we have B^F2= B^Fj^a. 

20S. Equation of the Ellipse. If we take the center as 
origin and the axia containing the foci as axis Ox, the equation of 
the ellipse is readily found from the condition J5'|P+i^2P=: 2 a, 
which gives, since the coordinates of the foci are c, and 

- c, : 

V{x - of + f+ V{x + c)^ + j,^ - 2 a. 
Squaring both members we have 



a;'+2/'+c=+ V'(*H/+c'-2 KB) (x'+2/=+e'+2 CT)=2 a= ; 
transferring x'^+y^+c^ to the right-hand member and squaring 
again, we find 

i.e. (a^-c=) c^+aY=c<.\a?-c'). 

Now for the ellipse (§205) a^—c'^^bK Hence, dividing both 

members by aW, we find 

as the cartesian equation of the ellipse referred to its axes. 

This equation shows at a glance : (a) that the curve is sym- 
metric to Ox as well as to Oj/ ; (b) that the intercepts on the 
axes Ox, Off are ±a, and ±6. The lengths a, b are called the 
semi-axes. 
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Solving the equation for y we find 
(2) y = ^l V¥^^, 

which shows that the curve does not extend beyond the vertex 
Ai on the right, nor beyond A^ on the left. 

If a and b (or, what amounts to the same, a and c) are given 
numerically, we can calculate from (2) the ordinates of as 
many points as we please. If, in particular, a= b (and hence 
c = 0) the ellipse reduces to a circle. 

EXERCISES 

1. Sketch the ellipse of semi-axea a =: 4, 6 = 3, hy marking the ver- 
tices, conatruoting the foci, aud determining a few points of the curve 
from the property ^"1? + J'2P = 2 a. Write down the equation of this 
ellipse, referred to its axes. 

2. Sketch the ellipse «^/ltl + jV^ = 1 by drawing the olroumscrihed 
rectangle and floding some points from the equation solved for y. 

3. Sketch the elUpses : (a) s^ +2 j/^ _ 1. (&) 3 s^ + 12 j,2 _ 5, 

(c) 8a:2 + 3j;»=:30. (ci) 1? + 2(iy'^ =.\. 

4. If in equation (I) o < 6, the equation represents an ellipse whose 
foci lie OTi Oy. Sketch the ellipses : 

(a) f + f^ = l- (*) 20s;= + !^ = l. (c) 10*^ + 9j/= == 10. 

5. Find the eqnation of tlie ellipse referred to its axes when the foci 
are midpoints between the center and vertices. 

6. Had the prodnot of the slopes of chords joining any point of aii 
ellipse to the ends of the major axis. What value does this product 
assume when the ellipse becomes a circle ? 

7. Derive tie equation of the ellipse with foci at (0, c), (0, -c), and 
major axis 3 a. 

8. Write the equations of the following ellipses ■, (a) with vertices 
at (5,0), (^5, 0), (0, 4), (0, -4); (t) with foci at (2, 0), (-2. 0), 
and major axis 8. 

9. rind the equation of the ellipse with foci at (1, 1), (— 1, - 1), 
and major axis G, and sketch the curve. 
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207. Definition of the Hyperbola. The hyperbola can be 

defined as tlie locus of a point lohoae distances from two fixed 
points Iiave a constant difference. 

The fixed points F„ F^ are again called the foci; if 2 a is 
bhe constant difference, every point P of the hyperbola must 

satisfy the condition 

F,P-F,P=±2a. 

Notice that the length 2 a must here be not greater tlian the 
distance F^^ ~2 c ot the foci. 

The curve is symmetric to tiie line F-^Fj and to its perpen- 
dicular bisector. 

A mechanism for tracing an arc of a liyperbola consists of 
a straightedge F^Q (Fig. 85) which turns about one of the 
foci, -Fj; a string, of length J^^Q — 2«, is fastened to tlie 




straightedge at Q and with its other end to the other focus, 
Fj. As the straightedge turns about F^, the string is kept 
taut by means of a pencil at P which describes the hyperbolic 
ai'C. Of course only a portion of the hyperbola can be traced 
in this manner. 

208. Equation of the Hyperbola. If the line F^Fj be taken 
as the axis Ox, its perpendicular bisector as the axis Oy, and if 
FiF, = 2c, the condition F^P - F^P =±2 a becomes (Fig. 86) : 

-/(x + cy + f~Vix^cy + y'=±2a. 
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Squaring both members we find 



squaiing again and reducing as in § 206, we find exactly the 
same equation as in § 206 : 




Hut in the present case u > a, while for the ellipse we had 
c < ((. We put, therefore, for the hyperbola 

c' — a' = b''; 
the equation then, reduces to the form 



aa 62 



(3) 

which is the cartesian equation of the hi/perbola referred to its axes. 

209. Properties of the Hyperbola. The equation (3) shows 
at once: (a) that the curve is symmetric to Ox and to Op; 
(6) that the intercepts on the axis Ox are ± a, and that the 
curve does not intersect the axis Oy. 

The line F^Fj joining the foci and the perpendicular bisector 
of F^, are called the axes of the hyperbola; the intersection 
of these axes of symmetry is called the center. 

The hyperbola has only two vertices, viz. the i 
A, , Ai with the axis containing the foci. 
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The shape of the hyperbola is c[uite different from that of 
the ellipse. Solving the equation for y we have 

(4) ^ = ±^V?^7?, 

which shows that the curve extends to infinity fi'om Ai to the 
right and from A^ to the left, bnt has no real points between 
the lines x = a., x = — a. 

The line FsFj containing the foci is called tJie transverse 
axis; the perpendicular bisector of F^i is called the conjugate 
axis. The lengths a, b are called the transverse and conjugate 
semi-axes. 

In the particular case when a=b, the equation (3) reduces to 

and such a hyperbola is called rectangular or equilateral 

210. Asymptotes. In sketching the hyperbola (3) or (4) it 
is best to draw first of all the two straight lines 



(5) » = *;"■■' 

which are called the asymptotes of the hyperbola. 

Comparing with equation (4) it appears that, for any value 
of X, the ordinates of the hyperbola (4) are always (in absolute 
value) less than those of the lines (5); but the difference 
becomes less as x increases, approaching aero as x increases in- 
definitely. 

Thus, the hyperbola approaches its asymptotes more and 
more closely, the farther we recede from the center on either 
aide, without ever reaching these lines at any finite distance 
from the center. 
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EXERCISES 
1. Sketch the hyperbola 'i?J\Q — y^/i = 1, aftei' drawing the asymp- 
totes, by determining a, few points from the equation solved for y ; mark 
the foci. 

3. Sketch the rectangular hyperbola x"^ — y^ = 9. Why the name 
rectangular ? 

3. Witli respect to the same axes draw tlie hyperbolas : 
(a) 20ai2 -y^ = 12. {b) x^ - 20 ys - 12. (e) x^-y^ = 12. 

1. The equation — 3?la^ + ^/fi^ = i represents a hyperbola whose 
£ooi lie on the axis Oy. Sketch the curves : 

(a) -3k= + 4!)» = 24. (6) *«- SyS + 18 = 0. (e) ^^-j^^ + 10 = 0. 
6. Sketch to the same axes 



— -9^ = 1, ±--#=-1. 
Two such hyperbolas having the same asymptotes ai'e called coitjugate. 
G. What happens to the hyperbola ifl/{fi — y^/b"^ = 1 as a varies ? as 

7. The equation a^/a^ — ^/6^ = k represents a family of similar 
hyperbolas in which k is the parameter. What happens as k changes 
from 1 to — 1 ? What members of this family are conjugate ? 

8. Find the foci of the hyperbolas ; 

(a) ^3?-my^ = lii.- (b) 33!2-y2 = i2. 

9. Find the hyperbola with foci (0, 3), (0, - 3) and transverse axis i. 

10. Find the equation of the hyperbola referred to its axes when the 
distance between the vertices is one half the distance between the foci. 

11. Find the distance from an asymptote to a focus of a hyperbola. 

12. Show that the product of the distances from any point of a hyper- 
bola to its asymptotes is constant. 

13. Find the hyperbola through the point (1, 1) with asyniptotes 

y = ±2x. 

Id. Find the equation of the hyperbola whose foci are (1, 1), 
(— 1, — 1), and traiisvei'sn axis 2, and sketch the curve. 
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211. Ellipse as Projection of Circle. If a circle be turned 
about a diameter ^2-4i = 2a thiougk an angle «(<-j'r) and 
then projected on the original plane, the projection is an 

For, if in the original plane we take the centei' as origin 
and 0-4, as axis Ox (Fig. 87), the 
ordinate QF of every point P of 
the projection is the projection of 
the corresponding ordinate QP^ of 
the circle; i.e. 

QP=QP,aoae. fis, sr 

The equation of the projection is therefore obtained from the 

of the circle by replacing y by y/coa e. The reaidting equation 



represents an ellipse whose semi-axes are u, the radius of the 
circle, and 6 == ct cos e, the projection of this radius. 

212. Construction of Ellipse from Circle. We have just 
seen that, if a > &, the ellipse 

can be obtained from its circumscribed cirde x' + y's^a-hy re- 
ducing all the ordinatea of this circle in the ratio &/«. This 
also appears by compai'ing the ordinates 

of the ellipse with the ordinates >j = ± Vct^ — x' of the circle. 
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But the same ellipse oaii also be obtained from its inscribed 
circle x^-\-y'' = If- by increasing each abscissa in the ratio a/h, 
as appears at once by solving for x. 

It follows that when the semi-axes a, b are given, points of 
the ellipse can be constructed by drawing concentric circles of 
radii a, h and a pair of perpendicular diameters (Fig, 88); if 




any radius meets tlie circles at, Pj , P^ , the intersection P of 
the parallels througli Py, Pj to the diameters is a point of the 
ellipse. 

213. Tangent to Ellipse. It follows from § 211 that if 
P(x, y) is any point of the ellipse and P, that point of the cir- 
cumscribed circle which has the same abscissa, the tangents at 
P to the ellipse and at Pi to the circle tmist meat at a point T ov, 
tJie major axis {Fig. f 




For, as the circle ia turned about A^Aj into the position in 
which P is the projection of P, , the tangent to the circle at P, 
is turned into the position whose projection is PT, the point T 
on the- axis remaining fixed. 
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The tangent XiX + yiY=a^to the circle at P,{Xi, ?/,) meets 
the axis Ox at the point T whose abscissa is 

Hence the equation of the tangent a.tP(x, y) to the ellipse is 

X r 11 

1 

dividing by ahi/x and observing that, by the equation of the 
ellipse, x^ — a^ = — (a^/b^y^ we find 

(6) ^+f°l 

as eqvMion of the tangent to the ellipse 

at the point P{x, y). 

214. Slope of Ellipse. It follows from the equation of the 
tangent that the slope of the ellipse at any point P(^, y) is 

tan« = -^?. 

The slope being tlie derivative y' can be found more directly by diSer- 
entiatiiig the equation (1) o£ the ellipse (remembering tbat p Is afunoUon 
of X, compare §§ 181-18fi) ; this gives 



The equation (B) of die tangent is readily derived from this value of 
the slope. 
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215. Eccentricity. For the length of the focal radius F^P 
of any point P(3:,y) of the ellipse (1) we have (Fig. 90), 
since a? — b'^ = <?: 



whence 



F^P^±{a- 



The ratio c/a of the distance 2 c of the foci to the major 
axia 2 a ia called the (numerical) 
eccentricity of the ellipse. De- 
noting it hy e wc have 




F,P=±ia-ex), 
and similarly we find 

F^P^±{a + ex). F,o. m 

For the hypei'bola (3) we And in the same way, if vt-e again 
put e == c/a, exactly the same expreaaiona for the focal radii 
F^P, FiP{ia abaolnte value). But as for the ellipae c^=a^— &' 
while for the hyperbola c* =ffl'+6' it follows that the ecceitin'o 
Uy of the ellipse is always a proper fraction becoming zero only 
for a circle, while the eccentndty of the hyperbola is always greater 
than one. 

216. Equation of Normal to Ellipse. As the normal to a 
curve is the perpendicular to its tangent through the point of 
contact, the equation of the normal to the ellipse (1) at the point 
P(x, y) is readily found from the equation (6) of the tangent as 



jLX-:^^Y=xy\ 



h^^ 
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The intercept made by this normal on the axis Ox is there- 
fore 

0'N= -\x = e^. 

From this result it appears by § 215 that (Fig 
F^N'^ c + e^x = e(a +ex)=e ■ F^P, 
F^2f= c - e=a; = e(a -ex)=e ■ F,P; 
hence the normal divides the dis- 
tance F^Fi in the ratio of tlie 
adjacent sides F.P, FiP of the 
triangle F^PF^^. It follows that 
the iMwniai bisects the angle between *"^' ''^ 

the focal radii PF, , PF^ ; in other words, the focal radii are 
eqiially inclined to the tangent. 

217. Construction of any Hyperbola from Rectangular 

Hyperbola. The ordinates (4), 

a ' 

of the hyperbola (3) are b/a times the c 

y = ± V^^^=^ 

of the equilateral hyperbola {end of § 209) having the same 
transverse axis. When 6 < a, we can put b/a = cos c and re- 
gard the general hyperbola as the projection of the equilateral 
hyperbola of equal transverse axis. When & > o, we can put 
a/b = cos € so that the equilateral hyperbola can be regarded as 
the projection of the general hyperbola. 

In either case it is clear that the tangents to the general and 
equilateral hyperbolas at corresponding points (i.e. at points 
having the same abscissa) must intersect on the axis Ox. 



responding ordinates 



y Google 



210 PLANE ANALYTIC GEOMETKY [X, § 218 

218. Slope of Equilateral Hyperbola. To flncl the slope of 
the equilateral hyperbola 

observe that the slope of any secant joining the point P(x,y) 
and Pi(Xi, ?/i) is fe — ?/)/(%— ic), and that the relations 



/- - 3/,' = a^' - !( 



i-e. (y - y,)(3i + y,) =(x-x,Xx + a;.), 



whence ^ — — = ' • 

x-x, y + yi 

Hence, in the limit when P^ comes to coincidence with P, we 

find for the slope of the tangent at P(x, y) : 



The equation of the tangent to the equilateral hyperbola is 
tlierefore 

xX~yY=a\ 

219. Tangent to the Hyperbola. It follows as in § 213 that 
the tangent to the general hyperbola (3) has the equation 

■ ■' a' b^ 

The slope of the hyperbola (3) is tliCL'efore 

This slope might of course have been obtained directly by differen- 
tiating the equalion (8) (compare g 214). 
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Notice that the equations (6), (7) of the tangents are obtained 
from the equations (1), (3) of the curves by replacing 'j?, y^ by 
xX, y¥, respectively (compare §§ 89, 186). 

It is readily shown {compare § 216) that for the hyperbola 
(3) the tangent meets the axis Ox at the point T that divides 
the distance of the foci F^Fi proportionally to the focal radii 
F^P, FjP, so that the tangent to the hyperbola bisects the angle 
between the focal radii. 

EXERCISES 

1. Show that a right cylioder whose cross-section (i.e. section at 
right angles to the generators) is an ellipse of semi-axes a, b has two 
(obliqne) circular aeotious of radius a ; find their inclinationa to the 
cross-section. 

3. Derive the equation of the normal to the hyperbola (3). 

3. Find the polar equations of the ellipse and hyperbola, with the 
center as pole and the major (transverse) axis as polar axis. 

4. Find the lengths of the tangent, subtangent, normal, and sub- 
normal in terms of the coordinates at any point of the ellipse. 

B. Show that an ellipse and hyperbola with common foci are 
orthogonal. 

6. Show that the eccentricity of a hyperbola is equal to the seoant 
of half the angle between the asymptotes. 

7. Express the cosine of the angle between the asymptotes of a 
hyperbola in terms of its eccentricity. 

8. Show that the tangents at the vertices of a hyperbola intersect the 
asymptotes at points on the circle about tie center through the foci. 

9. Show that the point of contact of a tangent to a hyperbola is the 
midpoint between its intersections with the asymptotes. 

10. Show that the area of the triangle formed by the asymptotes and 
any tangent to a hyperbola is constant. 

11. Show that the product of the distances from the center of a hyper- 
bola to the intersections of any tangent with the asymptotes is constant. 

12. Show that the tangent to a hyperbola at any point bisects the angle 
between the focal radii of the point. 
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13, As the sum of the focal radii of every point of an ellipse is coa- 
staiit (§ 204) and the normal bisects the angle between the iocal radii 
(§ 216), a aoiind wave issuing ifom one £oous is reflected by the ellipse 
to the other focus. This is the explanation of "wliispering galleries." 
Find the semi-axes of an elliptic gallery in which sound is reflected froai 
one focus to the other at a distance of 69 ft, in 1/10 sec. (the velocity of 
sound is 1090 ft./sec,)- 

14. Show that the distance from any point of an equilateral hyperbola 
to its center is a mean proportional to the focal radii o£ the point. 

IB. Show that the bisector of the angle formed by joining any point 
of an equjiatei'al hyperbola to its vertices is parallel to an asymptote. 

16. For the ellipse obtained by turning a circle of radius a about a 
diameter through an angle t and projecting it on the plane of the circle, 
show that the distance between the foci is =20 sin* ; in particular, 
show that the foci of a circle are at the center. 

17. Show that the tangents at the estremities of any diameter (chord 
through the center) of an ellipse or hyperbola are parallel. 

18. Let the normal at any point P of an ellipse referred to its axes cut 
the coordinate axes at Q and B ; find the ratio PQ/PB. 

19. Show that a tangent at any point of the circle circumscribed about 
an ellipse is also a tangent to the circle with center at a focus and radius 
equal to the focal radius o£ the corresponding point o£ the ellipse. 

20. Show that the lines joining any point of an ellipse to the ends of 
the minor axis intersect the major axis (produced) in points inverse with 
respect to the circumscribed circle. 

31. Show that the product of the ^-intercept of the tangent at any 
point of an ellipse and the ordinate of the point of contact is constant. 

22. Show that the normals to an ellipse through its intersections with 
a circle determined by a given point of the minor axis and the foci pass 
through the given point. 

2S. Find the locus of the center of a circle which touches two fixed 
non-intersecting circles. 

24. Find the locus of a point at which two sounds emitted at an inter- 
val of one second at two points 2000 ft. apart are heard simultaneously. 
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220. Intersections of a Straight Line and an Ellipse. 

The intersections of the ellipse (1) with any straight line are 
found by solving the simultaneous equations 

Eliminating y, we find a quadratic equation in x: 
(mV + 6=)a^ + 2 mM'x + Qfi - b'')a^ = 0. 

To each of the two roots the corresponding value of y results 
from the equation y = mx + Jc. 

Thus, a straight line can intersect an ellipse in not more than 
tivo points. 

221. Slope Form of Tangent Equations. If the roots of 
the quadratic equation are eqnai, the line has but one point in 
common with the ellipse and is a tangent. 

The condition for equal roots is 

mWa= = (mW + ¥)q^ - b% 
whence fc = ± VwiW + 6'. 

The two parallel lines 
(8) y = )iwo±VmW + 6' 

are therefore tangents to the ellipse (1), whatever the value of 
m. This equation is called the slope form of the equation of a 
tangent to the ellipse. 

It can be shown in the same way that a straight line cannot 
intersect a hyperbola in more than two points, and that the 
two parallel lines 

have each but one point in common with the hyperbola (3). 

222. The condition that a line be a tangent to an ellipse or 
hyperbola assumes a simple form also when the line is given 
in the general form 
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Substituting the value of y obtained from tliia equation in 
the equation (1) of the ellipse, we find for the abscissas of the 
points of intersection tlie quadi'atic equation : 

(Ahi^ + l?b^)x^ + 2 ACaH + (O^ - I^¥)a^ = 0; 
the condition for equal roots is 

which reduces to 

A^CL^ + S'b'=C\ 

The line is therefore a tangent whenever this condition is 



When the line is given in the normal form, 
xzQS^ + y sin /3 = p, 
the condition becomes 

j)==ffl''c!os2^ + ?-'siu^/3. 

223. Tangents from an Exterior Point. By g 221 the lino 

is tangent to the ellipse (1) wliatever the value of iii. The condition that 
this line pass through any given point (X\ , y{) is 

yi = nM, + Vm V + &^ ; 
transposing the term rna,\, and squaring, we find the following quadratic 
equation for m : 

mi%2 - 3 ntBi^i + !/i" - m^a^ + 6^, 
i.e. (KiS - a«)m^ - 2xiym + jd^ _ fta - 0. 

The i-oota of this equation are the slopes of those lines through (xi , yi) 
that are tangeat to the ellipse (I). 

Thus, not more than two tangents can be draion to an ellipse from any 
point. Moreover, these tangents are real and different, real and coiii- 
oident, or imaginary, according as 
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This conciition can also be wricteu in the form 



Hence, to see whether real tangents can be drawii from a point (xi , j/i) 
to the ellipse (1) we have only to substitute the coordinates of the point 
for K, y in the expression 



if the espressioc is zero, the point (ki, yt) lies on tho ellipse, and only 
one tangent is possible ; if the expression is positive, two real tangents 
can be drawn, and the point is said to lie outside the ellipse ; if the expres- 
sion is negative, no real tangents exist, and the point is said to lie within 
the ellipse. 

These definitions of inside and outside agree with what we would 
naturally call the Inside or outside of the ellipse. But the whole discus- 
sion applies equally to the hyperbola (3) where the distinction between 
inside and outside is not so obvious. 

224. Symmetry. Since the ellipse, as well as the hyperbola, 
has two rectangular axes of symmetry, the axes of the curve, 
it has a center, the intersection of these axes, i.e. a point of 
symmetry such that every chord through this point is bisected 
at this point (compare § 135). Analytically this means that 
since the equation (1), aa well as (3), is not changed by replac- 
ing a: by — a;, nor by replacing y^^j — y, it is not changed by 
replacing both x and y by — » and — y, respectively. In other 
words, if {x, y) is a point of the curve, so is (— as, — y). This 
fact is expressed by saying that the origin is a point of sym- 
metry, or center. 

226. Conjugate Diameters. Any chord through the center 
of an ellipse or hyperbola is called a diameter of the curve. 
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Just as in the case of the circle, so for the ellipse the loous 
of Ike midpoints of any system of parallel chords is a diameter. 
This follows from the corresponding property of the circle 
because the ellipse can be regarded as the projection of a 
circle (§211). But this diameter is in general not perpen- 
dicular to the parallel chords ; it is said to be conjugate to the 
diameter that occurs among the parallel chords. Thus, in Fig, 
92, P'Q' is conjugate to PQ (and vice versa). 




ITIG. 92 



To find the diameter conjugate to a given diameter y = mx 
of the ellipse (1), let y = mx + fc be any parallel to the given 
diameter. If this parallel intersects the ellipse (1) at the real 
points {x,, y,) and (xi, y^), the midpoint has the coordinates 
^(sTi + x^i ^(t/j + y^. The quadratic equation of § 220 gives 
ma''li 



rM 



x,) = 



iF)¥ == 0, 



If instead of eliminating y we eliminate" x 
ratie equation 

(nea^+^jy^ - 2 Icb'y + Qc' - m 
whence V =-^(yi + Vi) = ^^^ ^a " 

Eliminating k between these results, we find the equation of the 
locus of the midpoints of the parallel chords of slope m: 
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(9) ■'^-£i''- 

If TO = tan a ia the slope of any diameter of the ellipse (1), 

the slope of the conjugate diameter is 



The diameter conjugate to this diameter of slope 
fore the slope 



i.e. it is the original diameter of slope to (Fig. 92). In other 
words, either one of the diameters of slopes wiandmi is conjugate 
to the other ; each bisects the chords parallel to the other. 

226. Tangents Parallel to Diameters. Among the parallel 
lines of slope m,y = mx + k, there are two tangents to the 
ellipse, viK, (§ 221) those for which 



k = ± VtoW + 6=, 
their points of contact lie on (and hence determine) the conju- 
gate diameter. This is obvious geometrically; it is readily 
verified analytically by showing that the coordinates of the 
intersections of the diameter of slope — b'^/rna'' with the 
ellipse (1) satisfy the equations of the tangents of slope to, viz. 

y = mx ± -^m'a? + b\ 

The tangents at the ends of the diameter of slope m must of 
course be parallel to the diameter of slope mij. The four tan- 
gents at the extremities of any two conjugate diameters thus 
form a circumscribed parallelogram (Fig. 93). 

The diameter conjugate to either axis of the ellipse is the 
other axis ; the parallelogram in this c 
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227. Diameters of a Hyperbola, For the hyperbola the 
same formulas can be derived except that &' is replaced 
throughout by — bK But the geometrical interpretation is 
somewhat different because a line y = inx meets the byperbola 
(3) in real points only when m < h/a. 




gives 



solution of tbe simultaneous e 

y = mx, b'^x^ — cC-if = (i'6* 



y= 



V6' - mW 

These values are real if nKh/a and imaginary if m>b/a 
(Fig. 93). Ill the former case it is evidently proper to call the 
distance PQ between the real points of intersection a diameter 
of the hyperbola ; its length is 



PQ- 



= 2 ah 



S 



-■m\i^ 



If 



m>b/a, this quantity is imaginary; but it is customary to 
iak even in this case of a diameter, its length being defined 
the real quantity 



'ViS- 



By this convention the analogy between the properties of the 
ellipse and hyperbola is preserved. 
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228. Conjugate Diameters of a Hyperbola. Two diameters 
of the hyperbola are called conjugate if their slopes m, jKi are 
such that 



One of these lines evidently meets the curve in real poiats, the 
other does not. 

If m < b/a, the lijre t/ = wise, as well as any parallel line, 
meets the hyperbola (3) in two real points, and the locus of the 
midpoints of the chords parallel to y = mx is found to be the 
diameter conjugate toy = mx, viz. 



If m > h/a, the coordinates Xi, y, and x^, y^ of the intersec- 
tions of y=mx with the hyperbola are imaginary; but the 
arithmetic means \ {x^ + x^, ^(j/j + b) ^.ve real, and the locus 
of the points having these coordinates is the real line 



It may finally be noted that what was in § 227 defined e 
the length of a diameter that does not meet the hyperbola 



in real points is the length of the teal diameter of the hyper- 
bola 

two such hyperbolas are called conjugate. 
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229. Parameter Equations. Eccentric Angle. Just as 
parameter equations of tlie circle a;' -[- y =s a* are (§ 194) : 




so those of the ellipse (1) are 

x = a cos 6, y=b sip 6, 
and those of the hyperbola (3) are 

x = a sec $, y =:b tan 9. 
In each case the elimination of the parameter 6 (by squaring 
and then adding or subtracting) leads to the cartesian er|uation. 

The angle $, in the case of the 
circle, is simply the polar angle of 
the point P (x, y). In the case of the 
ellipse, as appears from Fig. 94 
(compare § 212), is the polar angle 
not of the point P(x, y) of the ellipse, 
but of that point P^ of the circum- 
scribed circle which has the same 
abscissa as P, and also of that point 

Pj of the inscribed circle which has the same ordinate as P, 
This angle 9 = xOP, is called the eccentric angle of the point 
P (x, y) of the ellipse. 

In the case of the hyperbola the eccenti-ic angle $ determines 
the point P(x, y) as follows (Fig. 9ff). Let a line through 
inclined at the angle $ to the trans- 
verse axis meet the circle of radius 
a about the center at A, and let the 
transverse axis meet the circle of 
radius 6 about the center at B. I 
the tangent at A meet the transverse 
axis at A' and the tangent at B meet 
the line OA at B'. Then the parallels to the a 
and B' meet at P. 




s through A 
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230, Area of Ellipse. Since any ellipse of semi-axes a, b 
can be regarded as the projection of a circle of radius a, 
inclined to the plane of the ellipse at an angle e such that 
cos € — b/a, the area A of the ellipse is A = wd' cos e = Trab. 

EXERCISES 

1. Find the tangents to the ellipse x? + iy'^ = 16, wiiich pass through 
the following points ; 

(a) (2,V3), (6) (-S,iV^). (c) (4,0), (d) (-8,0). 

2. Find the tangents to the hyperbola 2 i:^ — 3 y^ = 18, which pass 
through the following points : 

(a) (-0,3V2), (&) (-3,0), (c) (4, -VS), (d) (0,0). 

3. Finrl tho intersections of the Ihie x — 'iy = l and the hyperbola 

1. Find the iuteraections of the line Sx + y — 1 = and the ellipse 

*2 -I- 4 ?/2 _ 66. 
B. For what value of jfc will the line j/ = 33;-l-fcbea tangent to the 
hyperbola 2^— 4|/* — 4 = 0? 

6. For what values of m will the line ?/=«»; + 2 be tangenL to the 
ellipse *5i + 4j,2_i=o? 

7. Find the conditions that the following lines aj-e tangent to the hy- 
perbola icYa" — y^/h'^ = 1 : 

ia) Ax + By+G=f>, (fi) xcos^ ■\-yehY^=p. 

8. ArethefollowingpointHon, outside; or inside theellipaea;2+4j,!=4? 

(a) ihk), {&) a-i), («) (-i. -!)■ 

9. Are the following points on, outside, or inside the hyperbola 
0a^-!^ = 9? {») (I, -I), (6) (1.35, 2.16), (c) (1.3, 2,0). 

10. Find the difference of the eccentric angles of points at the extremi- 
ties of conjugate diameters of an ellipse. 

11. Show that conjugate diameters of an equilateral hyperbola are 
equal, 

12. Show that an asymptote is its own conjugate diameter. 

13. Show that the segments of any line between a hyperbola and its 
asymptotes are equal. 

14. Find the tangents to an ellipse referred to its axes which haye 
equal intercepts. 
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15. What Is the greatest possible numbef of normals that can lie drawn 
ti-om e, given point to an ellipse or hyperbola ? 

16. Show that tangents drawn at the extremities o( any chord of an 
ellipse (or hyperbola) intersect on the diameter conjugate to the chord. 

17. Show that lines joining tlie extremities of the axes of an ellipse 
are parallel to conjugate diameters. 

18. Show that chords drawn from any point of an ellipse to the ex- 
tremities of a diameter are parallel to conjugate diameters. 

19. Find the product of tlie perpendiculars let fall to any tangent from 
the foci of an, ellipse (or hyperbola) , 

ao. The earth's orbit is an ellipse of eccentricity ,01677 ivith the sun 
at a focus. The mean distance (major semi-axis) between the sun and 
earth is 93 million miles. Find the distance from the sun to the center 
of the orbit, 

31, Find the sum of the squares of any two conjugate semi-diameters 
of an eiUpse. I'icd the difference of the squares of conjugate semi-diam- 
eters of a hyperbola. 

22. Find the area of the parallelogram circumscribed about an ellipse 
with sides parallel to any two conjugate diameters. 

23. rind the angle between conjugate diameters of an ellipse in tenns 
of the semi-diameters and semi-azes. 

Si. Express the area of a triangle inscribed in an ellipse referred to 
its axes in terms of the eccentric angles of the vertices. 



as. The circle which is the locus of the intersection of two perpendicu- 
lar tangents to an ellipse or hyperbola is called the director-cirule of the 
conic. Find its equation ; (a) For the ellipse. (6) For the hyperbola, 

26, Find the locus of a point such that the product of its distances 
from the asymptotes of a hyperbola is constant. For what value of this 
constant is the locus the hyperbola itself ? 

27, Find the locus of the intersection of normals drawii at correspond- 
ing points of an ellipse and the circumscribed circle. 

28, Two points A, B of a, line I whose distance is AB = a move along 
two fixed perpendicular lines ; find the patli of any point P of I. 
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CHAPTKK XI 
CONIC SECTIONS— EQUATION OF SECOND DEGREE 

PART I. DEFINITION AND CLASSIFICATION 

231. Conic Sections. The ellipse, hyperbola, and parabola 
are together called conic seclions, or eioiply conies, because 
the curve in which a right circular coae is interaected by any 
plane (not passing through the vertex) is an ellipse or hyper- 
bola according as the plane cuts only one of the haif-cones or 
both, and is a parabola when the plane is parallel to a gener- 
ator of the cone. This will be proved and more fully dis- 
cussed in §§ 239-243. 



232. General Definition. The three conies can also be 
defined by a common property in the plane : (7i« locus of a point 
for whicli the ratio of its diatanees from a Jlxed point and from 
a fixed line is constant is a conic, yiz. an ellipse if the constant 
ratio is less than one, a hyperbola 
tlie ratio is greater than one, and a . 
parabola if the ratio is equal to o 

We shall find that this constant 
ratio is equal to the eccentricity e = c/a 
as defined in § 215, Just as in the 
case of the parabola for which the ■ 
above definition agrees with that of ''"^' * 

§ 172, we shall call the fixed line d, directrix, and the fixed 
point Fi focus (Fig. 96). 

223 
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233. Polar Equation. Taking the focus F, as pole, the 
perpendicular from F, toward the directrix d, as polar axis, 
and putting the given distance FiD=:q, we have i^,P = r, 
PQ = q~-r cos 1^, r and (/> being the polar coordinates of any 
point P of the conic. The condition 
to be satisfied by the point P, viz. 
F^P/PQ = e, i.e. F^P = e-PQ becomes, 
therefore, 



,- = e(,t~ 



•*), 




This then is the polar equation of a conic if the focus is taken 
as pole and tlie perpendicular ftoia. the focus toward the directrix 
as polar axis. 

It is assumed that the distance q between the fixed point 
and fixedliue is not zero; the ratio e, i.e. the eccentricity of 
the conic, may be any positive number, 

234. Plotting the Conic. By means of this polar equation 
the conic can be plotted by points when e and q are given. 
Thus, for ^ = and i^ = x, we find eq/{l + e) and eg/{l — e) as 
the intercepts FiAi and F,Ai on the polar axis ; Ai, A^ are the 
vertices. For any negative value of <f> (between and — ir) 
the radius vector has the same length as for the same positive 
value of ij}. The segment LL' cut off by the conic on the per- 
pendicular to the polar axis drawn through the pole is called 
the latus rectum; its length is 3 eq. Kotice that in the ellipse 
and hyperbola, Le. when e ^^1, the vertex Aj does not bisect 
the distance FiD (as it does in the parabola), but that 

FiAJA.D =^ e. 
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If ill Fig. 96, other things being equal, the sense of the 
polar asia be reversed, we obtain 
Fig. 97. We have again iilP^)-; but 
the distance of P from the directrix 
di is QP =: q + r cos ^, so that tlie 
polar equation of the conic is now : 

_J1 
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235. Classiflcatioii of Conies. For e = 1, the equations of 
§5 233-234 reduce to the equations of the parabola given in 
§§ 172, 173. It remains to show that for e < 1 and e > 1 
these equations represent respectively an ellipse and a hyper- 
bola as defined in §§ 204, 207. 

To show this we need only introduce cartesian coordi- 
nates and then transform to the center, i.e. to the midpoint 
between the intersections Ai, A^ of the cnrve with the polar 

236. Transformation to Cartesian Coordinates. The equa- 
tion of § 233, 

r^e(q — r cos c^) 

becomes in cartesian coordinates, with the pole F, as origin 
and the polar axis aa axis Ox (Fig. 96) : 

V^+f=eig-x), 
or rationalized : 

(1 - e')n^ + 2e'qx + f= eV. 

The midpoint. between the vertices A^, A2 at which the 
curve meets the axis Ox has, by § 234, the abscissa 

i.,fJ l_V-^2-i 

* \l + t 1-e) 1-e" 

this also follow.s from the cartesian equation, with y = 0. 
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237. Change of Origin to Center. To transform to paral- 
lel axes through this point we have to replace x by 
X — e'q/(l — e^) ; the equation in the new coordinates is there- 
fore 

(1 -«')("- rri"')' +^ *■'("'" r??) +"'= '"'' 

and this reduces to 

i.e. 

e'q' "*" "?7" ~ 
{l-e'f 1-e' 
If e < 1 this is an ellipse with semi-axes 



if e > 1 it is a hyperbola with semi-axes 

a = — ^2_ h = —^ . 

238. Focus and Directrix. The distance a (in absolute value) 
from the center O to the focus F, is, as shown above, for the 
ellipse „ 

_ *^ ? _ 

for the hyperbola 

e'~l 
The distance {in absolute value) of the directrix from the 
center is for the ellipse, since g = a(l — e')/e = a/e — ae : 

OD = c + q = ae + --ae = -, 
and for the hyperbola, since q = ae — a/e : 

OD =:c — q = ae~ae +-■=-• 
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It is clear from the symmetry of the ellipse and hyperbola 
that each of these curves haa two foci, one on each side of the 
center at the distance oe from the center, and two directrices . 
"whoae equations are a' = ± <xJ6. 

EXERCISES 

1. SkBtoh llie foUowing conies : 

^ ' 2 + ScOS<J ^ ' 2 + CO90' ^ ' l_2cos^ 

2. Sketch the following coaics and find their foci aiiii directrices : 

(a) j? + 4!/2 = 4, (6) ^^■3 + j'J==4, 

(c) ^~i.t = ^, {^) 4«3-j)3 = 4, 

(e) 183:-i + 26!/2 = 400, (/) ^^ - 16 j/^ =, x4i, 

(?) 93;' -10!/^ + 144 = 0, (ft) «2-!(2 = 2. 

3. Show that the following equations represent ellipses or hyperbolas 
and find their centers, foci, and dii'ectrioes ; 

(o) itf' + 3!/2_23: + 6j( + l=0, (6) 12a:'^-4^- 122-9 = 0, 
(c) 5a;2 + 2^ + 203:+ 15 = 0, (d) Sa:^ -4!;2 + 8j) + 16 = 0. 

4. Find tlie lengtii of the latus rectum of an ellipse and a hyperbola 

5. Show that the intei'sections of the tangents at the vertices with 
the asymptotes of a hyperijoia lie on the circle about the center passing 
through tlie foci. 

6. Show that when tangeuts to an ellipse or hyperbola are drawn 
from any point of a directrix the line joining the points of contact passes 
through a focus. 

7. From the definition (§ 232) of an ellipse and hyperbola, show that 
the sum and difference respectively of the focal radii of any point of the 



8.. Find the locus of the midpoints of chords drawn from one end of : 
(a) the major axis of an ellipse ; (6) the minor axis. 

9. The eccentricity of an ellipse witii one focus and corresponding 
directrix fixed is allowed to vary; show that tlie locus of the ends of the 



10. Iilnd the locus of § 232 when the fixed point liet 
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239. The Conies as Sections of a Cone. As indicated by 
their name the conie seetioaa, i.e. the parabola, ellipse, and 
hyperbola, can be defined as the curves in which a right circu- 
lar cone is cut by a plane (§ 231). 

In Figs. 98, 99, 100, Via the vertex of the cone, ^ CVC=2 a 
the angle at ita vertex; OQ indicates the cutting plane, CVC 
tliat plane through the axis of the 
cone which is perpendicular to the 
cutting plane. The intersection 
OQ of these two planes is evidently 
an axis of symmetiy for the conic. 

The conic is a parabola, ellipse, 
or hyperbola, according as OQ is 
parallel to the generator VC of the 
cone (Fig. 98), meets VC at a point 
0' belonging to the same half-cone 
as does (Fig. 99), or meets VC 
at a point 0" of the other half-ci 
COQ be called ^, the conic is 




e (Fig. 100). If the angle 



a parabola if ^ = 2 a (Fig. 98), 
an ellipse if /3 > 2 « (Fig. 99), 
a hyperbola if ^ < 2 « (Fig. ICN}). 



CC represents the diameter 2 r 
me (i.e. of any section at right 
as origin, OQ as axis Ox, so 
are the coordinates of ajiy point 



In each of the three figun 
of any cross-section of the 
angles to its axis). We tal 
that (Fig. 98) OQ = x, QP= 
P of the conic. 

As QP is the ordinate of the circular cross-section CPC'P' 
we have in each of the three cases : 

f^QP^^CQ-QC. 
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240. Parabola. In tlie first case (Fig. 98), when j8 = 2 ti so 
that OQ is parallel to VC, the expression 

X OQ OQ ^ 

is constant, i.e. the same at whatever distance from the vertex 
we may take the cross-section GPOP'. Por, QC" is equal to 
the diameter OB = 2r„ of the cross-section through 0, and 

Cq/0Q=G0'/VC = 2 rjr esc « = 2sin «. 

Hence, denoting the constant r, sin a by jj we have 

The equation of the conic in this ease, referred to its axis OQ 
and vortex 0, is therefore 

Notice that as p = r^ sin « the focns is \ ! / 

found as the foot of the perpendicular ^>Y 

from the midpoint of OB on OQ. ZjX 

241. Ellipse. In the second ease / i \ 
(Fig. 99), i.e. when /3 > 2 «, if we put W--^ I \ 

00' =2 a, f/___^^i\^\r 

it can be shown that ^~"^\' 

x(2a-x) OQ-QO' 

is constant. Tor we have QP^ = CQ ■ .QC &n& from the tri- 
angles CQO, QOO', observing that 2f QaC = ;8 - 2 « : 
CQ ^ sin g Q(7-^ sin(g-2^) 

OQ sin (1 TT - m) ' QO' sin {^ x + «)' 
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whence 

QP- ^ sin ^ sill (/? - 2 k) 
Oq ■ QO' cos^w ' 

an expression independent of the position of the cross-section 
CC". 
Denoting this positive constant by J^, we find the equation 



a' ' (to)' 

which represents an ellifjse, with semi-axes a, fta and center 

(a, 0). 

242. Hyperbola, In the third case 
(Fig. 100), proceeding as in the second 
and merely observing that now 

<3(y_-(2o + »), 

we lind the equation 

y'=.k'x{2a + x), 
. (» + »)■ 1/ _■ 

which represents a hyperbola, with 
semi-axes a, ka and center (— a, 0), 

243. Limiting Cases. As the conic is an ellipse, hyperbola, 
or parabola according as j3>2a, <2a, or = 2 a, it appears 
that the parabola can be regarded as the limiting case of either 
an ellipse or a hyperbola whose center (the midpoint of Off) 
is removed to infinity. 

On the other hand, if in the second case, ;8 > 2 a (Fig. 99), 
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we let ;8 approach ir, or if in the third case, /J < 2 a (Fig. 100), 
we let ,8 approach 0, the cutting plane becomes in the limit a 
tangent place to the cone. It then has in common with the 
cone the points of the generator VC, and these only. A aingle 
straight line can thus appear as a limiting case of an ellipse or 
hyperbola. 

Finally we obtain another class of limiting cases, or erases of 
degeneration, of the conies if, in any one of the three cases, 
we let the cutting plane pass through the vertex V of the 
cone. In the first case, ^ = 2 a, the cutting plane is then tan- 
gent to the cone so that the parabola also may degenerate into 
a single straight line. In the second case, ^ > 2 «, if p^ir, 
the ellipse degenerates into a single point, the vertex Voi the 
cone. In the third case, ^<.2tt, if 0^0, the hyperbola de- 
generates into two intersecting lines. 

The term conic section, or conic, is often used as including 
these limiting cases. 

EXERCISES 

1. For what value of ^ in the preceding discussion does tiie conio be- 
come a circle ? 

2. A rigiit circular cylinder can be regarded as the limiting case of a 
right drcular cone Whose vertex is removed to infinity along its asis 
while a certain cross-Beetion reiaains fixed. The section of snch a cylin- 
der by a plane is in general an ellipse ; in what case does it degenerate 
into two parallel lines ? 

3. The conic aedions were originally defined (tiy the older Greek 
msthematicians, in the time of Plato, about 400 s.c.) as sections of a 
cone by a plane at r^ht augl^ to a generator of the cone ; show that the 
section is a parabola, ellipse, or hyperbola according as the angle 2 a at 
the vertex of the cone is = J ir, < J ir, > J x. 

4. Show that the spheres inscribed in a tight circular cone ao as to 
touch' the cutting plane {Sigs. 98, 99, 100) touch this plane at the foci of 
the conic. 
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PART II. REDUCTION OF GENERAL EQUATION 

244. Equations of Conies. We have seen iu the two pre- 
ceding chapters that hy selecting the eoordinate system in a con- 
venient way the equation of a parabola can be obtained in the 
simple form 

^f =4:pK, 

that of an ellipse in the form 



and tliat of a hyperbola in the form 



When tlie coordinate system is tal^en arbitrarily, the carte- 
sian equations of these curves will in general not have tliis 
simple form ; but they will always be of the second degree. 
To show this let ns take the common deiinition of these curves 
(§ 232) as the locus of a point whose distances from a fixed 
point and a fixed line are in a constant ratio. With respect to 
any rectangular axes, let Xi , y^ be the coordinates of the fixed 
point, ax -^-by + G — O the equation of the fixed line, and e the 
given ratio. Then by §§9 and 56 the equation of the locns is 

V(a-"xi)=~+ (y - y^y-. 
or, rationalized : 

(x~x,y + iy~y,y-^^^^_^^^. 

It is readily seen that this equation is always of the second 
degree; i.e. that the eoefhciBnts of x', y% and xij cannot all 
three vanish. 
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245, Equation of Second Degree. Conversely, ever;^ equa- 
tion of the second degree, i.e. every equation of tiie form (§ 79) 
(1) Av;" + 2Hxi/ + By^ + 2Gx + 2Fy + = 0, 
where A, R, B arc not all tliree zero, in general represents a 
conic More precisely, tlie equation (1) may represent an 
ellipse, a hyperbola, or a parabola; it may represent two 
straight lines, difEerent or coincident ; it may be satisfied by 
the coordinates of only a single point; and it may not be 
satisfied by any real point. 

Thns each of the equations 

ai^-Sf^O, w/ = 
evidently represent two real different lines ; the equation 

represents a single line, or as it is customary to say, two coin- 
cident lines ; the equation 

x' + ?/= = 
represents a single point, while 

or' + f + l^Q 
is satisfied by no real point and is sometimes said to represent 
an "imaginary ellipse." 

The term oonic is often used in a broader sense {compare g 343) 
so as to include all these oases; it is then, equivalent to the 
expression "locus of an equation of the second degree." 

It will be shown in the present chapter how to determine 
the locus of any equation of the form (1) with real coefdcients. 
The method consists in selecting the axes of coordinates so as 
to reduce the given equation to its most simple form. 

246. Translation of Axes. The transformation of the 
equation (1) to its most simple form is very easy in the par- 
ticular case when (1) contains no term in tuy, i.e. when if = 0. 
Indeed it suffices in this case to complete the squares in x and y 
and transform to parallel axes. 
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Two uiises may be distiuguislied: 

(«) U~0, A^Q, S ^ 0, so that the equation has fclie form 

(2) An? Jr By^ + 2 Gx + 2 Fy + C=(i. 
Completing the squares in x and y (§ 80), w-e obtain an equation 
of the form 

A{x-]i)' + B{y-hf^K, 

where K is a constant ; upon taking pa,rallel axes through the 
point (h, k) it is seen that the locus is an. ellipse, or a hyper- 
bola, or two straight lines, or a point, or no real locus, accord- 
ing to the values of A, B, K. 

(b) H= 0, aud either B= (I or J.=0, so tliat the equation is 

(3) ^3!2-|-2G'x-f-2J^-|-(? = 0, or £/-|-2ffa:-f-2JV-HC = 0. 
Completing the square in x or y, we obtain 

(3;-/t)^=jj(;,-fc), 01- <^-'ky = q{x-h:)\ 
with (A, H) as new origin we have a parabola, referred to vertex 
and axis, or two parallel lines, real and different, coincident, or 
imaginary. 

It follows from this discussioa that the absence of the term in 
xy indicates tliat, in the case of the ellipse or kypei-bola, its axes, 
in the case of the parabola, its axis and tangent at tlie vertex, are 
parallel to the tows of coordinates. 

EXERCISES 
1. Reduce the following equations to standard forms and sketch the 

(fl) 2 !(2 -- 3 cc + 8 !/ + 11 = 0, (6) ^2 + 4 !(2 - 6 a: -H 4 y + fl = 0, 

(c) 6x^ + &y^-ix + 2y + i=0, (d) x^ -^y^-Sx + lSy = 0, 

(e) 0*2 + 9 j,i_ 333:4.83,+ 10=0, (/) 2z2-4!/'-H4« + 4y-l = 0, 
(3) 3^ + ^2 - 2 a: -H 2 !/ -I- 8 = 0, (ft) 8 a:^ - 6 k -f y + 6 = 0, 

(f) a3_j,2_4^_2f, + 3 = 0, (j) 2 a:'^- 5a; + 12 = 0, 
(fc) 2x^-5x + 2 = 0, (?) y^-4y + i = 0. 
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2. Find the eq^uation of each of the following oocios, determine the 
axLs perpendicular to the given directrix, the vertices on this axis (by 
division-ratio), the lengtha of the semi-axes, and make a rough sketch 



(rt) with a: — 2 = a 
(?>) with 8 a; -I- 4 1/ — 
(c) with x~y — 2 = 

3. Find the axis, ve 
focus at (2, - 2) and 2 

4. Prove the statemt 

5. Find the equation of the ellipse of major 
and (3, 1). 

247. Rotation of Axes. If tlie right 
the axes 0.v, Oy be turned about the 
angle d so as to take the new position 



directrix, focus at (8, 3) , eccentricity \ ; 

= as directrix, focns at (5, 4), eccentricity J ; 
as directrix, focus at (4, 0), eccentricity |. 
tex, latus rectum, and sketch the parahola with 

— 3j/ — 5 = 0as directrix (see Ex. 2). 
it at the end of § 244. 

s 5 with foci at (0, 0) 



igle xOy formed by 
■igin through an 
Oy, (Fig. 101), the 




relation between the .old coordinatei 
point P and the new coordinates OQ, 
same point P are aeeE from the figure to be 
f a; = ic, cos S — ^1 sin ^, 
1 )/ = K, sin 9 4- )/, cos $. 

By solving for x, , y, , or again from Fig. 101, ive find 
J^, = ^eosS-fysine, 
^ ' I y, = - ft- sinfi + y cos 0. 

If tlie cartesian equation of any curve referred to the 
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Ox, Oy is given, the equation of the same curve referred to the 
new axes Ox^ , Oyi is found by substituting the values (4) for 
X, y in the given equation. 

248. Translation and Rotation. To transform from any 
i-ectaugular ases OiB, Oy (Fig. 102) to any other rectangular 



y 


\ 






-i 


\ \ 









axes OiSCi , Oi2/i, we have to combine the translation 00^ 
(§ 13) with the rotation through an angle (§ 247). 

Thia can be done by first transforming from Ox,, Oy to the 
parallel axes Ofii', 0,y' by means of tho translation (§ 13) 

x^x' + h, 

y = y' + k, 
and then turning the right angle x'Oiy' through the angle 
$ = x'OiXi , which is done by the transformation {§ 247) 



Eliminating x 
(5) 



y' = Xi Aii $ + yj COS 6. 
', we find 

I at = a^i COS 9 — yi sin 6 + k, 
\y = x, sin 6 + ^1 cos d + k. 
The same result would have been obtained by performing 
first the rotation and then the translation. 

It has been assumed that the right angles xOy and x,Oyi are 
superposable ; if this were not the case, it would be necessary 
to invert ultimately one of the axes. 
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EXERCISES 

1. rind the coordinates of each of the following points after the axes 
have been rotated about the origin throtigh the indicated angle ; 

(«) (3,4),lir. (6) (0, 5). §^. 

(c) (-3,2),0 = tan-ij. (^d) (4,~8),J^. 

2. If tike origin is moved to the point (2, — 1) and the axes then 
rotated through 30°, what will he the new coordinates of the following 
points? 

(o) (0,0). (6) (2,3). (c) (6,-1). 

3. Pind the new equation of tlie parabola y^ = iax after the axes have 
been rotated througli : (a) J jr , (6) i t < (c) t . 

4. Show that the equation a;* f j' = a^ is not changed by any rotation 
of the axes about the origin. Why la this true ? 

a. Find the center of the circle (x— a)^ + y'^ =a^ after the axes have 
been turned about the origin through the angle B, What is the new 
equation f 

6. For each of the following lod rotate the axes about the origin 
through the indicated angle and find the new equation ; 
f 2 = 0, Jtt. (6) x^--y^ = <fi,iir. 

-iin. (d) 12x^-1xy-ny^ = 0, S = ti\.tr'l- 

(/) ^■'-y^^O,^^. 
;Ic must the axes be tui'ned about the origin ao 



8. Suppose the right angle xiOyi (Fig. 101) turns about the origin at 
a uniform rate making one complete revolution in two seconds. The 
coordinates of a point with respect to the movuig axes being (2, I), what 
are its coordinates with respect to the fixed axes xOy at the end of ; 
(a) Jsec? (ft) J sec? (c) 1 sec. ? (d) IJ sec. ? 

9. In Fig. 101, draw the line OP, and denote Z QOP by -p. Divide 
both sides of each of the equations (4) by OP and show that they are 
then equivalent to the trigonometric formulas for cos (9 + <p) and 
sin (# + *). 



(1) 


x--," + ! 


w 


!r = «. + i 


(«) 


S + !!., 

•■^1- 


7 


■. Through 
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249. Removal of the Term in xy. The general equation 
oi tlie second degree (1), § 245, when the axes are turned about 
the origin through an angle 6 (§ 247), becomes : 
A(Xi COS fl — j/i sin fff 

+ 2S{x^<Ms6 — '!/i sin 9) {x^ sin 8 + >/i cos 6) 
+ B (ail sin 6 + yi cos $y 
+ 2G{x,<iose~-yiBme) 
+ 2 F(xi sin 9 + yi COS fl) + C= 0. 
This is an equation of the second -degree in a;, and y, in 
which the coefficient of x,i/i is readily seen to be 

— 2_4cosflsintf + 2-Bsin0eos^ + 2Zf(cos=^-sin2e) 

= (ii - ^) sin 2 e + 3 if cos 2 19. 
It follows that if the axes be turned about the origin 
through an angle 6 such that 

(B -A) sin 26 + 2 Haos 2 5 = 0, 
i.e. such that 
(6) '-^" = 1^. 

the equation referred to the new axes will contain no term in 
Xji/i and can therefore be ti-eated by the method of § 246. 
Accoiding to the lemark at the end of § 246 this means 
that the new axes Of,, Ot/„ obtained by turning the original 
nxf, Ol, Chi through the angle 6 found from (6), are pai-allel 
to the axes of the conic (or, in the case of the parabola, to the 
axis and the tangent at the vertex). 

The equation (6) can therefore be used to determine tlie 
directions of the axes of the conic; but the process just indicated 
is generally inconvenient for reducing a numerical equation of 
the second degree to its most simple form since the values of 
cos 9 and sin 6 required by (4) to obtain the new equation are 
in general irrational. 
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EXERCISES 

1. Tlii'oiigh what ajigle must the ases he turned about the origin to 
remove the term in xy from each of the following equations ? 

(a) 3E2+2V3a(^+y2-3a;+ij(-10=0. (ft) x^ +2V3xy + 7y^~l& = 0. 
(c) 2^~3xy + '2y^-i-x-y + l =0. {d)a.y = 2aK 

2. Reduce each of the following equations to one of the forms in § 244 ; 
(a)xy=-2- (6) 63^'^- 6xy - Qy^ = 0. 

(c) 3x^-10sy-i-3y^ + 8 = 0. (d) VJx:^ ^ 10 iy -f- ISy' - 72 = 0. 

260, Transformation to Parallel Axes. To transform the 
general equation of the second degree (1), § 245, to parallel 
axes through any point (x„ , y^, we have to substitute (g 13) 

■.e = x' + x^, y = i/ -<rya, 

the resulting equation is 

Ax"' + 2 Ilx'jf + By"' + 2 (^ + Hy^ + (?) x' 

+ 2iHx, + By, + F)y' + C" = 0, 

where the new constant term is 

(7) C" = Ax„' + 2 Hx„y, + By^ + 2 ffa;„ + 2 Fy^ + C. 

It thus appears that after any translatiou of the coordinate 
system : 

(a) the coefficients of the terms of the second degree remain 



(6) the new coefficients of the terms of the first degree ai'e 
linear functions of the coordinates of the new origin; 

(c) the new constant term is the result of substituting the 
coordinates of the new origin in the left-hand member of the 

original equation. 
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251. Transformation to the Center. The transformed equa- 
tion will contain, no terms of ttie first degree, i.e. it will be of 
the form 

(8) -da/^ + 2 ifa,V .+ Bif' + C = 0, 

if we can select the new origin {x^, y^ so that 

A>i„-^Hy„-\-0 = 0, 

Hx^ -{-By^ + F = Q. 
This is certainly possible whenever 

and we then find : 

^^^> -""-AB-IP' ■''- AB-IP 

As the equation (8) remains unchanged when »', y' are 
replaced \>y —^, — y', respectively, the new origin so found is 
the center of the curve (§ 224), The loous is therefore in 
this case a central conic, i.e. an ellipse or a hyperbola; but it 
may reduce to two straight lines or to a poiiit (see § 254). It 
might be entirely imaginary, viz. if H= ; but the case when 
jEf=0 has already been discussed in § 246. 

We shall discuas in § 256 the case in which AB — H^ = 0. 

252. TTie Constant Term and the Discriminant. The cal- 
culation of the constant term C can be somewhat simplified 
by observing that its expression (7) can be written 

C = (A^„ + Hy, + G)x, + (Hx, + By„ + F)y„-\- Gx, + Fy„ + C, 

i.e., owing to (9), 

(11) G'^Gx, + Fy,-^-G. 

If we here substitute for x„, y„ their values (10) we find : 
^, GFII- am 4- FOH- F^A + ABC - HH] 
C _^ AB^IP ^ 
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The numerator, which is called the discriminant of the equa- 
tion of the second degree and is denoted by D, can be written 
in tlie form of a symmetric determinant, viz. 

1^ II G\ 

\g f g\ 

If we denote the cofactors of this determinant by the corre- 
sponding small letters, we have 



Xotice that the coefficients of the equations (9), which deter- 
mine the center, are given by the first two rows of D, while the 
third row gives the coefficients of C" in (11). 

253. Homogeneous Futiction of Second Degree. Tlie nota- 
tion for the coefficients in tlie equation o£ tho second, degree arises from 
the fact that the left-hand member of this equation can be regarded aa 
the valne f or s = 1 of the general homogenous function of the second 
degree, viz. 

K in this function x alone be regarded as variable while y and 2 are 
treated as constants, the derivative with respect to x is 

/,' = 2{Ax + Hy + fe) ; 
i£ y alone, or 3 aione, l)e regarded as variable, we find similarly 

f,' = 2{Gx + F?/+0s). 
These partial derivatives of the homogeneous function /(x, y, n) with 
reapect to x, y, a, respectively, are linear homogeneous functions of *, y, z, 
and it is at once verified that 

i.e. the hotaogenmna function of the second degree is equal to half the sum 
of the prodtieti of its partial derivatives by x, y, z. 
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The left-hand members of the equations (9) ate \fi,'{xe, yo, 1), 
i/»'(^o, ^0, !)■ Henoe the eqtiattons for the center can be obtained by 
differentiating fix., y, s), or what amoants to the sama, the left-hand 
meniher of the equation of the seaond degree, with respect to x alone and 
y atone. 

The symmetric determinant 



\A 


H G\ 


-.\h 


B F 


G 


F c\ 



formed of the coefficients of lf^\ \fy< kf' '* called the diacritninant of 
/C^ii Vi *)i a^d this is also the discriminant of the equation of the second 
degree (§252). As f = l^ifj^^^ fs'y +f,'^) and //(ico, ya, 1) = 0, 
/„'(a^ , So , I) = It foUowa that 

C =/(«o-!;o, l) = \fJ{xo,ye, 1)= Gi'o + J^o + 0. 
264. Straight Lines. After transforming to the center, i.e. 
obtaining the equation (8), we must distinguish two cases 
according as C''=0 or C'^0. Tlie condition O'~0 means 
by (7) that the center lies on the locua ; and indeed the homo- 
geneous equation 

Jx'" + 2 me'y' + By'^ = 
represents two straight lines througli the new origin (scq , y„) 
(§ 69). The separate equations of these lines, referred to 
the new axes, are found by factoring the left-hand member. 
As we here assume (§ 261) that AB-B^^O, and ff^O, the 
lines can only be either real and different, or imaginary. In 
the latter case the point (a^, ya) is the only real point whose 
coordinates satisfy the original equation. 

255. Ellipse and Hyperbola. If C ^0 we can divide (8) 
by — 6" so that the equation reduces to the form 
(12) ax^ + 2}ixy + lni- = -[. 

This equation represents an ellipse or a hyperbola (since we 
assume Ii^O). The axes of the ellipse or hyperbola can be 
found in magnitude and direction as follows. 
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If ail ellipse or hyperbola, with its center, be given graplii- 
cally, the axes can be oonstriieted by inter- 
secting the curve with a concentric cii'cle 
and drawing the lines from the center to 
the intersections; the bisectors of the 
angles between these lines are evidently 
the axes of the exirve (Fig. 103). 

The intersections of the curve (12) with 
a concentric circle of radius )■ are given by 
the simultaneous equations 




dividing the second equation 
first, we have 



x^ + f = ,^i 
■^ and subtracting it from the 



(13) 



lA 



{- 2 hxy 4 



This homogeneows equation represents two straight lines 
through the origin, and as the equation is satisfied by the 
coordinates of the points that satisfy both the preceding equa- 
tions, these lines must be the lines from the origin to the inter- 
sections of the circle with the curve (12). If we now select r 
so as to make the two lines (13) coincide, they will evidently 
coincide with one or the other of the axes of the curve (12), 
The condition for equal roots of the quadratic (13) in y/x is 



(14) 

This equatio 



("~^)(' 



o-K) 



.s quadratic in 1/ 

-(a + 6)^ + a&- 



determines the lengths of the axe. 
r^ are both positive, the curve ii 



If the two values found for 
m ellipse; if one is positive 
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and the other negative, it is a hyperbola ; if both are negative, 
there is no real locus. 

Each of the two values of l/r' found from (14'), if substi- 
tuted in (13), makes the left-hand member, owing to (14), a 
complete sqtiare. The equaitons of the axes are therefore 

= 0, 

ar, multiplying by Va — l/i^ and observing (14) : 
x-hhy^O. 



(«-^)- 



256. Parabola. It remains to discuss the ease (§ 251) of the 
general equation of the second degree, 

Ax' + 2 Ilxy + Bf + 2 Gx + 2 Ft/ + = 0, 
in which we have AB~ S^ = Q 

This condition means that the terms of the second degree form 
a perfect sqv,are : 

A3? + 2Hxij + Bf = {Vlx +y^Byy. 
Putting 'Va = a and VB = & we can write the equation of tho 
second degree in this case in the form 
(35) (ax + byy = -2Gx-2Fi,^G. 

If G and F are both zero, this equation represents two paraUel 
straight lines, real and different, real and coincident, or im- 
aginary according as < 0, C — 0, C>0. 

If G and F are not both zero, the equation (15) can be inter- 
preted as meaning that the square of the distance of the point 
(x, y) from the line 

(16) aw + by = 

is proportional to the distance of (x, y) from the line 

(17) 2Gx + 2Fii + C^0. 

Hence if these lines (16), (17) happen to be at right angles, the 
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locus of (15) is a.parabola, having the line (16) as axis and the 
line (17) as tangent at the vertex. 

But even when the lines (16) and (17) are not at right angles 
the equation (15) can be shown to represent a parabola. For 
if we add a constant k within the parenthesis and compensate 
the right-hand member by adding the terms 2 afcc + 2 bky + k\ 
the locus of (15) is not changed ; and in the resulting equation 

(18) {ax + ly + hf = 2(a& - G)x + 2{bh -F)y-^1i?-C 
we can determine h so as to make the two lines 

(19) ax-{-hy + k = % 

(20) 2{ak ~ G)x + 2{bk - F)y + k''- C = 
perpendicular. The condition for perpendicularity is 

a{ak -G) + b(bk -F) = 0, 
whence 

(21) *-=§Tf- 

With this value of fc, then, the lines (19), (20) are at right 
angles; and if (19) is taken as new axis Ox and (20) as new 
axis Oy, the equation (18) reduces to the simple form 
f = px. 
The constant p, i.e. the latus rectum of the parabola, is found 
by writing (18) in the form 
f ax + by + k V^ 
K-y/^+b' J 



2-\/(ak~Oy+ibk-Fy ^ 2(cik - G )x + 2(bk~F)y+k''- C. 
a'^+h^ 2-V'(ak-G}^ + ibk~Fy 

hence 

p = -qry. V(«"ft - Gf + (bk - Fy. 

Substituting for fc its value (21) we can reduce it to 
_ 2(aF-bO) ^ 
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EXERCISES 

1. Find tlie equation of eacli of tJie followuig loci after transforming 
to parallel axsa ibrougli the center : 

(a) Sx^ ^ ixy -y^ ~3x~ iij + 7 ^0. 

(b) 5a? + 6xT/ + y^ + 6x-'iy'--6 = 0. 
(«) 2x'' + xy~6}/'--7x~1y + 5 = 0. 
(d) x^-2xy-y' + 4:x~2y-S = 0. 

2. Find tfiat diameter of the conic 3iifi~2xy~iy^+6a—iy + 2=0 
{a) which passes through the origin, (6) which is parallel to each co- 
ordinate axis. 

3. For what values of k do the following equations represent straight 
lines ? Find their interseotiona. 

(a) 2 a? - icy - S H^ - 6 * -j- 19 y + fc = 0. 

(c) 3x^-ixy + k>l^ + Sy-a = 0. 

(d) x'' + 2y^ + ex-iy + k=6. 

4. Show that the equations of conjugate hyperbolas K^/a'— ^/6^= ± 1 
and their asymptotes s?/a^—y^pfi = 0, even after a translation and rota- 
tion of the axes, will differ only in the constant terms and that the con- 
stant term of the asymptotes is the arithmetic mean between the constant 
terms of the conjugate hyperbolas. 

5. Find the asymptotes and the hyperbola conjugate to 

2 K^ — cty — 15 j;'^ + a: + 19 y -h I'S = 0. 

6. Find the hyperbola through the point ( — 2, 1) which lias the lines 
2a— y-Hl = 0, Bx + 2y — Q = (l as asymptotes. Find the conjugate 
hyperbola. 

7. Show that the hyperbola v.y = a^ is referred to its asymptotes as 
coordinate axes. Find the semi-axes and sketch the eurre. Find and 
sketch the conjugate hs^erbola. 

8. The volume of a gas under constant temperature varies inversely 
as the pressure (Boyle's law), i.e. vp = <i. Sketch the curve wliose ordi- 
nates represent the pressure as a function of the volume foi' different 
values of c ; e.g. take c = 1, 2, 3. 

9. Sketch the hyperbola {x — a)(y — b) — e' and its asymptotes. In- 
terpret the constants a, b, c geometrically. 
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10. Sketch the hyperbola xy + 3y — Q = and its asymptotes. 

11. Find the center and semi-axes of the following conies, write their 
equations in the most simple form, and sketch tie curves ; 

(a) Sx^-Sxy + bi^ + 12Vix-W2y + S = 0. 

(6) x^ -6V3a!/-5!)5_ia = o. (c) afi + xy + y^ - -^y + $ = 0. 

(d) 133^ -6\%xv + ly^-6i^0. 

(_e) 2x^-4}^ + y^ + 2x~iy-^=0. 

(f) ax'' + 2xp + y' + lix + iy + i = 0. 

12. Sketch tlie following parabolas : 

(a) X!' - 2^/3xy -t- 3 j;^ -^ 6V3a - I) j/ = 0. 

13. Show that tlie following combinations of tiie coefficients of the 
general equation of the second degree ai'e invariants [i.e. remain ua- 
clianged) under any transformation from rectangular to rectangular axes : 

(It) A + B. (6) AB - H^. (c) (A - B)^ + 4 H^. 

14. Show tha,t xi + y^ = (fi represents a parabola. Sketch the locos. 
IE. rind the parabola with * + j/ = as directrix and Qa,ia)aB 

16. Let five points A, B, C, D, E be taken at equal intervals on a 
line. Show that tlie locus of a point P such that AP ■ EP = BP ■ DP is 
an equilateral hyperbola. (Take G as origin.) 

17. The variable triangle AQB is isosceles with a fixed base AB. 
Show that the locus of the intersection of the line AQ witli the perpen- 
dioulai' to QB through B ia an equilateral hyperbola. 

18. Let -i be a fixed point and let § describe a fixed line. Find the 
locus of the intersection of a line through Q perpendicular to the fixed 
line and a line through A perpendicular U> AQ. 

19. Find the locus of the intersection of lines drawn from the extrem- 
ities of a fiifed diameter of a circle to the ends of the perpendicular 
chords. 

20. Show by (14'), §256, that if the equation of the second degree 
represents an ellipse, parabola, hyperbola, we have, respectively, 

An - H'' >0, = 0, <0. 
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CHAPTER XII 
HIGHER PLANE CURVES 

PART I. ALG-EBRAIC CUliVES 

257. Cubics. It has been shown (§ 30) that every equation 
of the tirst degree, 

(k 
+ a,x + b,y = 0, 
represents a straiglit line; and (§24.')) that eveiy equation of 
the second degree, 

+ a,x + h,y 

+ ffljo;' + b^xy + c.^y'^ = 0, 

either represents a conic or is not satisfied by any real points. 

The loa.is represented by an equation of the third degree, 

a„ 

+ a.a; + % 

■Jra^ + biXy + c^'^ 

4- Hsx' + h^ + c33n/= + dy= 0, 

I.e. the aggregate of all real points whose coordinates x, y satisfy 

this equation, is called a cubic curve. 

Similarly, the locus of all points that satisfy any equation of 
the fouHh, degree is called a quartic curve ; and the terras quintic, 
aextw, etc., are applied to curves whose equations are of the 
jifth, sixtli, etc., degrees. 

Even the cubics present a large variety of shapes; still 
more so is this true of higher curves. We shall not discuss 
such curves in detail, but we shall study some of their properties. 
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268. Algebraic Ciirves. The genera,! foiiu of an alyebraic 
equation of the nth degree in x and y is 

+ «i3; + h,y 
(1) + ai^ + bixy + Cjj/' 



The coefficients are supposed to be any real numbers, those in 
the last line being not all zero. The number of terms is not 
more thanl + 2 + 3+ ... +(«. + 1) = |(« + !)(« + 2). 

If the cai-tesian equation of a curve can be reduced to this 
form by rationalizing and cleai-ing of fraetiona, the curve is 
called an cdgebraia ctirve of degree n. 

An algebraic curve of degree n can be intersected by a 
straight line, 

Ax + By+C=0, 

in not more than v. points. For, the substitution in (1) of the 
value of y (or of x) derived from the linear equation gives an 
equation in x (or in y) of a degree not greater than n ; this 
equation can therefore have not more than n roots, and these 
roots are the abscissas (or ordinates) of the points of intersec- 
tion. 

We have already studied the curves that represent the poly- 
nomial function 

y=a„ + a^x+a^ -| h a„x' ; 

such a curve is an algebraic curve, but it is readily seen by 
comparison with the preceding equation that this equation is 
of a very special type, since it contains no term of higher de- 
gree than one in y. Such a curve is often called a parabolic 
curve of the nth degree. 
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259. Transfotmation to Polar Coordinates. The cartesian 
eqiiation (1) is readily transformed to polar coordinates by sub- 
stituting 

a; = '/■ cos (/i, ,'/ = (' sill i^ ; 

it then assumes the form : 

+ (a, cos <fi + ^1 si"^ 4>)'' 
(2) + (a, eos^ + 6^ cos i^ sin -i. + c^ sin^ ffji" 

+ (dj cos' ^ + 6s cos" 4, sin <i) -)- C3 cos <i> sin^ (/i + 1^3 sin' ^)?-' 



+ (ffl„ cos" iji+h,^ cos""^ <^ sin ^ + ■-. -i-fc„ C( 



= 0. 




If any particular value be assigned to the polar angle ^, this 
becomes an equation in )■ of a 
degree not greater than n. Its 
roota ri, Ti,--- represent the in- 
tercepts OPi, OPi, ■■• (Fig. 104) 
made by the curve (2) on the line 
y TTz tan ■ x. Some of these 
roots may of course be imaginary, 
and there may be equal roots. Fio. 104 

260. Curve through the Origm, The equation in r has at 
least one of its roots equal to zero if, and only if, the constant 
term a^, is zero. Thus, the tieeeasai-y and sufficient condition that 
the origin he a point of the curve is a^ — 0. 

This is of course also apparent from the equation (I) which 
is satisfied by a; = 0, j/ = if , and only if, cfo = 0. 

261. Tangent Line at Origin. The equation (2) has at 
least two of its roots equal to zero if aa=0 and aj cos (/> -|- 
bi sin = 0. T£ a, and 61 are not both zero, the latter condition 
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can be satisfied by selecting the angle i^ properly, > 




The line through the origin inclined at this angle <l> to the 
polar axis is the tangent to the curve at tite ongin (Fig. 106), 
Its cartesian equation is ?; = tan (j>-x = — (a,/6i)a;, i.e. 
(3) a,x + h,y = 0. 

Thus, if fflj = while O] , 6i are not both zero, the curve has 
at the origin a single tangent ; the origin is therefore called 
a simple, or ordinary, point of the curve. 
In other words, if the lowest terms in 
the equation (1) of an, algebraic curve 
are of the first degree, the origin is a 
simple point of the curve, and the equa- 
tion of tlie tangent ai the oi-igin is ob- 
tained by equating to zero the terms of 
the first degree. 

262. Double Point. The condition Oicos ^+Zji sin ^ = 
necessary for two zero roots is also satisfied if Oj = and b,=^0; 
indeed, it ia then satisfied whatever the value of <^. Hence, if 
aa = 0, ai = 0, 6i = 0, the equation (2) has at least two zero 
roots for any value of <j>. If in this case the terms of the 
second degree in (1) do not all vanish, the curve is said to 
have a double point at the origin. Thus, the origin is a dovhle 
point if, and only if, the lowest terms in the equation (1) are of 
the seoOJid degree. 

283. Tangents at a Double Point. The equation (3) will 
have at least three of its roots equal to zero if we have a^ = 0, 
Oj = 0, 6, = and 

cij cos^ ^ + 62 cos eji sin -^ + Cj sin' ^ = 0. 
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If Oj, bj, Gj are not aJl zero, we can find two angles satisfying 
this equation which may be real and different, or teal and 
equal, or imaginary. The linoa drawn at these angles (if real) 
through the origin are the tangenis at the double point. 

Multiplying the last equation by r° and reintroducing carte- 
sian coordinates we obtain for these tangents the equation 



(4) 



a^x' + b.^mi + c^tf- = 




Thus, (/ the lowest terms in the equation (1) are of the second 
degree, the origin is a double point, and these terms of the second 
degree equa^d to zero represent the tangents at the otigin. 

264, Types of Double Point, (a) If the two Hues (4) are 
real and diifei'ent, the double point is 
called a node or ei-unode; the curve then 
has two branches passing through the 
origin, each with a different tangent 
(Fig. 106), 

(p) Lf the lines (4) are coincident, i.e. 
if 0^3? + b^ + c^ is a complete square, 
the double point is called a cusp, OTSpinode; the curve then 
has ordinarily two real branches tangent to 
one and the same line at the origin (Fig. 107 
represents the most simple case). 

(c) If the lines (4) are imaginary, the 
double point Is called an isolated point, or , 
an acnode; in this ease, while the coordi- 
nates 0, of the origin satisfy the equation 
of the curve, there exists about the origin 
a region containing no other point of the 
curve, so that no tangents can be drawn 
through the origin (Fig. 108). 
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It should be observed that, for curves of a degree above 
the third, the origiu in case (6) may be an isolated point ; tliis 
wiU be revealed by investigating the higher terms (viz. those 
above the second degree). 

2G5. Multiple Points. It is readily seen how the reasoning 
of the last articles can be continued although the inveatigation 
of higher multiple points would require fuiiher discussion. 
The result is this : If in the eqiioiion of an algebraic curve, when 
rationalized and cleared of fractions, the lowest terms are of 
degree k, the origin is a k-tuple point of the carve, and the tan- 
gents at this point are given by the tertiis of degree h, equated 
to zero. 

To investigate whether any given point (x, , y,) of an alge- 
braic curve is simple or multiple it is only necessary to trans- 
fer the origin to the point, by replacing xhj x-\-x^ and y by 
y + yi, and then to apply this rule. 

EXERCISES 
.1. Determine the nature of the origia and sketch tlie cui-vos : 
(a) y = ^-2x. (6) oi^ = iy-y\ (c) {z + a){y ^ a) = cfl. 

{d) y^ = 3^(4 - X) (e) ja = ^^. (/, x-^ + y^ = ^K 

(ff) !^ = a^+»?. (ft) 3?-Zaxy-^y^ = (i. (i) a:*- j/* + 8ay^ = 0. 

2. Determiue the natm'e of the origin and sketch the curve (9—3?')^=*", 
for; (3)« = 1. (6)« = 2. (c)«=3. {d)n = i. 

3. Locate the multiple points, determine their nature, and sketch the 

{a) t = x[x + &f. {&) (j,-3)^ = ^-^. (c) (a + l)-^ = (a-3)'. 

i. Sketch the curve !/ = (;»; — a)(a — b)(x—c) and discuss the multi- 
ple points when : 
(n) Q<a<b<c. {b) 0<a<b = c. (e) 0<a = 6<c. (d) 0<a = /> = c. 



y Google 



254 PLANE ANALYTIC GEOMETRY [XII, § 266 

PART IL SPECIAL CURVES 
DEFINED GEOMETRICALLY OR KINEMATICALLY 

266. Conchoid. A fixed point and a fixed line I, at tke 
distance a from 0, being given, tke radius vector OQ, drawn front 
to emery point Q of I, is produced by a segment QP= b of cmr- 
stant length ; the locus of P is called the conchoid of Nicomedes. 

Por as pole and the perpendicular to I as polar axis the 
equation of Hs j-i — a/ cos ^ ; hoiico that of the conchoid is 



If the segment QP be laid off i 
the curve 



which is also called a conchoid. Indeed, thewe two curves 
are often regarded as merely two branches of the same 
curve. Transforming to cartesian coordinates and rationaliz- 
ing, we find the equation 

which represents both branches. Sketch the curve, say for 
b = 2aj and for b = «/2, and determine the nature of the origin. 

267. Litnacon. If the line I be veplaeed by a circle and the 
fixed point be taken on the circle, the locus of P is called 
Pascal's limacon. 

For as pole and the diameter of the circle as polar axis 
the equation of the cii-cle, of radius a, is r, = 2a cos ijt ; hence 
that of the limaqon is : 

r = 2 rt cos ^ + fi. 
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then becomes 



SPECIAL CURVES 



the eui've is called Hip cardioid; the equation 



Sketch the limaijous for ?j = 3a, 2a, a; tvansform to car- 
tesian coordinates and determine the character of the origin. 

268. Cissoid. 00' = a being a diameter of a circle, let any 
radius vector drmvn from -meet the circle and Us tangent at 0' 
at thepoints Q, D, respectively; if on thia radius vector we lay 
off OB = QD, the locus of B is called the cissoid of Diodes. 

With as pole and 0<y as polar aKis, we have 

OD^ a/cos 4,, 0Q = a cos <j,; 
the equation is therefore 







or in cartesian c 



If instead of taking the difference of the radii vectores of the 
circle aad its tangent, we take their sum we obtain tlie so-called 
companion of the cissoid, 

r — a(cos c^j + see 1^), 



y'^x 



Sketch this c 



269. Versiera. With the data of § 268, let us draw through 
Q a parallel to the tangent, through B a parallel to the diameter; 
the loons of the point of intersection P of these parallels is 
called the versiera (wrongly called the " witch of Agnesi "). 
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We have evidently witli as origin and 00' 
a; = (■( cos- ^, y = a tan <&, 
wlxeaee eliminating ij>: 

If we replace the tangent at 0' by any 
perpendicular to 00' {Fig. 110), at the 
distance b from 0, we obtain the curve 
x = a cos^ 0, !/ = & tan .^, 

which reduces to the versiera for b = n. 

Sketch the versiera, and the last curve for 6 = J 




270. Cassinian Ovals. Lemniscate. Two fixed points P\, 
Fi being given it is known that the locus of a point P is : 




(a) a drde if FiP/F.,P = const. (Ex. 7, p. 90) ; 
(6) an dlipse if FiP+F^P= const. (§ 204) ; 
(c) a hyperbola if J'ii'-i^jP=const. (§ 207). 

The locos is called a Cassinian oval if J7'|P-i''2P = const. 
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we put F^i = 2 a, the equation, referred to the midpoint 
between Fi aud Fj as origin and OF^ as axis Ob, is 

In the particular case when k=:a? the curve passes through 
tlie or^in aud is called a lemniscate. The equation tlien re- 
duces to the form 

which becomes in polar coordinates 

)■= = 2c(^ cos 2 ^. 
Trace the lemniscate from the last equation. 

271. Cycloid. The common cycloid is the path described by 
any point P of a circle rolling over a straight li}w (Fig. 112). 




If A be the point of contact of the rolling circle in any posi- 
tion, the point of the given line that coincided with the point 
P of the circle when P was point of contact, it is clear that 
the length OA must equal the arc AP=a$, where a is the 
radius of the circle, and $= }fACP the angle through which 
the circle has turned since P was at O, The figure then shows 
that, with as origin and OA as axis Ox : 

x=OQ = a$-asiiie, y = a~aiios$. 
These are %h.epara'irteier equations of the cycloid. The curve has 
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an infinite' number of equal arches, eax^h with an axis of sym- 
mefcry {in Fig, 112, the line x = wa) and with a cusp at each 
end. Write down the cartesian equation. 

272. Trochoid, The path described by any point P rigidly 
connected with the rolling circle is called a trochoid. If the 




distance of P from the center C of the circle is b, the equations 
of the trochoid are 

x~a$~bs\n$, y — a — b eos 9. 
Draw the trochoid for & = ^ a and for 6 = | a. 

273. Epicycloid. The path described by any point P of a 
circle rolling on the outside of a fised circle is called an epicy- 
cloid (Fig. 114). 

Let be the center, b the 
radius, of the fixed circle, the 
center, a the radius, of the rolling 
circle; and let Ao be that point ' 
of the fixed circle at which the 
describing point P is the point 
of contact. Pnt A„OA =^ij>,ACP 
= $. As the arcs AAn and AP 
axe equal, we have 

bii = ('6 
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With as origin and OAa as axis of x we have 

x = (a + b) cos <}, + a sin[6-a^ -<}.)], 
y={a + b)sm4>~ a cos [9 - (^ tt - ^)], 

i.e. x = (a+b)Goa<li — a cos -^^ — il>, 

?/=(a + &)sm*-«sin^^. 

274, Hypocycloid. If the circle roUs on the inside of the 
fixed circle, tiie path of any point of the rolling circle is called 
a hypocycloid. The equations are obtained in the same way ; 
they differ froia those of the epicycloid merely in having a re- 
placed by — a ; 

a; z= (6 — a) cos <j> + a cos ■ ~ ^, 



ij = {b^a)B 



b-a 



Show that : (re) for b = 2a the hypocycloid reduces to a 
straight line, and illustrate this graphically ; (6) for b = ia the 
equations become 

a;=3acos <^-|-mcos3 i^ = a cos' ^, 
y= Sasiii 1^— aainS^ =:asin^ <l>, 
whence x^ + y^ = a^; 

sketch this fimr-cusped hypoi^cloid. 

EXERCISES 

1. Sketch the following curves : (a) Spiral of Aroliiinedes r = a<j>; 
(6) Hyperbolic spiral f^ = o ; (c) Lituua >^0 = a'. 

3, Sketch the following curves : (a) r = o sin ^ ; (fi) r = a oos ^ ; 
(o) r = asin20; (d) j- = acos20; (e) i- = acoa3* ; (/))■ = usin 3^ ; 
ig) r^aooai-l,; (k) !- = asin4*. 

8. Sketch with respect to the same axes the CaBsinian ovals (§ 270) 
for a = 1 and ft = 3, 1.5, 1.1, 1, .75, .5, 0, 
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4. Let two perpendicular lines AB and CD intersect at 0. Through 
a fixed point Q of AB draw any Une intersecting GB at B. On this tine 
lay oil in botli directions from S segments BP of length OE. The locus 
of P is called the strophoid. Find the equation, determine the nature of 
and Q, and sketch the curve. 

e. Show that the lemniscate (§ 370) is the inverse curve of an equi- 
lateral hyperbola with respect to a circle about its center. 

$, Sliow that the strophoid (Ex. 4) is the curvo inverse to an equilat- 
eral hyperbola with vespect to a circle about a vertex with radius equal 



7. Show that the cissoid (§ 20S) is tlie curve inverse to a parabola 
with respect to a circle about its vertex. 

8. Find the curve inverse to the cardioid (§367) with respect to a 
circle about the origiu. 

9. Traiiaform the equation 

ai^ + y^)^:^ 
to polar oooiiiiaates, indicate a geometrical construction, and draw the 



10. A tangent to a circle of radius 2 a about the origin intersects the 
axes at T and T, find ftud sketch the locus of the midpoint P between T 
and T'. 

11. Trom any point § of the line x = a draw a line parallel to the axis 
Ox intersecting the axis O;/ at G. Find and sketch the locus of the foot 
of the perpendicular from C on 0§. 

12. The center of a circle of radius a moves along the axis Ox. Find 
and sketch the locus of the intersections of this circle with lines joining 
the origin to its highest point. 

13. The center of a circle of radius a moves along the axis Ox. Find 
and sketch the locus of its points of contact with the lines through the origin. 

H. The center of a circle of radius a moves along the axis Ox. It5 in- 
tersection with the axis nearer the origin is taken aa the center of another 
circle which pa^es through the origin. Find and sketch the locus of the 
intersections of these circles. 
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PART III. SPECIAL TRANSCENDENTAL CURVES 

275. The Sine Curve. The simple sine curve, i/ = ama;, 
is best constructed by means of an auxiliary circle of radius 
one. Ill Fig. 115, OQ is made equal to the length of the arc 
OA = X ; the ordinate at Q is then equal to the ordinate BA of 
the circle. 




Construct one -whole period of the sine curve, i.e. the portion 
corresponding to the whole circumference of the auxiliary 
circle ; the width 2 jr of this portion is called the period of the 
function sin x. 

The simple cosine curve, y = cos X, is the same as the sine 
curve except that the origin is taken at the point (^tt, 0). 

The simple tangent curve, y = tan x, is derived like the sine 
carve from a unit circle. Its p&riod is it. 

276. The Inverse Trigonometric Curves. The eqviation 
y = mix can also be written in the form 

X = sin"' y, or a; = arc sin y. 
The curve represented by this equation is of course the same 
as that represented by the equation y = sin x. 

But if X and y be interchanged, the resulting equation 
X = sin y, or 3/ = sin""' x,y = arc sin x, 
represents the curve obtained from the simple sine curve by 
reHection in the line y= x (§ 135). 
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Notice that the trigonometric functions sin x, cos x, tan x, etc., 
are one-valued, i.e. to every value of x belongs only one value 
of the function, while the inverse trigonometric functions sin"' x, 
eos~^3i, taD"'^;, etc., are many-valued; indeed, to every value of 
X, at least in a eei-tain interval, belongs an infinite number of 
values of the function. 

EXERCISES 

1. From a talile of trigonometric fiioctions, plot tlie curve y = sin ^^. 



2, Plot tlie curve j/ = siiia; by m 


eana of the geometric 


of §275. 




3 Plott]iecurve!/ = co3X (a) fromataWe; (6) by a ge 


Btmction similar to that of § 275. 




4. Plot tbe corve y = 'is.nx from a 


table. 


6. Plot each of the curves 




(«)!, = sin 2^. 


(*) y = seej). 


(fi) y = 2oosZx. 


(e) !/ = etn 2 x. 


(c) !, = Stan (1/2). 


(/) y = 2tmix. 


6. Plot each of the curves 




(a) j, = sin->;. (6) !< = cc 


.s-ix. (.c}y = ti 


7. By adding tbe ordinates of the 


two curves y = sin x a 


Bonstruct the graph of ^ = sin x + cos 


*. 


8. Draw each of the curves 





(a) y = sin K + 2 cos x. (c) y~seox + tan x. 

(6) !f = 2 sin K + eos(x/2). (d) y = smx + 2sin2x + 3 sin 3 x. 

9. Tlie equation x = sin I, where ( means the time and x means tlie 
distance of a body from its central position, represents a Simple Harmonic 
Motion. From the graph of this ec[uation, describe the nature of the 
motion. 

277. Transcendental Curves. Tlie trigonometric and in- 
verse tfigOKomettic oui'ves, as well as, in general, the cycloids 
and trochoids, are transcendental curves, so called because the 
relation between the cartesian coordinates x, y cannot be ex- 
pressed in finite form (i.e. without using infinite series) by 
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means of the algebraic operations of addition, subtraction, mul- 
tiplication, division, and raising to a power with a constant 
exponent. 

278. Logarithmic and Exponential Curves. Anothev very 
important transcendental i;nrve is the exponential curve 

and its inverse, the logarithmic 

y = ]og„ X, 
where a is any positive constant 
(Fig. 116). A full discussion 
of these carves can only be given 
in the calculus. We must here 
confine ourselves to some special 
cases and to a brief review of the 
fundamental laws of logarithms. 

279. Definitions. The logarithm & of a number c, to the 
base a (positive and =^ 1), is defined as the exponent 6 to which 
the given base a must be raised to produce the number c 
(§ 105) ; thus the two equations 

a' = c and 6 = log„ c 
express exactly the same relation between h and c. It follows 
that a'"'"" = c, whatever c. 

If in the iirst law of exponents (§ 104), «"(('- 
(["^P, ffl«=Q, a''+''=A;sothati'Q=iV,wefind 
q = log„ Q,p + q = log„ iV= log„ PQ : 
(1) log„PQ = log„7' + log.Q. 

Similarly we find from «'/«= = «»■" ; 

(2) 



: d""^', we put 
iince^=Iog„P, 
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If iu tlie third law of exponents (§ 104), (a")" = cf", we pat 
a" = P, ai" = M, so that P^ = M, we find since p = log„ P, 
pn = log„ M^ 

(3) log,(P«)=»log.P. 

Theso laws (1), (2), (3) of logarithms are merely the trans- 
lation into the language of logarithms of the fivst and tliird 
laws of exponents. 

280. Ifapierian or Natural Logarithms. In the ordinaiy 
tables of logaritlims the base is 10, and for numerical calcnla- 
tions these common logarithms (Briggs' logarithms) are most 
convenient. In the calculus it is found that another system 
of logarithms is better adapted to theoretical considerations; 
the base of this system is an irrational number denoted by e, 

6 = 2.718281828 ■■■, 
and the logarithms in this system are called 'tmtural logarithms 
(or Napierian, or hyperbolic, logarithms). 

281. Change of Base. Modulus. To pass front one system 
of logarithms to another observe that if the same number JThas 
the logarithm J) in the system to the base a and the logarithm 
g in the system to the base b so that 

a" = iV", p = log„ N, h" = N, q = log,, N, 
then q = log;, 21^— logj a' — p logj a, 

by (3); i.«. 

(4) logi N = log„ N' ■ logi a. 

Hence if the logarithms of the system with the base a are 
known, those with the base b are found by multiplying the 
logarithms to the base a by a constant number, logj«. 

Thus tafeing a = 10, b = e, we have 
(4') log, jSr= logio N ■ log, 10 i 
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i.e. to find the naturcd loga/fithm of any numher we have merely 
to •multiply its common logarithm by the number 

!og. 10 = 2.30258 509 -. 
The reciprocal of this number, 



i.e. the factor by whicli the natural logarithms must be multi- 
plied to produce the common logarithms, is called the modulus 
of the common system of logarithms. 

In any system of logarithms, the logarithm of the base is 
always equal to 1, by the definition of the logarithm (§ 279). 
Hence, if in (4) we take N= b, we find 
(5) log. 6. log, a = 1. 

In particular, with a = 10, 6 = e we have 
(6') logice .log,10 = l; 

i.e. the modidus M of the common logarithms is 

M= — - — = log,„e=0.43429448 ■- . 

log. to ^ 

EXERCISES 

1. From a table of logarithms of numbers, draw the curve y = logio x. 

2. By raultipljing the ordinates of the curve of Ex, 1 by 3, construct 



3. From the figure of Ex. 1, construct the curve y = 10"^ by reflection 
of the curve of Es. I in the line y ~ x. 

i. Draw the curve jf = J logio a by the process of Ex, 2. Show that it 
represents the equation y = logiM x, since 

y = logim a; = iogioo 10 x log,o a; = i login x. 

5. Find logio 7 from a table. Construct the curve 

y = log! X = logioK ^ logio 1 
by the process described in Ex. 2 and Ex. 4. 

6, Given log^oe = M= .43-'-, draw the curve 

y ~ log. z = login a: ■- login e. 
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PART IV. EMPIRICAL EQUATIONS 

282. Empirical Formulas. In scientific studies, tlie rela- 
tions betwisen quantities are usually not known in advance, 
but aie to be found, if possible, from pairs of numerical values 
of the quantities discovered by experiment. 

Simple cases of this kind have already been given in §§ 15, 
29. In particular, the values of a and b in fonntilas of the 
type y = a + hx were found from two pairs of values of x and y. 
Compare also § 34. 

Likewise, if two quantities y and x ate known to be connected 
by a relation of the form j/ = n + &a; + cx^, the values of a, b, c 
can be found from any three pairs of values of x and y. For, 
if any pair of values of x and y are substituted for x and p 
in this equation, we obtain a linear equation for a, h, and c. 
Three such equations usually determine a, b, and c. 

In general the coefftcients a, b, c, ■■■, I in an equation of the 

^^'^^ y = a + bx + cx'+ ... +b:'' 

can be found from any ii 4- 1 piirs of vilues of x ind y 

283. Approximate Nature of Results s ce tl e measure 
ments ma le n a y e\i e ne t a e I ^1 le to at least a aall 
errors, it is not t be expected tl at the calculate 1 al es of 
such coefiicients as i b of § 2S^ ill be ab olutel ice 
rate, nor tiiat the point that e^ lesent tl e pa is of values of 
X and y will all 1 e abs 1 telj o i tl e c r e r(,| se ted b^ th 
final form la 

1 To increase the accuracy, a large number of pairs of values 
of x and y are usually measured experimentally, and various 
pairs are used to determine such constants as a, b, c, •■■of g 282. 
The average of all the computed vahies of any one such con- 
stant is often taken as a fair approximation to its true value. 
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284:. Illustrative Examples. 

ExAJirLB 1. A wire under tension is found by esperimeiit to stretcli 
an amount I, in thousandths of aa inch, under a tension T, in pounds, as 
follows ! — 



10 



15 



30 






20 



Find a relation of the form l = kT {Hookers Late) wliich approx- 
caatoly represents these results. 
First plot the given data on squared paper, as in the adjoining figure. 



X X-[- "> 





























































Tig, 117 

Substituting ; = 8, r = 10 in ; = tr, we find Ic = .8. From I = 12,5, 

T — 16, we find k — .833. Likewise, the other pairs of values of I and T 

give, respectively, k = .775, * = .8, k = .707. The average of all these 

values olkis k = .795 ; hence we may writ*, approximately, 

I = .795 T. 
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This equation is represented by tlie line in Fig. 117 ; this line does not 
pass throngh even one of the given points, but it is a fair compromise be- 
tween all of them, in view of the fact that each of them is itgalf probably 
slightl; Inaccurate. 

Example 2. In an experiment with a Weston Differential Pulley 
Block, the effort S, in pounds, required to raise a load W, in pounds, was 
found to be as follows ; 



E ,Si 4J 6i 71 fi 101 12} 13| 15 lej 
Find a relation of the form E — aW + f> that approximately agrees 



[GiBSOS] 

1 squared paper. 



witli these data. 

These Talnes may be plotted in 
They will be found to lie very 
nearly on a straight line. If E 
is plotted vertically, 6 is the in- 
tercept on the vertical axis, and 
a ia the slope of the line ; both 
can be measured directly in the 
figure. 

To determine a and 6 more 
exactly, we may take various 
points that lie nearly on the 
line. Thus (£ = 61, 11^ = 30) 

and (E = Wi, If = 100) lie " Fig, IIM 

nearly on a line that passes close 

to all the points. Substituting in the equation E = aW + h yte obtain 

6} = 30 u + 6, lej = 100 a + i 

whence a = 0.14(>, b = 1.86. Hence wo may take 

E= 0.146 W-h 1.86 

approximalely. Otlier pairs of valuoa of E and W may be used in like 
manner to find values for a and 6, and all the values of each quantity may 
be averaged. 
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Example 3. If » denotes the melting point (Centigrade) of an alloy 
of lead and Kino containing x per cent of lead, it is found that 

X = % lead 40 60 60 70 80 SO 

e = melting point .... 186" 205^ 226° 250" 270- SOi" 

Find a relation of the form e = a + bx + o)? that approximately espresses 
these facts. [SaxBlbt] 

Taking any three pairs of values, say (40, 18fi), (70, 250), (90, 301), 
and substitutii^ in e = a + bx + ci!? we find 

186 = a + 40 6 + 1600 c, 

250 = a + 70 ft + 4900 c, 

304 = a + 906 + 8100c, 

whence a = 132, b = .fl2, c = .0011, approximately ; whence 

e= 132 + .921+ .0011 ce^. 

Other sets of three pairs of values of x and y may be used in a similar 

manner to determine a, b, c; and the resulting values averaged, as above. 

EXERCISES 
1. In experiments on an iron rod, the amount of elongation t (in thou- 
eandtlia of an inch) and the stretoMng force j» (in thousands of pounds) 
were found to be (j! = 10, i=8), (p = 20, 1 = 15), (p = 40, J = 81). 
!Flnd a formula of the type ? = S-p which approximately expresses these 
data. Ans. k = .775. 

3. The values 1 in. =2.5 cm. and 1 ft. =30.5 cm. are frequently 
quoted, but they do not agree precisely. The number of centimeters, c, 
in i inches is surely given by a formula of the type c — lei. Tind k ap- 
proximately from the preceding data. 

3. The readings of a standard gas-meter S and those of a meter T being 
tested on the same pipe-line were found to be (iS=^S00O, r=0), (i5=3510, 
r = 500), (S = 4022, r=1000). rind a formula of the type T=aS+b 
which, approximately represents these data. 

4. An alloy of tin and lead containing x per cent of lead melts at the 
temperature S (Fahrenheit) given by the values (a; = 25%, fl = 4S2°), 
(.1 = 50%, e = STO°), (x = 16%, ^ = 356''). Determine a formula of the 
type B = a + bx + ex^ which approximately represents these values. 
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5. The temperatures fl (Centigrade) at a depth d (feel) below the sur- 
face of the earth in a mine were found to be d = 100, 6 = 15.7" ; d - 200, 
fl = !6.5; d=mO, 3=17.4. Find a relation of the form e=a + M between 
e and d. 

6. Determine a line that passes reasonably near each of the three 
points [(2, 4), (6, 7), (10, 0). Determine a quadratic expression 
y=a-\-bx+e3? that represents a parabola tlirough the same three points. 

7. Determine a parabola whose equation is of the form y=a-\-bx-\-ixs? 
that passes tlirongh each of the points (0, 2.5), (1.6, 1.6), and (3.0, 2.8). 
Are the values of n, 6, c changed materially if the point (2.0, 1.7) is 
substituted for the point (1.5, 1.6) ? 

8. If the curve J/ = sin ic is drawn with one unit space on the j>axis 
representing 60', the points (0, 0), (J, J), (IJ, 1) lie on the curve, rind a 
parabola of the form y=a+bx-\-eii? through these three points, and draw 
the two curves on the same sheet of paper to compare them. 

286. Substitutions. It is particularly easy to test whether 
points that are given by an experiment really lie on a straight 
line i that is, whether the quantities measured satisfy an equa- 
tion of the form y = a-\-hx. This is done by means of a trans- 
parent ruler or a stretched rubber band. 

Eor this reason, if it is suspected that two quantities x and 
y satisfy an equation of the form 

it is advantageous to substitute a new letter, say u, for o^ : 

u = a?, y = a + lm 
and then plot the values of y and u. If the new figure does 
a^ree reasonably well with some straight line, it ia easy to find 
a and 6, as in § 284. 

Likewise, if it is suspected that two quantities x and y are 
connected by a relation of the form 

y = a + b • - OT xy = ax + b, 

it is advantageous to make the substitution w = 1/x. 
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Other substitutions of tlie same general nature are often 
useful. 

In any case, the given values of x and y should be platted first 
unchanged, in order to see what substitution might be useful. 

286. Illustrative Example, n a body slides down an inclined 
plane, the distance s that it moves ia connected witli the time ( after it 
starts by an equation of tlie form s = M^. h'iad a value of h tiiat agi'ees 
reasonably with tlie following data : 

s, iu feet 3.6 10.1 23.0 40.8 ()3,7 



In. this case, it is not accessary to plot tlie values of s and I tliemseWes, 
beoaiiae the nature of the equation, s ~ kt^, is known from pliysics. 

Hence we make the substitution (^ = u, and write down the supple- 
mentary table : 

s, in feet 2.6 10.1 23.0 40.8 63,7 



Tliese values will be found to give points very nearly on a straight line 
whose equation is of the form s = kii. To find k, we divide eaoli value of 
s by the corresponding value of « ; this gives several values of ft : 

k 2.6 a.525 2,556 3,55 2.5i8 



1. Find a formula of the type it = hfl that represents approximately 
the following values ; 

u 3.9 lo.l 34.5 61.2 95.-5 137.7 187.4 
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3. A body starts from rest and movss s feet in ; seconds accordhig to 
the ioUowing measured values ; 

s, iiifeet a.l 13,0 30,6 50.1 79.5 110.4 

{, in seconds 5 1 16 2 2.fi 3 

Find approximately the relation between 3 and t. 

3. The pressure p, measured In centimeters of mercury, and the Yoliime 
II, measured in cubic cenlimeters, ol a gas kept at oonstant temperature, 
were found to be : 



Substitute M for 1/ji, compute the values of u, and determine a relation 
of the form p = kw; that is, ji = k/v. 

4. Determine a relation of the form ji = n + fis:^ that approximately 
represents the values : 

X 1 2 3 4 5 (J 7 

y 14.1 25.2 44.7 71.4 105.6 147.0 107,7 

287. Logarithmic Plotting, In nase the quantitiea ■;/ and x 
are coonected by :i relation of the form 



it is advantageous to take logarithms (to the base 10) on both 
sides : 

log i/= log Jcx" = log k +?iloga!, 

and then substitute new letters for log x and log y : 

u = \ogx, v^log)/. 

For, if we do so, the equation becomes 

v = l + nu, 



where I = log K 
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If the values of x and ;/ are given by an experiment, and if 
u = logx and v = logy are computed, the values of u and v 
should correspond to points that lie on a straight line, and the 
values of I and n can be found as in § 284. The value of k 
may be found from that of /, since log lc=l. 

Example 1. The amount o£ water A, in cu. ft. tliat will flow per 
minute througli 100 feet of pipe of diameter d, in inches, with an initial 
pressure of 50 lb. per sq. in., is as follows : 



A 1 4.88 13.43 27.50 75.1.S 153.51 409.54 

Find s, relation between A and d. 
Let u = \osd, V = log A ; then the values of ii and v are 



1! = log 4 . 



0.176 0.301 






These values give points in the (a, v) plana tliat are very nearly o 
, straight line ; henee we may write, approximately, 



where a and h can be rtetermined directly by 
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or as in § 284. If we taku the first an<"l last pairs of values of u and v, we 
find 

.G88 = 11 + 0, 
a.612 = a + .7786. 
Solving these equations, we find approximately, a = -fi88, 6 = 2,473, 
and we may wi-ite 

!! = .688 -f 2.473 M or log A = .688 + 2.473 iog d. 
Since .688 = log 4.88, 

the last equation inay be written In the form 

\o^A = log4.88 +2.473]og,J 
= logC4,88<P-«3) 
wlience A = 4,88d^-"'. 

Slightly different values of tlio constants may be found by using other 
pairs of values of u and v. 

288. logarithmic Paper. Paper called logai-ithraio paper 
may be bought that is ruled in lines whose distances, horizon- 
tally and vertically, from one point (Fig. 120) are propor- 
tional to the logarithms of the numbers 1, 2, 3, etc. 

Such paper may be used advantageously instead of actually 
lookiug up the logarithms in a table, as was done in §287, 
For if the given values he plotted on this new paper, the result- 
ing iignre is identioally the same aa that obtained by plotting 
the logarithms of the given values on ordinary squared paper. 

Example. A strong ratitier band stretched under a pull of p kg, 
stows an elongation of E cm. The following values were found in an ex- 
periment : 

3.5 4.0 4,5 E.O 6.0 7.0 
2.2 2.1 3.3 3.9 5.3 6.S 
[Rmos] 
If these values are plotted on logarithmic paper as in Fig. 120, it is evi- 
dent that they lie raaaonably near a straight line, such as that drawn. 
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1 the figure, the slope o£ this line is found to tie 1,6 
approximately. Hence if ti = logp and « = log £ we have 

wliere I is a constant not yet determined ; whence 
log E=l + 1.6 log^ 
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where I = log k, 11 p = 1, E = k; from the figure, if p = 
hence ft = .3, anii 



Tlie use of logarittimiG paper i.'! however not at all 
the same results may be obta-ined by the method of g 28' 
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EXERCISES 



1. In testing a gas engine corresponding values of the pressure^, meas- 
ured in pounds per square foot, and tke Yolumc v, in outiic feet, were 
obtained as follows: u = 7.14, {1=64.6; 7.73,50.7; 8.59,45.9. Find 
the relation betweea^) and u (use logaritlimic plotting). 

Ans. p = 887 ,S v-'^, orpo-'^ = 387.6. 

3. Expansion or contraction of a gas is said to be adiabatic when no 
heat escapes or entera. Determine the adiabatic relation between pressure 
p and volume v (Es. ^) for air from the following observed values ; 
p = 20.54, V = S.27 ; 25.79, 5.34 ; 54.35, 3.15. 





Ans. pv'-^' 


= 273.5. 


ntercollegiate track records 
ms the distance run, and t mi 


for foot-races are 
ians the record time ; 




100 yd. 220 yd. 440 yd. 
0;09J 0:21i 0:48 


1:54J 4;16^ 


2 mi. 
e;24| ■ 



Plot tUe logarithms of these values on squared paper (or plot the 
given values themselves on logarithmic paper). Find a relation of the 
form ( = M". What should bo the record time for a race of 1320 yd. ? 
[SCO Kenkkllv, Popular Science Monthly, Nov. 1008.] 

4. Solve the Example of § 288 by the method of § 287. 

5. Each of the following sets of quantities was found by esperiment. 
Find in each case an equation connecting the two quantities, by g§ 287- 
288. 

(a) V 1 2 3 i 5 
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COORDINATES 

289.. Location of a Point, The position of a point in three- 
dimeusioiial space can be assigned without ambiguity by giv- 
ing its distances from three mutually rectangular planes, pro- 
vided these distances are taken with proper signs according as 
the point lies on one or the other side of each plane. 

The three planes, each perpendicular to the other two, are 
called the coordinate planes ; their common point (Fig. 121) 
is called the origin. The three 
mutually rectangular lines Ox, 
Oy, Oz in which the planes in- 
tersect are called the axes of 
coordinates ; on each of them 
a positive sense is selected 
arbitrarily, by affixing the 
letter x, y, z, respectively. 

The three coordinate planes, y^ 
Oyz, 0%x, Oxy, divide the whole 

of space into eight compartments called octants. The first 
octant in which all three coordinates are positive is also called 
the coordinate trihedral. 

If 7^, P", P"' are the projections of any point P on the 
coordinate planes Oi/z, (hx, Oxy, respectively, then P'P — a; 
P"F = y, P"'P=s are the rectangular cartesian coordinates of 
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P. If the planes through P parallel to Oy?., Ozx, Oxy intersect 
the axes Ox, Oy, Oz in Q'., Q", Q'", the point P is found from 
its coordinates », y, a by passing along the axis Ox through the 
distance 0Q'= x, parallel to Oy through the distance Q'P"'=y, 
and parallel to Cte through the distance P"P=%, each of 
these distances being taken with the proper aense. 

Every point in space lias three definite real numbers as coordi- 
nates; conversely, to every set of three real numbers corresponds 
one and only one point. 

Locate the points ; (2, 3, 4) , (- 3, 2, 0), (5, 0, - 0) , (0, 0, 4), 
(0,-6, 0), (-5, -8, -2). 

290. Distance of a Point from the Origin, For the distance 
OP=r (Fig. 121) of the point P (x, y, z) from the origin we 
have, since OP is the diagonal of a rectangular parallelepiped 
with edges OQ' =x, OQ" =y, OQ'" = z r 



r = Va;^ + 2/* + zK 
291. Distance between two Points. The distance betwi 
the two points Pi {x^ , yi , s,) and P^ 
(a^,^j,Sj) can be found if the coordi- 
nates of the two points are given. 
For (Fig. 123), the planes through P, 
aiid those through Pj parallel to the 
coordinate planes bound a reetajigular 
parallelepiped with P^P.^ = tl as di- 
agonal; and as its edges are 



PiQ ^x,- 



P,i? = 



-m 



p,s^ 



efind 



d = V(xi - x,y + (y^ - yif + («2 - e,y 
292. Oblique Axes. The position 
be iletei'mined with respect to three axes 
dinates of P avo Uie segments cut off on 



right angles. Tlie coor- 
ces by planes through P 
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parallel to the coordinate planes. In what follows, Uie aKea are always 
aasumed to be at right angles unless the contrary is definitely stated. 



1. "Wliat are the coordinates of the origin? What can you say of the 
coordinates of a point on the axis 0» ? on the axis Oy ? on the axis O^ ? 

a. What can you say of the coordinates of a point that lios in tlie 
plane Oxy V in the plaiie Oyz ? in the plane O^x ? 

3. Where is a point situated when a = ? when s = ? when 
* = i; = ? when y = z? when a; = 2 ? when a = — 3 f when x~l, 
M = 2? 

1. A rectangular parallelepiped lies in the first octant with three of 
its faces in the cooi'dinate planes, its edges are of length a, D, c, respec- 
tiifely ; what are the coordinates of the vertices ? 

6. Show that the points (4,3, 6), (2, -1,3), (0,1,7) are the 
vertices of an equilateral triangle. 

6, Show that the points (- 1, 1, 3), (- 2, - 1, 4), (0, 0, 5) lie on a 
sphere whose center Is (2, — 3, 1). What is the radius of this sphere ? 

7. Sliow that the points (8, 2, - 5), (2, - 4, 7), (4, - I, 1) lie oa a 
straight line. 

8. Show that the triangle whose vertices are (n, ft, c),(&, c, n), (c,a,'b) 
is equilateral. 

9 , What are tlie coordinates of the projections of the point (6, 8, — 8) 
on the axes of coordinates ? Wliat are the distances of this point from the 
coordinate axes? 

10, What is the length of the segment of a line whose projections on 
the coordinate axes are 5, 3, and 2 ? 

11, What are the coordinates of the points which are symmetric to 
tlie point (a, 6, c) with respect to the coordinate planes ? with respect to 
tlie axes ? with respect to the origin ? 

12, Show that the .'ium of the squares of the four diagonals of a rec- 
tangular parallelepiped is equai to the sum of the squares of its edges. 
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293. Projection. The projection of a point on a plaue or 
line is the foot of the perpendicular let fall from tlie point on 
the plane or line. The projection of a rectilinear segment AB 
on a plane or line is the intercept A'B' between the feet of the 
perpendicnlars AA', BB' let fall from A, B on the plane or 
line. If a is one of the two angles maxie by the segment with 
the pla-iie or line we have 

A'B' = AB cos a. 

In analytic geometry we have generally to project a vector, 
i.e. a segment with a definite sense, on an axis, i.e. on a line 
with a definite sense (compare § 19). The angle a is then 
understood to be the angle between the positive senses of 
vector and axis (both being drawn from a common origin). 
The above foi'mula then gives the projection with its proper 

Thus, the segment OP (Fig. 121) from the origin to any 
point P(x, y, z) can be regarded as a vector OP. Its projec- 
tions on the axes of coordinates are 
the coordinates x, y, z of P. These 
projections are also called the rec- 
tangular mmponenta of the vector OP, 
and OP is called the resultant of the 
components 0^, 0^', OQ'", or also 
of OQ', qp"', P"'P. / 

Similarly, in Fig. 123, if PyP^ be Fm. las 

regarded as a vector, the projections of this vector jPi A on the 
axes of coordinates are the coordinate differences a,'; ~ ^i , 
Vi-Vx, ^s-%- See § 298. 

294. Resultant. The proposition of § 19 that the sum of 
the projections of the sides of an open polygon on any axis is 
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equal to the projeetion of the dosing side on the same axis and 
that of § 20 that tJie projection of tlie residtarU is equal to the 
sum, of the projections of its components are readily seen to hold 
in three dimensions as well as in the plane. Analytically 
these propositions follow by considering that whatever the 
points P±(x,, y,, %}, -PaCa^i Vs, ^2), ■■' ■?*„(»„; y„, s„) in space, 
the sum of the projections of the vectors P^P, , F^P^ , — P„-iP^ 
on the axis Ox is : 

where the right-hand member is the projection of the closing 
side, or resultant PiP„ on Ox. Any line can of conise be taken 
as axis Ox. 

296. Division Ratio. Two points 
Pj («s , ^5 , iSj) being given by their 
coordiivxtea, the coordinaiea x, y, z 
of any point P of the line P^P^ 
can be found if (lie division ratio 
P,P/Pip2= k is lirnown in which 
the point P divides the segment 
P^P, (Fig 124). 

Let Q, , Q, Qz be the projections 
of Pi, P, Pj on the axis Ox; as ""'' '"^ 

Q divides QiQ^ in the same ratio k in which P divides P1P3, 
we have as in § 3 : 

. x=x, + k(x2 — Xi). 




Similarly ^ 



1 find by projecting o 
y = y, + k{yi~yi), i 



Oy, Oz: 

= % + ft(s= 



If k is positive, P lies on the same side of P, as does Pj; if 
k is negative, P lies on the opposite side of Pj (§ 3). 
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296. Direction Cosines. Instead of using the cartesian 
coordinates x, y, z to locate a point P (Fig. 125) we can also 
use its radius vector r = OP, i.e. the length of the vector drawn 
from the origin to the point, and its direction cosines, i.e. the 
cosines of the angles «, ^, y, made 
by the vector OP with the axes Ox, 
Oy, Oz. We have evidently 

ic = rcoso, y = rcosp, » = »•<!<» Y- 

As a line has two opposite senses 
we can take as direction cosines ^/ ^ 
of any line parallel to OP either Fia. 125 

cos a, cos j8, cos y, or — cos a, — cos 0, — cog y. 

The direction cosines cos a, cos ,8, cos y of a vector OP are 
often denoted briefly by the letters I, in, n, respectively, so 
that the coordinates of P are 

The direction cosines of any parallel line are then I, vi, n 
or — ^, — m, — n. 

297. Pythagorean Relation. TJie sum of the squares of the 
directiort cosines of any line is equal to one. 

For, the equations of § S^give upon squating and adding 
since x' + if + e'' = r^: 

coB^ a + cos^ P + cos^ V — If 
or 

Z^ + m= + r.= = l.; 

and this still holds when I, m, n are replaced by — /, — m, — n. 
Since this result is derived directly from the Pythagorean 
Theorem of geometry, it may be called the Pythagorean Relor 
tion between the direction cosines. Notice that I, in, n can be 
regarded as the coordinates of the extremity of a vector of 
unit length drawn from the origin pai'allel to the line. 
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EXERCISES 

1. Find the length of the radiua vectov and its direction ooaines for 
each of the following points ; (5, —3,2); (—3, —2, 1); (— i,0,8). 

2. The direction coainea of a line are proportionB,! to 1, 2, S ; find 
their values. 

3. A straight line makes an angle of 30° with the axis Ox and an 
angle of 60° with the axis Og ; what is the third direction angle ? 

4. Wliat is the direction of a line when 1 = 0? when J = m = ? 

6. What are the direction cosines of that line whose direction angles 
are equal ? 

6. What are the direction cosines of the line bisecting the angle 
between two intersecting lines whose direction cosines are I, m, n and I , 



7. Find the direction cosines of the line which bisects the angle 
between the radii vectores of the points (3, — 4, 2) and (— 1, 2, 3). 

8. Three vertices of a parallelogram are (4, 8, —2), (7, - 1, 4), 
(—2, 1, —4); find the coordinates of the fourth vertex (three solutions). 

3. In what ratio is (he line drawn fiom the pouit (2, — 5, 8) to the 
point (4, 0, — 3) divided by the plane Osx ? by the plane Oxy ? At what 
points does this line pierce tliese coordinate planes ? 

10. In what ratio i& tlie line drawn from the point (0, 5, 0) to the 
point (8, 0, 0) di\ided by the line In the plane Oxy which bisects the 
angle between the axes ? 

11. Fhid the coordinates of the midpoint of the line joining the points 
(4, — 3,8) and (6, 5,-9). Find the points which trisect the same segment. 

12. If we add to the segment joining the points (4, 1, 2) and (— 2, 
5, 7) a segment of twice its length in each direction, what ai'e the coordi- 
nates of the end points ? 

13. Find the coordinates of the intersection of the medians of the tri- 
angle whose vertices are Fi(xi, yi, si), P^ixi, Vi,'Zi}, PsCKa, Va, 23). 

14. Show that the lines joining the midpoints of the opposite edges 
of a tetrahedron intellect and are bisected by their common point. 

15. Show that the projection of the radius vector of the point 
F^x, y, z) on a line whose direction cosines are (', m', n' is Vx + iti'y + n'e. 
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298. Projections. Components of a Vector. If two points 
■^[("^D Vi! ^i) an^i Pii^h) Vi, ^i) a^re given by tlieir coordinates, 
the projections of the vector, PjPj on 
the axea, or what amounts to the 
same, on parallels to the axea drawn 
through P, (Fig. 126), ai-e evidently 
(§ 29,-1) : 

P, Q ^ a;, _ a;, , P^R = y^- y„ 

These projections, or also the vectors '"^■* 

PiQ, Cl'NjSP^, are called the 'reotangidar components of the 

vector PiPi , or its components along the axes. 

If d ia the length of the segment P,Pi , its direction cosines I, 
m, n are since P^Q ia perpendicular to PiQ, P^R to P^B, P^S 
to P,S: 



These relations can a 



e written in the form 



299. Angle between two Lines. If the directions of two lines 



and l^, m^, n^, the 



ai-e given hy tlieir direction cosines I 
angle ^ between the two linee is given 
by the formula 

cos if" = llh + t»ilM-2 + »i»2. 

For, drawing tlu'ough the origin 
two lines of direction cosines Jj , m, , 
M, and li, nii, n^ and taking on the 
former a vector OP^ of unit length, I'lo- 127 

the projection OP of OP, on the other line is equal to the 
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cosine of the required angle ifi. On the other hand, OP^ has 
I, , wii , n, as components along the axes ; hence, by § 294 : 
cos ^ = lil^ + mi»i2 + n^n^. 

Two mteisecting lines (or any two parallels to them) make 
two angles, say ^ and tt — ^. But if the direction cosines of 
each line aie given, a definite sense has been assigned to each 
line, and the angle between the lines is understood to be the 
angle between these senses. 

300. Conditions for Parallelism and for Perpendicularity. 
If, in particidar, the lines are parallel, we have either l, = l2, 
m, = »i5, J), =ns, or l, = — l^, mj= — ma, «,= — %; hence in 






^1 



This then is the condition of parallelism of two lines whose 
direction cosines ai'e ^ , vi,, n, and l^, m^, n^. 

If the lines are perpendicular, i.e. if i^ = ^ tt, we have 
cos i^ = ; hence the condition of perpendicularity of two lines 
whose direction cosines are ^, mi, wj and l^ , wij, n^ is 
Z,Zj + mim^ + %nj = 0. 
301. The formula of § 299 gives 

sin'^ = 1 — cos^^ = 1 — (JiJj +m\m'2 + niiis)'^. 
As C§ 297)- (ii^ + rai^ + m^) (JjS + mi" + ni) = 1, we can write tMs es- 
preBsion in the form 

[^ + n^ lih + miMia + «i«2 1 

which, by Ex. 3, p. 45, can also be expressed as follows ; 

.ln.t = |* "■|' + 1»- 'f + 1'' "f. 
\mt %i \n% h\ \h mai 

The direction ((, m, ») perpendicular to two given different directions 
(h , I'll , Ki) and (h , wa , kj) ia found by solving the equations (§ .300) 
1,1 + m,m + n,n = 0, 
hi + mim + nan = 0, 
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whence 

\h mil 



1 "2 k I 



If we denote by k the common value of these ratios, we have 

>.["' '"li, ,. = ]"■ ''li, ..]'■ 'At; 

substituting these vahies in the lelatioii (§ 297) l^ + m^ + n* = 1 aad, 
observing the preceding value of siny', we find; 

I Ml, ill I hi; ;i| 

sin./' 
■where ip is tie angle between the given directions. 

302. Thi-ee directions (h, mi, ni), {h, mj, Bj), (ij, wis, itj) ara com- 
planar, i.e. parallel to the same plane, it there exists a direction (I, m, n) 
perpendicular to all three. This will be the case if the equations 

hi + viim + «i)i = 0, 

111 + Mim + Bs« = 0, 

hi 4- mstJi +{>i3n = 
have solutions not all zero ; hence the condition of complanarity 

h "'2 "a = 0. 
\h «*> %l 

EXERCISES 

1. I'ind the length and direction cosines of the vector drawn from the 
point (5, —2, 1) to the point (4, 8, — fi) ; from the point (a, 6, e) to the 
point (-«, -6, -c) ; from (-o, -6, -o) to (a, 6, c). 

2. Show that when two lines with direction cosines I, m, n and 
V, m', n', respectively, are parallel, W + min' + nn' = ± 1. g 

3. Show that when two lines with direction cosines proportional to 
a, b, c, and a', &', c', are perpendicular aa' -rW+ce'—O; and when the 
lines are parallel a/a' — b/b' = c/c'. 

4. Show tliat the points (6, 2, -3), (6, 1, i), (-2, -3, 0), 
(— ], — 4, 13) are tlie vertices of a parallelogram. 
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5. Show by direction uosines Uiat tJie points (6, —3, 5), (8, 2, 2), 
(4, -8, 8) lie in a line. 

G, rind theaiigle between the vectors from (5, 8, — 2) to ( — 2, 6,-1} 
and from (8, 3, S) to (1, 1, -6). 

7. Find the angles of the triangle whose yertices are (o, 2, 1), 
CO, 3, -1), (2, -1,7). . 

8. Find the direction cosines of a line which is perpendicular to two 
lines whose direction cosines are proportional to 2, —3, 4, and 5, 2, —1, 



9. Derive the formula of § 299 by taking on each line a vector of unit 
length, OPi and OP2, and expressing the distance PiPj first by tlie 
cosine law of trigonometry, then by § 292, and equating these expressions. 

10, I'ind the rectangular components of a force of 12 lb. acting along 
a line inclined at 60° to Ok and at 45° to Oy. 

11, Find the resultant of the forces OPi, OP2, OPs, OP* if the co- 
ordinates of Pi, Pi, Pa, P4, with Oas origin, are (3, -1, 2), (2, 2,-1), 
(-1,2, 1), (-2,3, -4). 

12, If any number of vectors, applied at the origin, are given by the 
coordinates x, y, e of their extremities, the length of the resultant S is 
V(Sx)^+ (SS/J2+ (Ss)^ (see Ex. 9,.p. 21), and its direction cosines 
M6Zx/Ii,Zy/B,S),/B. 

13, A particle at one vertex of a cube is acted upon by seven forces 
represented by the vectors from the particle to the other seven vertices ; 
find the magnitude (length) and direction of the resultant. 

14, If four forces acting on a particle are parallel and proportional to 
the sides of a quadrilateral, the forces are in equilibrium, i.e. their resultant 
is zero. Similarly for any closed polygon, 

303. Translation of Coordinate Trihedral. Let x, y, z be 
the coordinates of any point P with respect to the trihedral 
formed by the axes Ok, Oy, Oz (Fig. 128). If parallel axea 
OiX„ 0,1/1, Oi^i be drawn through any point Oi(a, b, c), and if 
x^, y„ z, are the coordinates of P with respect to the new tri- 
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the old coordinates 
f one and the same 



hedral OiXyy^z^, then the relations betweei 

X, y, s, and the new coordinates a;,, yi, Zy • 

point P are evidently 

x = a + x-^, y = h + y„ %^t-\-Zy 

The coordinate trihedral has thus 

been given a traixslation, represented 

by the vector 00^. This operation 

is also called a transformation to yt:~~H — i-' 

parallel axes through 0^. fio. 138 

304. Area of a Triangle. Any two vectoi-s OPi, OPsdrawn from 
the origin detenniae a triajigle OPiPa, wh.os« a 



r^ and direction C' 
ce given. For, denoting the anglf 
have for tlie area A -. 



pressed if the 1 
PiOPi by V 1 



tiou cosinea by § 301. 

305. Moment of a Force. Suoii a 

represent the moments of forces. Tlie ni 
is defined as the product of the force into tiie 
perpendicular distance of O from the line of 
action of tlie force. Thw, if the vector P,Fi 
(Fig. 130) represent a force (in magnitude, 
direction, and sense) the'moment of this force • 
about the origin is equal to twice the a 
of the triangle OFiPi, i.e. to the area of the 
parallelogram OPiP^Pi, where OPt it 
equal to the vector PiPa. 

It is often more convenient to represent this n 
area, hut by a vector OQ, drawn from O at right angles to the triangle, 
and of a length equal to the number that represents the moment. If the 
body on which the force acta could turn freely about tliia perpendicular 
the moment would represent the turning effect of tlie force PiPj. 
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Tlie sewse of this vector that represents the moment is talten so as to 
make tlie vector point towaiiitiiat side of the plane of the triai^Ie from, 
wliioh the force PiPa is seen to turn countercloclcwiae. 

306. If we square the espreseion found in §304 for the area of the 
triangle OI'iPi and substitute for sin^ •// its value frorn § 301, we find : 

-=**'(l:: :r-i: ;m;: :r)- 

Hence A^ ia the sum of the squares of the three quantities 

Imi «i| , , [m III . , I'l mil 
I nia ma I I "3 '2 1 I '2 '»a I 

which have a simple geometrical a.nd mechanical inteipretation. For, as 

the coordinates of Pi , P2 are 

Ki — hn^ yi = '"it'll 2i = "i''ii 



and as Ki , !/i and otj , j/j are the coordinates of tbe projections §1 , $2 of 
Pi , Pi on the plane Ory, A, represents (§ 12) the area of tlie triangle 
0§i§2, i.e. the projeotion on the plane Oxy of the area OFiPs- Sim- 
ilarly, Ai and A^ are the projections of tlie area OP1P2 on the planes 
Oyz and Ozx, respectively. As any three mutually rectangular planes 
can be taken as coordinate trihedralji, our formula A^ = A^ + Ay^ + A^ 
means that the square of the area of (WS triangle (s equal to the sum of 
the squares of its projections ore any three miUtially rectangular planes. 

In mechanics, 2A, is the moment of the projection ^iQi of the force 
PiPa about O, or wliat is bj definition the same thing, the moment of 
PiPj abmit the axis Os Similarly tor iA^, ^Ay. The proposition 
means, therefore that the moments of PiPa about the axes Ox, Oy, Oz 
laid ofl as vectors along these ai.es can be regarded as the rectangular 
components of the moment of PiPo about the point ; in other woids, 
3 J„ 2 A^, 2 4, are the components along Ox, Oy, Oz of that vector 
2 A (§3051 «lnch iepre'<ents the raiment of Pi P2 about 0. 
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307. Polar Coordinates. The position of any point P (Eig. 
131) can also be assigned by its 
radius vector 0P= r, i.e. the dis- 
tance of P from a fixed origin or 
pole 0, and two angles : the colati- 
tude 6, i.e. the angle NOP made 
by OP with a fixed axis ON, the 
polar axis, and the longitude <j>, 
i.e. the angle AOP' made by the 
plane of & with a fixed plane 
NOA through the polar axis, the 
initial meridian plane, 

A given radius vector r confines the point P to the sphere 
of radius r about the pole 0- The angles and <p serve to 
determine the position of P on this sphere. This is done as 
on the earth's surface except that instead of the latitude, which 
is the angle made by the radius vector with the plane of the 
equator AP, we use the colatitude or polar distance & = NOP. 

The quantities )■', $, and ^ are the polar or spherical coordi- 
nates of P. After assuming a point as pole, a line ON 
through 0, with a definite sense, as polar axis, and a (half-) 
plane through this axis as initial meridian plane, every point 
P has a definite radius vector )■ (vailing from zero to infinity), 
colatitude & (varying from to ir), and a definite longitude ^ 
(varying from to 2 ir). The counterclockwise sense of rotation 
about the polar axis is taken as the positive sense of ^. 

308, Transformation from Cartesian to Polar Coordinates. 

The relations between the cartesian coordinates x, y, % and the 
polar coordinates )-, Q, <f. of any point P appear directly from 
Fig. 132. If the axis Oz coincides with the polar axis, the 
plane Oxy with the equatorial plane, i.e. the plane through the 
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pole at riglit angles to the polar axis, while the plane Oxx i 
taken as initial meridian plane, the pro- 
jections of OP^r on the axis Oz and 
on the equatorial plane are 



S'' 



Projecting OQ on the axes Ox, Oy,^ 
hnd ' Fig. 133 

x = r sin 6 cos ^, »/ = »■ sin 6 sin ^ , z = r cos S. 

Also T = ~^3? + '>/^Z', cos^ = — ^ tani^ = ^- 

EXERCISES 

1. Find Che area of tlie triangle whose vertices are (n, 0, 0), (0, 6,0), 
(0, 0, c). 

2. Find the area of the triangle wliose vertices are the origin and tlie 
points (3, 4, 7), (-1,2,4). 

3. Find the area of the triangle whose vertices are (4, —3, 3), 
(6, 4,4), (-6, -a, 8). 

4. The cartesian coordinates of a point are 1, VS, 2v'3 ; what are its 
polar coordinates ? 

5. If r =6, S = J T, ^ = J JT, what are the cartesian coordinates ? 

S. The earth being taken afi a sphere of radius 3i)fi2 miles, what are 
the polar and cartesian coordinates of a point on the surface in lat. 42° 17' 
N. and long. 88° 44' W. of Greenwich, the north polar axis being the axis 
Oz and the initial meridian passing through Greenwich ? Wliat is the 
distance of this point from the earth's axis ? 

7. Find the area of the triangle whose vortices are (0,0,0), (ri, 5|, i>i), 

8. Express the distance between any two points in polar coordinates. 

9. Find the aiea of any triangle when, the cartesian coordinates of the 

10. Find the rectangular components of the moment about the origin 
of the vector drawn from (1, -3, 3) to (3,1, -1), 
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CHAPTER XIV 

THE PLANE AND THE STRAIGHT LINE 
PART I. THE PLANE 

309. Locus of One Equation. In plane analytic geometry 
any equation between the coordinates x, y or r, t^ of a point in 
general represents a plane curve. In particular, an equation of 
the iirst degree in a; and y represents a straight line (§ 30) ; 
an equation of the second degree in x and y in general repre- 
sents a conic section {§ 245). 

In solid analytic geometry any equation between the coordi- 
nates x,y,z at r, f, -^ of a point in general represents a surface. 
Thus, if any equation in x, y, 3, 

F(:x,y,z)=!), 
be ijnagined solved for z so as to take the form 

»=/(!,!/), 
we can find frotn this equation to every point {x, y) in the 
piano Oxy one or more ordinates z (which may of eonrae be 
real or imaginary), and the locus formed by the extremities of 
the real ordinates will in general form a surface. ' It may how- 
ever happen in partkidar cases that the locus of the equation 
F(x, y, z) = 0, i.e. the totality of all tliose points whose coordi- 
nates X, y, z when substituted in the equation satisfy it, con- 
sists only of isolated points, or forms a curve, or that there are 
no real points satisfying the equation. 

Similar considerations apply to an equation in polar 
coordinates 
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310. Locus of Two Simultaneous Equations. Two simulta- 
neous equations in x, y, z (or ia the polat' coordinates r, &, •^ 
will ill genetal represent a c\xroe in space, namely, the inter- 
section of tlie two surfaces represented by the two equations 



Thus, in the present chapter, we shall see that an equation of 
the first degi'ce in s, y, % represents a plane and that therefore 
two such equations represent a straight line, the intersection of 
the two planes. In chapters XV and XVI we shall discuss 
loci represented by equations of the second degree, which are 
called qua/lTic surfaces. 

311. Equation of a Plane. Ewry equation of the first degree 
in X, y, z represents a plane. The plane is defined as a surface 
such that the line joining any two of its points lies completely 
in the surface. We have therefore to show that if the general 
eqiiation of the first degree 
(1) Aa! + By+C-4 + D = 

is satisfied by the coordinates of any two points -P/k, , j/^, %) 
and P^(x.„ y„ «,), i.e. if 

f Axi + By-i + C%i + D = Q, 
I Ax^ + Bya + C^2 + -O = 0, 
then (1) is satisfied by the coordinates of every point 
P{x, y, z) of the line P^P^. 

Now, by § 295, the coordinates of every point of the line 
Pip2 can be expressed in the form 

3; = 3^ + fc(a^-3\), «/ = 2/i + ftCVa - 3/i), « = s, + A'fe - 2i), 
where k is the ratio in which P divides P\P^ i.e. 

k = P-,P/P,P,. 
We have therefore to show that 
Alx, + Mx, - X,)] + Bly, +h{y., ^y;)-]^G[_z,+k(z,-z,)-] +D=% 



(2) 
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whatever tlie value of h. Adding and subtracting kD, we can 
write this equation in the form 

and this is evidently true for any k, owing to the conditions (2). 
312. Essential Constants. The equation (1) will still rep- 
resent the same plane when multiplied by any constant differ- 
ent from zero. Since A, h, C cannot all three be zero, we 
can divide (1) by one of these constants ; it will then contain 
not more than three arbitrary constants. We say therefore 
that the general equation of a plane contains three essential 
constants. This corresponds to the geometrical fact that a 
plane can, in a variety of ways, he determined by three condi- 
tions, such as the conditions of passing through three points, 



313. Special Cases, If, in equation (1), D — 0, the plane 
evidently passes through the origin. 

If, in equation (1), 0=0, so that the equation is of the 

Ax + By + D = 0, 
this equation represents the plane perpendicular to the plane 
Oxy and passing through the line whose equation in the 
plane 0x1/ is Ax + By + D = 0. For, the equation Ax + By 
4- jD = is satisfied by the coordinates of all points {x, y, %) 
whose X and y ace connected by the relation Ax +By -H -D = 
and whose z is arbitrary, but it is not satisfied by the coordi- 
nates of any other points. Similarly, if B = in (1), the plane 
is perpendicular to Oar ; if ^ = 0, the plane is perpendicular to 
Oyz. 

If S = and C= in (1), the equation obviously represents 
a plane perpendicular to the axis Ox ; and similarly when 
and A, or A and B are zero. 
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Notice that the lino of iutersection of (1) with the plane 
Oxy, for instance, is represented by the simultaneous equations 
Ax + Bi/+C3 + D = 0,s = 0. 

314. Intercept Fonu. li D^Q the equation (1) can be 
divided hy D^ it then assumes the form 

D D^ D 
G are all diffei-ent from zero, this equation can be 



If A, 1 



= 1- 



- B/A - ])/B - I)/C 
; ■ putting - D/A = a, - D/B =^h, - D/G ^ c 



m 



i-?U 



1-1. 



In this equation, called the intercept form of the equation 
of a plane, the constants a, b, c are the intercepts made by the 
plane on the axes Ox, Oy, (h respectively. For, putting, for 
instance, y — and 2 = 0, we find x = a; etc, 
315. Plane through Three Points. If the plane 
^a; + Bv + Cfe + 7) = 
is to pass through the tliree points P\{ih, y\, Si), P^^^, y^, z^, 
Ps(^ J/si %)i the three conditions 

^a,-, + 5;/i + Oz, + D = 0, 

Ax^_ + B)/3 + Cfej + O = 0, 

AXi + 5^3 + C«3 + i> = 

must be satisfied. Eliminating A, B, 0, D between the four 

linear homogeneous equations (compare § 75) we find the equar 

tion of the plane passing through the three points in the form 



^ Vi 



0. 
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EXERCISES 
i, ii'md tlio intercepts made by the foUowiug planes : 
(rt) 4sc + 12y + 32 = 12; (b) 15 iK- 6 »/ + 10 3 + 30 = ; 

(e) 3^-^ + 2-1=0; (d) * + 2j + 3^ + 4 = 0. 

2. Interpret the following equations : 

(a) x + y + ^=^l; (!>) 5y-3z = 12; 

(0) x + y = G; (a) 5;/+12 = 0. 

3. Find the plane determined by the points (2, 1, 3), (1, —o, 0), 
(4, 6, - 1). 

4. Write down the equation of the plane mhose intercepts are 3, 2, - 5. 
B. rind the intercepts of the plane passing thiBUgli the points 

{3, - 1, 4), (6, 2, - 3), (- 1, ~ 2, - 3). 

G. If planes are parallel to and a distance a fi'ora the eoordinate planes, 
what are their intercepts ? Whivt are their equations ? 

7. Show that the four points (4,3,3), (4,-3,-0), (0,0,3), 
(2, 1, 2) lie in a plane and find its equation. 

316. Normal Form. The position of a plane in space is 
fully det«miiiied by the length p = ON (Fig. 133) of the per- 
pendicular let fall from the origin 
on the plane and the direction co- 
sines I, m, n of this perpendicular 
regarded as a vector ON. Let Pbe 
any point of the plane and OQ=x, 
QM = y, liP= % its coordinates ; as 
the projection of the open polygon 
OqRP on OM is equal to ON Fro. 133 

(§ 294) we have 

(4) lx-\-my + 'iiS=p. 

This equation is called the nofinal foi-m of the equation of a 
plane. Observe that the nnmber p is always positive, being 
the distance of the plane from the origin, or the length of the 
vector ON. Hence Ix + my + nz is always positive. 
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317. Reduction to the JN'ormal Fomi. The equation Ax + 
By + Cfe + I? = is in general not of the form lv;+riiy-\~nz^p 
since in the latter equation the coefficients of x, y, z, being the 
direction cosines of a vector, have the property that the sum 
of their scLuaies is equal to 1, while A^ + B'+ O^ is in general 
not equal to 1. But the general equation can be reduced to 
the normal form by multiplying it by a constant factor k 
properly chosen. The equation 

kJx + kBy + SGs + &i> = 
evidently represents the same plane as does the equation 
Ax-\- By -\- Cfe + i> = 0; and we can select k so that 

{kAy+(kBf+{kGy = l, 



±-^/A■' + B' + G•' 
As in the normal form the right-hand member p is positive 
(§ 316) the sign of the square root should be selected so that 
TcD becomes negative. 

Tlie normal form is therefore obtained by dividing the equation 
Ax + By+(k+D = Oby ± -^/A" + B^ + C^ according as D is 



It follows at the same time that the direction cosines of any 
normal to the plane Ax + By+Cz + D = are proportional 
to A, B, C, viz. 

J ^ A ^^ ^ B 

± \/A' + B'+ C^' ± VA^ + E' + €'■'' 

G 
± ^A' + B^+ G"' 
and that tlie distance of the plane from the origin is 

p = ^ , 

± V-4^ + B^ + G^ 

the upper sign of the square root to be used when D is nega^ 
tive, the lower when D is positive. 
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318. Distance of Point from Kane. Let Ix -\- my + nz = p 

be the equation of a plane in the normal form, ?*,(%, y-i, zi) 
any point uot on this plane {Fig. 134). The projection OS of 
the vector OPi on the normal to the 
plane being equal to the sum of the 
projections of its components 0(2 = 
Xi, QB = j/i, MPi = Zi, we have 

OS =l3>, + myi + )i3i. 
Hence the distance d of Pj from the 
plane, which is equal to NS, will be 
d= OS — 0N= IXi + my, + nz, — p. fm. 134 

If this expression is negative, the point P, lies on the same 
side of the plane as does the origin; if it is positive, the point 
Pj lies on the opposite side of the plane. Any plane thus di- 
vides space into two regions, in one of which the distance of 
every point from the plane is positive, while in the other the 
distance is negative. If the plane does not pass through the 
origin, the region containing the origin is the negative region ; 
if it does, either side can be taken as the positive side. 

To find the distance of a point Pi(a."i, y,, ^i) from a plane 
given in the general form 

Ax+By + Oz + D^a, 
we liavG only to reduce the equation to the normal form 
(§ 31T) and then to substitute for x, y, % the coordinates x^, i/,, 
2i of Pi; thus 



_AXi-\'l 



'- 0^1+ D 



±-^A-' + B' + 0' 
the square root being taken with + or — according as D is 
negative or positive. 

Notice that d is the distance from the plane to the point 
P,, not from P, to the plane. 
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319. Angle between Two Planes. As two intersecting 
planes make two angles whose sum = x, we shall, to avoid any 
ambiguity, define the angle between the planes as the angle 
between the perpendiculars (regarded as veetois) drawn from 
the origin to the two planes. 

If the equations of the planes are given in the normal form, 
IjX + m^y + BiS = pi, 
l^ + m,y + %3 = ft, 
we have, by § 299, for the angle if/ between the planes ; 

cos ifr = IJ,^ -f- m^m^ + »i»2. 
If the equations of the planes are in the general form, 
A^x + B^y + Ci% + Di = 0, 
A^x+B^ + Cfi + D^^O, 
we find by reducing to the normal form (g 317) : 

± -^/A^TW+C? ■ ± VA,^ + £/^C} 

320. Bisecting Planes. To find the equations of the two 
planes that bisect the angles formed by two intersecting planes 
given in the normal form, 

ItX + m.y + n^z —p, = 0, l^ + iihy + %s —p^ = 0, 
observe that for any point in either bisecting plane its distances 
from the two given planes must be equal in absolute value. 
Hence the equations of the required planes are 

l,x + m,y + n,z —p^ = ±(l^ + mm -^n^—p^. 
To distinguish the two planes, observe that for the plane that 
bisects that pair of vertical angles which contains the origin 
the perpendicular distances are in the one angle both positive, 
in the other both negative; hence the plus sign gives this 
bisecting plane. 
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If the equations of the planes are given in the general form, 

first reduce the equations to the normal form (§ 317). 



i. A line is drawn from the origin perpendicular to the plajie 
^; — !/ — 5s — 10 = 0; what are the direction cosines of this line ? 

2. Find the distance fpm the origin to the plana 2x4-3 y — 2 = 0. 

3. Mnd the distances of the following planes from tlie origin ; 
(a) 3k-4!^ + 5s-8 = 0, (b) x4-y+^ = 0, 
(g) 2y-5^ = 3, (d) 3k- 4!) + 5 = 0. 

i. Mnd the distances from t!io following planes to the point 
(2, 1, - 3) : 

(a) 33: + 5!) -6* = 8, (i.) 2x-3s - s = 0, (_o) x + y + e=0. 

5. Find tile plane through the poiut (4, 8, 1) whidi is perpendicular 
to the radius vector of this point; also the parallel plane .whose distance 
irom the origin is 10 and in the same sense. 

6. Find the plane througli tlie point (— 1, 2, — 4) that is parallel to 
tlie plane ix — Sy + 2si = S; what is the distance between these planes ? 

7. Find the distance tietween the planes 43! — 5y — 2s = fi, 4^ — 5^ 

8. Are the points {fi, 1, — i) and (4, — 2, 3) on the same side of the 
plane 2x + ^y — liz + 1=0? 

9. "Write down the equation of the plana equally inclined to the axes 
and at the distance p from the origin, 

10, Show that the relation between tlie distance p from the origin to a 
plane and the intercepts o, b, c is l/a« + 1/6* + 1/c^ = 1/j)*. 

11. Show that the locus of the points equally distant from the points 
PiCa^i , i'l , *i) and Fi^x^ , yi , sa) is a plane that bisects PiPa at right 
angles, 

la. Find the equations of the planes bisecting the angles: (a) between 
the planes ar+y + a — 3=:0, 'is- 8!/ + 42 + 3 = 0; (b) between the 
planes23:-2?;-z = 8, i + 2y-2E=6, 
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321. Volume of a Tetrahedron. The volume of the tetrahe- 
dron whose vertices are tho points P, (x^ , yi , s,), Pi{x2 , j/s , z^), 
■Ps(^i !/3. ^i)i Pii^ii Vt) ^4) call be expressed in terms of the 
coordinates of the points. The equation of the plane deter- 
mined by the points -Pj, Pj, P4 is (§ 315) 



a^ ^3 



Isow the altitude d of the tetrahedron is the distance from this 
plane to the point P, (x,, 1/,, z^), i.e. {§ 318) 



ip 


% 3^ 1 ' iCs !/, 1 


1 + 


z^ X, 1 + X, '^s i 


1 


Zi X, 1 x^ Vi \ 



But the denominator is seen immediately to represent twice 
the area of the triangle with vertices Pj , -Pj , P, (Ex. 9, p. 291), 



i.e. twice the hase of the tetrahedron, 
ive then have 



eby^B, 



The volume of the tetrahedron is V—^Bd, and therefore 
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322. Simultaneous Linear Equations. Two simulta,neous 
equations of the first degree, 

AiX + B,y + C\z + A = 0, 

A^x + -Bsj/ + G^z + A = 0, 
represeut in general the line of infcerseetion of the two planes 
represented by the two equations separately. For, the coordi- 
nates of every point of this line, and those of no other point, 
satisfy both equations. See § 310 and §§ 326-327. 
Three simultaneous equcttions of the first degree, 

A.o! + B^+ C\z + A = 0, 

A^ + B^y + CjS -(- A = 0, 

A{J^ + B^ + C^-^D, = 0, 
determine in general the point of intersection of the three 
planes. The coordinates of this point are found by solving 
the three equations for x, y, %. But it may happen that the 
three planes have no common point, as when the three lines of 
intersection are parallel, or when the three planes are parallel ; 
and it may happen that the planes have an infinite number of 
points in common, as when two of the planes, or all three, 
coincide, or when the three planes pass through one and the 
same line. 

Pour planes will in general have no point in common. If they do, i.e. 
if thets exiats a point (ki , j/i , zC) satisfying tlie four equations 

^1*1 + Bm + t-'isi + Di == 0, 

A-i%i + Bsi/i + Cs^i + 2?2 = 0, 

Ai%i + Biyx + C%zx + Da = 0, 

AiX-i + Bm + 04*1 + A = 0, 

10 equations ao that we find 



we can eliminate %\ , ^i, si, 
the condition 



Bi 



0, 


i>i 


c= 


-Da 


Cs 


Di 


0, 


Di 
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EXERCISES 
i. JTitid tlin volume of tlie tetrahedron whoso vertices ave (0, 0, 0), 
(a, 0, 0), (0, 6, 0), (0, 0, c). 

a. Find the volume of the tetrahedra whose vertices are the following 

(a) (7, 0, 8), (3, 2, 1), (- 1, 0, 4), (3, 0, - 2). 
(6) (3, 0, 1), (0, - 8, 2), (4, 2, 0), (0, 0, 10). 
(c) (2, 1, -3), (4, -3, I), (3, -7, ~4), (5, 1,8). 
3. Find tlie coordinates of the points in whicli the following planes 
intersect ; 

(a)2« + 5!/ + 2-2 = 0, x + 6y + z = 0, 3z-3y + 2 s -12 =0. 
(6) 32+y+z=a+&+P, ix~2 11+2=2 a-2b+u, 6x-y=Sa~b. 
i. Show that the four planes 5x -Sy — a^O, iic--2y + z = S, 
Sx + Sj — 03 = 8, x + y + /! = G pass through tlie same point. What 
are the coordinates of this point ? 

6. Sliow that the four planes ix-i-y + s + 4=0, x + ^y — g + S^O, 
y — 5 ^ -I- li = 0, » + y -i- e — 2 = have a common point. 

6. Show that the locus of a point the sum of whose dlstanoes from 
any number of fixed planes is constant is a plane. 

323. Pencil of Planes. All the planes that pass through 
one and the game line are said to form a pencil of planes, and 
their common line ia called the axis of the pencil. 

If the equations of any two non-parallel planes are given, 

then the equation of any other plane of the pencil having their 
intersection as axis can be written in the form 
(2) {A,x + Bj/+ G,% + A) + K^^ + B^ + C,e + A) = 0, 
where & is a constant whose value determines the position of 
the plane in the pencil. 

For, this equation (2) being of the first degree in x, y, z 
certainly represents a plane ; and the coordinates of the points 
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of the line of intersection of the two given planes (1), since 
they satisfy each of the equations (1), must satisfy the equar 
tion (2) so that the plane (2) passes through the axis of the 
pencil. 

324. Sheaf of Planes. All the planes that pass through 
one and the same point aro said to form a sheaf oi planes, and 
their common point is called the center of the aheaf. 

If the equations of any three planes, not of the same pencil, 
are given, say 

A,x + B,y + Cji + A = 0, 
A^x + B4j + CjS! + A = 0, 

then the eqiiation of any other plane of the sheaf having their 
point of intersection as center can be written in the form 
{A,x + B,y + G,z + DO + ft, {A^x + B^ + 0,e + D,) 

where tc^ and Tc^ are constants whose values determine the 
position of the plane in the sheaf. 
The proof is similar to that of § 323. 

325. lion-linear Equations Representing Several Planes. 
When two planes are given, say 

A,x + B,y + G^z + Di = 0, 
A0 + B^y + 0,^ + A = 0, 
then the equation 

{A,x + B,y + C\z + D,)(A^ + B^ + C^ + D,)=<i, 
obtained by equating to zero the product of the left-hand mem- 
bers (the right-hand members being reduced to zero), is satis- 
fied by all the points of the first given plane as well as all the 
points of the second given plane, and by no other points. 

The product equation is therefore said to represent the two 
given planes. The equation is of the second degree. 



y Google 



XIV, § 325] THE PLANE 305 

Similarly, by equating to zero the product of tlie left-hand 
members of the eciuatious of three or more planes (the right- 
hand membeia being zero) we obtain a single equation repre- 
sentiug all these planes. An equation of the wth degree may, 
therefore, represent n plaiies ; it -will do so if its left-hand mem- 
ber can be resolved into n linear factors with real coefficieiits. 

EXERCISES 

1. Find tlie plane that passes through the hue pf intersection of the 
planes Caj-Si/ +4s-S5 =0, x + y-z = and tlii-ough (4, -3, 2). 

2. Show tliat the planea 8!c — 2ii + &z + 2=G, x + y — z — 6 = 0^ 
Q^ + y-l-Se— 13 = belong to the same pencil. 

3. Show that the following planea belong to t3ie same sheaf and find 
the coordinates of the center of tlie sheaf : Qx + y — i ^ = 0, x + y -i- ^ = 5, 
2x-iy-e = W,2x + Zy +s = i. 

4. What planea are represented by the following equations ? 

(a) a2_e*-H8 = 0, (6) y^-9 = 0, (c) a;2-;2 = 0, {d} x'^-ixy^O. 

5. Fhid the cosine of the angle between the following pairs of planes : 
(a) ix-3y-z = &,x + y-z = 8; (6) 2x+1 y + 4s = 2, x-^y-^a^U. 

6. Show that tlie following pairs of planes are either parallel or 
perpendicular : 

(a) 3x-2y+5s=0,2x+Sy=^8; (6) 5x+2y-is=Q, I0x+iy~2s=a; 
(c) x + y-2^ = 3,x+y + ^=n; (d) x- 2y- ^ = 8, ax-&y-3z=5. 

7. Find the plane that is perpendicular to the segment joining the 
points (3, - 4, 6) and (2, 1, - 3) at Its midpoint. 

S. Show that the plajies Aix + B,y + CiS + I)i = 0, AiX + B^y + CaZ 
+ £>i = are parallel (on the same or opposite sides of tlie origin) if 
A,Ai + BiBi -i- 0,02 _^j_-i 

VA^TWTC?' ^/A^TWTC? 

9. A cube whose edges have the leiigtli a is referred to a coordinate 
trihedral, tlic origin being taken at the center of a face and Hie axes par- 
allel to the edges of the cube. Find the equations of the faces. 
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10. Show tlial. tlie plane through the points Fi{t,, yi, si) and 
Af*!, 2/2, ^a) awcl perpendicalar to the plane Ax + By + 0^ + D = 
can be repi-esented by tlie equation 



B C 

11. Find those planes of the pencil 43^ — 8i/ + 52 = 8, 2s: + 3y — s=4 
which are perpendicular to tlie coordinate planes. 

12. Fiud tie plane that is perpendicular to the plane 2%-\-S!i — s = l 
and passes through the points (1, 1, - 1), (3, 4, 2). 

13. Find tlie plaJie that is perpendicular to the planes ix — Sp + g = 6, 
2x + 3y — 5z^i and passes through the point (i, — 1, 5). 

11. Show that tlie conditions that three planeis Aix + Bi_y + Ciz+Di=0, 
AiX + B^y + CiZ + J>2 = 0, Asd + BiD + CjS + Da = belong to the same 
pendl, are 

Ai + kAi _ Bi + lcBi _ Gi+kGi _ D-i, + kDi , 

As Bs ft A ' 

or, putting these fractions equal to s and eliminathig ft and s, 

\Bi Ci Dil IC, Di Ai\ \Oi Ai BA U, By C,| 

Lbs Gi I>2 = Cj Di 4s = Lds a, BjU U, B~,_ Cs =0. 

Us O3 2)J ]Cj T>3 Ai\ Ia A3 Bi\ \a3 Bi Cs] 

(Verify Ex. 2 by using these conditions.) 

15. Find the equations of the faces of a right pyramid, with square 
base of side 2 a and with altitude h, tlie origin being talcen at the center 
of the base, the ails Os tlirough the opposite vertex and the axes Ox, Off 
parallel to the sides of the base. 

16. Homogeneous substances passing from a liquid to asolid state tend 
to form crystals ; e.g. an ideal specimen of ammonium atum has the form 
of a regular octahedron. Find the equations of the faces of suchaerystal 
of edge a If the origin is taken at the center and the axes through the 
vertices, and determine the angle between two faces. 

17. Find the angles between the lateral faces of a right pyramid whose 
base is a regular hexagon of side a and whose altitude ia /(. 
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PART II. THE STEAIOHT LIKE 

326. Determination of Direction Cosines, Two simulta- 
neous linear equations (§ 322), 

(1) Ax+By+Cx+D=(i, A'cc+B'y + C's+J)'=(i, 

represent a line, namelj, the intersection of the two planes 
represented hy the two equations separately, provided the two 
planes aie not parallel. 

To obtain the direction cosines I, m, n of this line observe 
that the line, since it lies in each of the two planes, is perpen- 
dicnlai- to the normal of each plane. Now, by g 317 the direc- 
tion cosines of these normals are proportional to A, B, G and 
We have therefore 



AI + Bm+ Cn = 



0, A'l + B'm -f- G'n ^ 0, 

whence 

_. BO \\CA] \ AB\ 
l-.-m-.n-^ 5'(7| ■ I C'A'i '' \a'B'\' 

The direction cosines themselves are then, found hy dividing 
each of these determinants by the square toot of the sum of 
their squares. 



327. Intersecting Lines. The two lin 



A,x + B,y + C,z + D,^0, if A^ + B,y + O^ + D, = 0, 
Ai'x + B^y -i- Ci'« -i- Zii' - j 1 A^^x + Bjy + C;^ -|- IJ/ = 

will intersect if, and only if, the four planes represented by 
these equations have a common point. By §322, the condition 
for this is 

.4, 5, C\ Ih 

A' B' 0,' 0,' 



^1,' B^' Ce' A' 
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328. Special Forms of Equations. For many pui-poses it is 
convonieiit to represent a line by means of one of its points 
and its direction cosinea, or by means of two of its points, 
Let the line be called A. 

If (a^, »/i, %) is a given point of \ and I, in, n are the direc- 
tion cosines of X, then every point (x, y, s) of X must satisfy 
the relations {§ 298) : 

•■ ' I ~~ m n ' 

In these equations. I, m, «, can evidently he repktced by any 
three numbers proportional to I, m, n. Thus, if {x^, y^, x.^) be 
any point of A, difEerent from (x^, y^, s,), we have the continued 
proportion 

Xi- Ki : ^j - i/i : Zj - 2i = ; t m : m ; 

hence the equations of the line through the two points (a^ , y, , z,) 
and (x2, y2, ^i) are : 

a^^xi y.i-^yi m^-Si 
If, for the sake of brevity, we put Xj — a^ = a, y^~'y^ = b, 
z^ — z^^=c, we can write the equations of the lino in the form 

where a, h, c, are proportional to I, vi, n, and can bo regarded as 
the components of a vector parallel to the line. 

The equations (3) also follow directly by eliminating k be- 
tween the equations of § 296, namely, 
(5) 3;=9;i-t-fc(iC3-a;,),i/=!y,+fc{?/2-yi),s=«i+fc(«B-«i). 

These equations which, with a variable k, represent any point 
of the line through (a^, , y^, z,) and (x^, y,, z^ are called the 
parameter equations of the line. 
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THE STRAIGHT LINE 



309 



329, Projecting Planes of a Line. Each of the forma (2), 
(3), (4), which are not easentially ditferent, furnishes three 
linear equations ; thus (4) gives : 



but these three equations are equivalent to only two, since fi' 
any two the third follows immediately. 
The first of these equations, which 
can be written in the form 

Gy — b%~ (ciji — h%i) = 0, 
represents, since it does not contain x 
{% 313), a plane perpendicular to the 
plane 0»/3; and as this plane must con- 
tain the line \ it is the plane CCA 
that projects X on the plane Oyz {Fig. 135). Similarly the other 
two equations represent the planes that project k on the co- 
ordinate plaues Onx aiid Oaj/. Any two of these equations 
represent the line X as the intersection of two of these pro- 
jecting planes. 

At the same time the equation 




Fig. 135 



can be interpreted as representing a line in the plane Oj/s, 
viz. the intersection of the projecting plane with the plane 
a; = 0. This line (AC in Fig. 135) is tlie projection Kof X on 
the plane Oys. As the other two equations (4) can be inter- 
preted similarly it appears that the equations (2), (3), or (4) 
represent the line X by means of its projections A,, A.„, X, on 
the three coordinate planes, just as is done in descriptive 
geometry. Any two of the projections are of course sufficient 
to determine the line. 
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330. Determination of Projecting Planes. To reduce tlio 
equations of a line X given in tlie form (1) to tlie form (4) we 
liave only to eliminate between the equations (1) first one of 
the variables x, y, s, then another, so as to obtain two equa^ 
tions, ea«li in only two variables (not the same in both). 

The process will best be understood from an example. The 
line being given as the intersection of the planes 
(a) 2cB-32, + ^ + 3 = 0, 
(6) x + y + z-2 = (i, 
eliminate s by subtracting (p) from (a) and eliminate x by 
subtracting (p), multiplied by 2, from («) ; this gives the line 
as the intersection of the planes 

3,_4!/-|-5 = 0, 

-Sjy-z + l = 0, 

which are the projecting planes parallel to Oz and Ox, i.e. the 

planes that project the line on Oxij and Oyz. Solving for y 

and equating the two values of y we iind : 

4 1-6' 
The line passes therefore through the point (—5, 0, 7) and 
has direction cosines proportional to 4, 1, — 5, viz. 

VS' V42' V42' 

EXERCISES 

1. Write the equations of the line through the point ( — 3, 1, fi) whose 
direction cosines are proportional to 3, 5, 7. 

2. Write thp equations of the line through the point (3, 2—4) whose 
direction cosines are proportional to 6, — 1, 3, 

3. rind the hue through the point (o, 6, c) that is equally inclined 
to tlie axes of ooci linati-s 
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4. Find the lines tbat paes through the toUowing pairs of points ; 
(a) (4, _ 8, 1), (3, 3, 2), (6) (- 1, 2, 3), (8, 7, 1), 

(c) (-2,3,-4), (0,2,0), (d) (^1,-5, -3), (-3,0,-1), 

and deteroiine tlie direction cosines of each of tliese lines. 

6. Find the traces of the plane 2k — 3j/-4s=6iD the i;oordinate 
planes. 

6. Write the equations of theIine3a:-Sy+5*-6=0,x-y+23-3=0 
in the form (4) and determine the direction cosines. 

7. Put the Une 4 a - 3 y - 6 = 0, K - 3/ - 3 - 4 = in tlis form (4) 
and determine the direction cosines. 

8. Find the line through the point (2, 1, — 3) tliat is parallel to the 
line 2x-ay + iz-e = 0, 5x + y-2^-S = 0. 

0. What are the projections of the line 5r; — 3^ — - — 10 = 0, 
x + n — 3z +5:=!} on the coordinate planes ? 

10. Obtain tie equations of the line through tvn. given points by 
equating the values ol k obtained from § 295. 

11. By § 317, the direction cosines of any hue aie pioportional to the 
coefficients of », y, and s in the equation of a plane perpendic ilar t> the 
line. Find a line through the point (S, 5, 8) that Is perpendi ulai to the 
planeSi; + y + 33 = 5. 

331. Angle between Two Lines. The cosme of the ai gl-. 4 be- 
tween two lines whose direotLon cosines are ?i , nii , «i and I2 , ma , «2 is, 
by § 299, 

COB ^ = hh + Mima + niiia. 

Hence if the !inea are given in the form (4), say 

x-X i — y—y i _ g - g] »-X i __ !/ — sa _ s — s; 

«1 61 Cl ' «2 62 Ci 



If the lines are j)«raIM, then 



if they nm pei'pendicular, then 

Oifla + bihi + C1C5 = ; 
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332. Angle between Line and Plane. Let the line and plane 
be given bj the equations 

x—xi _ y — yt _ -; — ai j ^^ 

^ ''' ' ;^' A 

The plane of Fig. 136 represents the plane ]«/ 

through the giren line perpendicular to the given 
plane. The angle ^ between the given line and 
plane is the complement of the angle « between the line and any perpen- 
dicular FN to the plane. Hence 

gji^ , a^ + t-B+eq 

± v'^^TFT^- ± V-42 + ij2 + Qi 

The (necessary and sufflclent) condition for parallelimn of line and 

fi^ + 6.B -H eC = ; 
the condition of perpendtciilarUy is 



FiQ. 13G 



333. Line and Plane Perpendicular at Given Point. If the 
plane Ax + By+C^ + D = 

passes through the point Fi(Xi , yi , isi), we must have 
Axi + Byi + Czi + iJ = 0. 
Subtracting £rom the preceding equation, we have aa the equation of 
any plane through thepoint Pi(a;i, yi, zi) : 

Ai^x - X,) + B(_y - y,) + 0(s - ^0 - 0. 
The equations of any line through the same point are 

a ~ b " ~ 
If tills line is perpendicular to the plane, we must have (S332) ; a/ A = 
b/B = c/C. Hence the aquations 

ABC 

represent the line through Fi.ix-i, y,, z,) perpendicular to the plane 
Aix - X,) + B{y - y{} 4- C(s - s,) = 0. 



yGoosle 



XiV, § 335] THE STKAIGliT LIXE 313 

334. Distance of d Point from a Line. If the eiiuations of 
the line \ are giyeii in the form 

~1 m ~ n ' 

where (ai ,yi, ^i) is a point Pi of X (Fig. 
137), the distance d = ^Fs of tlic point 
Pi(x2, yi, et) from \ can be found from 
the right-angled triangle FiQFi which gives 

^ = PiPa^ - P,§3, ■'/ pj^^ ^3^ 

hy observing tliat 

PiP^a = (a;, _ aM)2 4- (y^ -V,y' + (s. - si)^, 
while FiQ is the projection of F,Ps on X. This projection is found 
(§394) as the sum of the projections of the components a:; — Ki, y-i — yi, 
2s-2i0f PiPsonX: 



Hence 



P,Q = l(x^ — xi) + nt(yi - y,) + n(ss - si). 



335, Shortest Distance between Two Lines, Twu lines 

\i , M whose equations are given in the form 

x — xi _ y — yt __ g— gt x, — %i _ y — y2 _ a — aa 
li mi Ki ia ffia Ma 

wiii intwsecf if their directions {li, m\, n\j, (h, mj, «;), and the direc- 
tion of the line joining the points (xt , yi , tti), (xi , y^ , z{) are complanar 
(§302), i.e. if 



If the lines \i , X2 do not intersect, their shortest distance d is the dis- 
tance of Pi(xi, yi, 2s) from the plane through \i parallel to Xj. As this 
plane contains the directions of Xi and Jia , the direction cosines of its nor- 
mal are (§ SOI) proportional to 
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&nd as it passes tlirougii P, (3:1 , yi , i:{) its equafion can be written in the 



Hence the shortest distance of the tines \u X^ is 



X2-X, 


1 yi-Vi 


3a -3i 


h 


mi 


11 


h 


nii 


m 



'I ma lla| I"! , (2' \h »is| 
As the denominator of this expression is equal to sinf (g 301), we have 



EXERCISES 

e of tlie angie between tlie lines 



■A s t -13 3 

2. rind the angle between the lines Sx — 2y + iz — 1 = 0, 
21 + ^-33 + 10 = 0, and e + !) + s = 6, 2j^ + 3y-53 = 8. 

3. Find the angle between the lines that pass through the points! 
(4,2,5), (-2,4,3) andC-1, 4, 2), (4, -2, -3). 

4. Find the angle between tiio hne 

and a perpendicular to the plane ix — Sy — 2s ~S. 

5. In what ratio does the plane Sx~ iy + 6;: — 8 = divide the 
segment drawn from the origin to the point (10, — 8, 4). 

6. Find the plane through the point (2, - 1, 3) perpendicular to the 
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7. Finil tlic plane that is perpendicular to the line i x + y — s = Q, 
^x~\-iy + Sz-i-10 = and. passes through the point (4, — 1, 3). 

8. Find the plane through the origin perpendicular to the line 

5x — 2y + z = S, Sx + y — i^ = B. 

9. Find the plane through the point (4, — 3, 1) perpendicular to tlie 
line joining the points (3, 1, — 6), (-- 2, 4, 7). 

10. Find the line through the point (S, — 1, 4) perpendicular to tlie 
plane !r-2t, + 42 = 6. 

11. Show that the lines x/S = y/ — 1 = g/- 2 and x/i = y/G = z/'i are 
perpendicular. 

13. Show that the lines 

aro paJ^Uel, 

13. Find the angle between the line 3x — 2y — e = i, ix + &y — 3z — & 
and the plane x + y + e = 6. 

14. Find the Unes bisecting the angles between the lines 

![ nil «! h n>a »! 

IB. Find the plane pei-pendicular to the plane Za — 4y — !: = 6 and 
passing through the points (1, 8, — 2), {2, 1, i) . 

16. Find tlie plane through the point (3, -- 1, 31 perprndifuUii to the 
llneSa: — 3j — 42 = 7, x + y^2a = 4. 

17. Find the plane through the point (a, S, c) peipendiculai to the 
line Aix + Biy + CiS + 2>i = 0, ^ja: + -BaSf + Cas + Dj = 

18. Find the projectionoftheTectorfrom (3,4, 5) to (2, - 1,4) on the 
line that makes equal angles with the axes ; and on tlie plane 

19. Find the distances from the following lines to the points indicated : 

(«) ^ = ^ = 4^' (0,0,0); 

(6) 2a; + !/ - 2 = 6, K - y + 4 2 = 8, (3, 1, 4) ; 

(c) 2« + 3^ + fi3 = l, 33;-«y + 33 = 0, (4, 1, -2). 



yGoosle 



316 SOLID ANALYTIC GEOMETRY [XIV, § 335 

20. Show that the equation of the plane determined by the line 

and the point p£ (ji , y^ , sa) can be written in the form 
I a: - *! !/ — 2/1 2 - si I 

Us — Kl Vi—yi £2 — 31 = 0, 

21. Find the plane determined by the intersecting lines 

33, Find the plane determined by the line 

J: — J^i — y — gi _ g - si 

and its parallel through the point .Pa (ta, y^, sj). 
23. Given two non-intersecting lines 



x-x, _ y-j /i _ s-gj x~Xi ^ y.^11 = ?jr^ - 

ffil 6l «! ' Qj bi Hi 

find the plane passing tlirough the first line and a parallel to the second ; 
and the plane passing through the second line and a parallel to the first. 

34. What is the condition that the two lines of Ex. S3 intersect ? 

26. Find the distance from the diagonal of a cube to a vertex not on 
the diagonal. 

26. Find the distance between the lines given in Ex. 23. 

37. Show that the locus of the points whose distances from two fixed 
planes are In oonstaiit ratio is a plane. 

28, Show that the plane (m - n)x + (n - l)y +(l~ m)2 = contains 
the line x/l = y/m = z/n and Is perpendicular to the plane determined by 
the lines x/m = y/n = z/l and x/n — yjl = zjm. 
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THE SPHERE 



336. Spheres. A sphere is defineiJ as the locus of all those 
points that have the same distance from a fixed point. 

Let G(li, j, k) denote the center, and r the radius, of a sphere ; 
the necessary and suf&cient condition that any point P[x, y, s) 
has the distance r from G{h, j, k) is 
(1) (^ - h'f +(V -J7 +(s - ft)« = rK 

This then is the cartesian equation of the sphere of center 
C{h, 3, h) rmd radius r. 

If the center of the sphere lies in the plane Oxy, the equa- 
tion he comes 

(x-hy-\-(:y-jy + :i'=r\ 

If the center lies on the axis Ox, the equation is 

{x-lif+f + z^^T\ 
The equation of a sphere ahoirt the origin as center is ; 

^2 + y2 + ^a = ^2. 

337. Expanded Form. Expanding the squares in the equa- 
tion (1), we find the equation of the sphere in the form 

a!«.f j,a j^^i -2hx- 2jy - 2 kz + li' +f + k'^-i^ = 0. 
This is an equation of the second degree in x,y,Zi hut it is of 
a particular forjn. 
The general equation of the second degree in x, y, % ia 
.4a?' + £/ -H Cs^ -t- 2 D!/s -I- 2 Esx -|- 2 Fxy 

+ 2 (7ic + 2 i?i/ + 2 7s + ./= ; 
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i.e. it contains a constant term J\ three terms of the first 
degree, one in a;, one in y, and one in z ; and six terms of the 
second degree, one each in ^, y', %^, y%, -^x, and xy. 
If in the general equation we have 

D = E = F^(i, A^B = Ci=G, 
it redncea, npon division by A, to the form 

which agrees with the above form of the equation of a sphere, 
apart from the notation for the coefficients, 

338. Determination of Center and Radius. To deteimine 
the locus represented by the equation 
(2) Ax' + Af + A3^ + 2Gx + 2 Hy + 2Iz-\-J=0, 
where A, (?, H, J, J, are any real numbers while A^O, we 
divide by A and complete the squares in x, y,x; this gives 



(-!)■-(-!) 






The left side represents the square of the distance of the point 
(x, y, x) from the point (- G/A, - H/A, - I/A) ; the right 
side is constant. Hence, if the right side is positive, the equa- 
tion represents the sphere whose center has the coordinates 



and whose radius is 






T = - VGP + IP ^-P- AJ. 
A 

If, however, O^ + H^ + /^ < AJ, the equation is not satisfied by 

any point with real coordinates. If Q^ + H^-\- 1^ = AJ, the 

equation is satisfied only by the coordinates of the point 

{-G/A, -H/A, -l/A). 
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Thus the equation of the second degree 

Ax^ + Bf + <:k^-i-2Dip + 2 E%x + 2 Fxy 

+ 2 Gx +2 Ily + 2 Iz + J=0, 
represents a sphere if, and only if, 

A^B=C^O, D = E = F=0, G^ + H^ + P>AJ. 

339. Essential Constants. The equation (1) of the sphere 
contains four coustants : h, j, h, r. The equation (2) contains 
five constants of which, however, only four are essential since 
we can divide out by one of these constants. Thus dividing 
by A and putting 2 G/A = a, 2 H/A = &, 2 I/A = c, JjA = d, 
the general equation (2) assumes the form 

3? + y^ + z^ + ax+by + cz + d = 0, 
with only the four essential constants a, b, c, d. 

This fact corresponds to the possibility of determining a 
sphere geometrically, in a variety of ways, by four conditions. 

340. Sphere through Four Points. To find the equation of the 

sphere passing through four points Pi(a!i, ^i, Si), Pi(xt\ Vs, ^i)) 
-PsC«s, Vs, Us), ^i(.Xi, Vi, Si), observe that the coordinates of these poiuta 
must satisfy the equation of tiie spiiere 



e must have 



1 +J,2 +S> 



; +' 



s +^ = 0; 



ji + y^i -i- 2,2 + oai + &i)i + e^i + d = 0, 



i' + Vt 



/a + czB-f^ = 0, 



As these five equations are iinear and liomogeueoua in 1, «, 6, c, d, we 
can eliminate these five quantities hy placing the determinant of their 
coefBeienta equal to zero. Hence the equation of the desired sphere is 



3? +y^ +sfi 



Vj *i 1 
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EXERCISES 

1. Find tlie spheres with the following points as centers and with the 
indicated laiiii ; 

(a) (4,-1, 2), 4; (6) (0,0, 4), 4; (e) (2,-2,1), 3; (d) (a, 4, 1), 7. 

2. Find the following spheres : 

(«) with the points (4, 2, 1) and (3, — 7, 4) as ends of a diameter ; 

(6) tangent to tlie coordinate planes and of radius o ; 

(c) witU center at the point (4, 1, 5) and passing through (8, 3, — 5). 

3. Find the centers and the radii of the following spheres : 
((!)a;2 + J/2 + ^^_3J;^-6J,_a^ + 2 = 0. . 

(6) ifl + yi + z^- 2 bx + 2cft - b^ - c^~0. 

(c) 2a'' + 2^ + 2e^ + Sx-y + 5z-ll = 0. 

(d) x'' + ifi + ^-r.-y-^ = 0. 

i. Show that the equation A{x^ + '!/> + »^)-+2Qx + 2Hy + 2Iz + J' 
= 0, in which J is variahle, representa a family of concentric spheres, 

6, Find the spheres that pass through the following points : 
ia) (1, 1, 1), (3, - 1, 4), (- 1, 2, 1), (0, 1, 0). 
(6) (0, 0, 0), (n, 0, 0), (0, 6, 0), (0, 0, c). 
(c) (6, 0, 0), (- 1, 1, 0), (1, 0, 2), (0, I, - 1). 
(<?) (0, 0, 0), (0, 0, 4), (8, 3, 8), (0, 4, 0). 

6. Find the center and radius of the sphere that is the locus of the 
poinls three times as far from the point (<t, &, c) as from the origin, 

7. Show that the locns of the points, the ratio of whose distances from 
two given points is constant, is a sphere except when the ratio is unity. 

8. Find the positions of the following points relative to the sphere 
a^ + jy^-f 2^-4a; + 4s(-3£ = 0; (a) the origin, (6) (2, -2, 1), 
(c) (1,1,1), Id) (3,-2,1). 

9. Find the positions of the following planes relative to the sphere 

3;2 + i/!' + s» + 4j:-3!/4-6a + 5 = 0: 
(([) 4a + 2!; + s + 2 = 0, (6) 83:-y-42-h5 = 0. 

10, Pind the positions of the following lines relative to the sphere of 
Ex.0: (a) 22-y + 2e + 7 =0, 3*- 9-3-10 = 0. 

(&) S3: + 8!; + 3-S = 0, S!-8!/-f2 + ll = 0, 

11, rind the coordinates of the ends of that diameter of the sphere 
3a_j.y2_[.2!_6a: — f)9 + 4s — 06 = 0, which lies on the line joining the 
origin and the center. 
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341. Equations of a Circle. In solid analytic geometry a 
curve is represented by two simnltaneous equations (§ 310), 
that is, by the equations of any two surfaces intersecting in 
the curve. Thus two linear equations represent together the 
line of intersection of the two planes represented by the two 
equations taken separately (gg322, 326). 

A linear equation together with the equation of a sphere, 
Ax + B}/+Ce + I>=0, 
^ ' o? + y^ + ^ + ax + by + cz + d=0, 

represents tlie locus of all those points, and only those points, 
which the plane and sphere have in common. Thus, if the 
plane intersects the sphere, these simultaneous equations rep- 
resent the drde in which the plane cuts the sphere ; if the 
plane is tangent to the sphere, the equations represent the 
point of contact; if the plane' does not intersect or touch 
the sphere, the equations ai'c not satisfied simultaneously by 
any real point. 

342, Sections Perpendicular to Axes. Projecting Cylinders. 
In particular, the simultaneous equations 

(4) z=]c, v> + f + J = r 

represent, if ft < r, a ciiz-lp about Hie uris 0% (i.e. a circle 
whose center lies on Oz and whose plane la perpendicular to 
Oz). If the value of % obtained from the linear equation be 
substituted in the equation of the sphere, we obtain an equation 
in a; and ii, viz. „ , „ , „ 

which represents (since z is arbitrary) the circular cylinder, 
about Os as axis, which projects the circle (4) on the plane 
Oa^. Interpreted in the plane Oxy, i.e. taken together with 
2 =s 0, this equation represents the projection of the circle (4) 
on the plane Oxy. 

Similarly if we eliminate x or y or z between the equations 
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(3) we obtain an equation in y and a, z and x, or x and y, rep- 
resenting the cylinder that projects the circle (3) oq the plane 
Oyz, (tea;, or Oaa/, respectively. 

343. Tangent Plane. The tangent plane to a sphere at any 
point Pi of the sphere is the plane through P,, at right angles 
to the radius through Pi. 

For a sphere whose center is at the origin, 
3? + )/' + b' — r^, 
the equation of the tangent plane at Piixi, i/i, k,) is found hy 
observing that its distance from the origin is )■ and that the 
direction cosines of its normal are those of OPi, viz. x^/r, 
y,/r, Zj/r. Hence the equation 

(5) x,x + y^ + z,z = r^ 

If the equation of the sphere is given in the general form 
A{x^ + y^+z^)+2Gx + 2Hy +2Iz +J=0, 
we obtain by transforming to parallel axes through the center 
the equation 

the tangent plane at Pi(xi, t/i, Si) then is 
Transforming back to the original ases, we have : 

(-f)(-!)-('-f)(-f)<-i)(-i) 

= ^4.^4.11-1. 
A^ A'' A^ A ' 
Multiplying out and reai'ranging, we find that the equation of 
the tangent plane to tiie spfiere 

Aix^ + y^ + z'^ + 2Gx + 2Hy+2h + J=Q - 
at the point P^ (x^, y,, Zj) is 

(6) A(x,x+M+^,=^) + G(^i+^) +H(y,+y)+I(^,+z)+J= 0. 
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344. Intersection of Line and Spliere. The inteiseetious 
of a sphere about the origin, 

with a line determined by two of its points P\{Xi,yi, «j) and 
Pa(Ks, j/j, Zi), and given in the parameter form [(6), § 328] 

x = Xi + k{a^ — x^, y = yi+Kyi — yi), 2 = Zi + K=^ — sO, 
are fonnd by substituting these values of x, y, % in the equation 
of the sphere and solving the resulting quadratic equation in k : 
[«i + h{ie, ~ Ki)]' + [?/i + Ky^ - Vi)? + [% + ^(^2 -^1)]' = '-S 
which takes the form 

\^(x,^x,y + (y,^y,f + (s,-z,y-\k' + 2[3^(x,-0H) + yi(y,-y,) 
+ ^i {^2 - «i)] ^ + (V + ^i' + si' ~ ■>■') = 0. 

The line P,/*2 will intersect the sphere in 
two different points, be tangent to the 
sphere, or not meet it at all, according as 
the roots of this equation in k are real and 
different, real and equal, or imaginary ; i.e. 
according as ^^'*- ^^** 

[.x,(x,-x,}+y,{y,~y,)+z,{z,-z,)y-<Pi:^^+y,'+z,'')+dh"^0, 

where d denotes the distance of the points Pj and P^, Divid- 
ing hy (P, we can write this condition in the form 

where by § 334 the quantity in square brackets is the square 
of the distance 8 from the line P^P^ to the origin (Pig. 139). 
Our condition means therefore that the line P^P; meets the 
Spliere in two different points, touches it, or does not meet it 
at all according as 



which is obvious geometrically. 
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346. Tangent Cone. The condition for the line P^P^ to be 
tangent to the sphere is (§ 344) : 

To give this expression a more symmetric form let us put, to 



^1^1 + S'1^2 + 


^.% = P, ^i 


+ yi' 


+ 21' = ? 


1, "!.' + 


SO that the condition is 








U. 








- 2i) + a), 


adding r» in 


both mejnbers 


, we: 


tave 






{p-r'f: 


=to 


->■')(?.- 


-''), 




(XiX^ + i/i^s + 21^2 - )-=)2 = (a^i' + y,^ + s,= ~ )-^)(Kj' + ^2^ + ^2= - )■=). 
Now keeping tlie spheie and the point Pi ti\e 1, let P^ vaiy 

subject only to this condition, it t j tht" 

condition that P±Pi shall bp tangent to 

the sphere; the point P, which we sh'Ul 

now call P(x, y, z) I'i then any point of 

the cone of vertex Pi tingent to the cone 

Hence the eguatimi of the tone of veiiei 

■Pi(^) Vi) %) tangent to the spheie :>? + }f + s^ = i'^ \s 
(k.' + yi= + »,= - r^){a? + !/= + z" - r=) ={3;,ai + y,»/ + a.2 - O'- 
If, in particular, the point J*i is taken on the sphere so that 

V + ^i' + ''\ = '"S tlie equation of the tangent cone reduces to 

the form x,x + y,y + z,z = i^, 

which represents the tangent plane at Pi. 

346. Inversion. A sphere of nenter and radius a IJeiug given, 
we can find to every point P of spsw^e (excepting 0) one and only one 
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point P' on OF (prodiited if iiecessitry) such tliat 

OP- OP' = a^. 
The points P, F' are said to be inverse to e&uh otber witli respect to tlie 
spliere (compare 5 91). 

Taking rectangular axes through 0, we And as the relations between 
the coordinates of the two inverse points P(^x, y, e) and P'(x', y', s') it 
we put OP = r = VWTW+^- OP' = r' = VS'HI/'M^ : 

X y s r '>^ 1^ 



%^ + y^ + 2' 
and similarly 



y=- 






These equations enable us to find to any surface whose equation is given 
the equation of the inverse surface, by simply substituting for a, y, z 
their values. 

Thus it can be shown, that by inversion every sphere is transformed 
into a sphere or a plane. The proof is similar to the corresponding propo- 
sition in plane analytic geometry (g S2) and is left as an exercise. 



1. Find tlio radius of the circle which is the intersection; (is) of the 
plane J) =: 6 with tlie sphere ^-^y^-^- z'^ — ^y=.^; (b) of the plane 
2x — ay + z-2 = with the sphere x" + y^ + S!^--6x + 2y -~ W :=0. 

2. A line perpendicular to the plane of a circle through Its center is 
called the axis of the circle. Tiiid the circle ; (a) whieli lies in the plane 
2 = 4, has a radius 3 and Oz as axis ; (6) which lies in the plane y = 5, 
has a, radius 2 and the Hne i — 3 = 0, e — 4=0as axis. 

3. Find the circles of radius 3 on the sphere of radius i aixiut the 
origin whose common axis is equally inclined to the coordinate axes. 

4. Does the line joining the points {9,-1, ~6), (-1, 2, 3) 
tlie sphere ^ -\- y'^ + s^ = 10 ? ITind the points of ii 
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6. Find the planes tangent to the following spheres at the given 
pouita : (a) «2 + s' + 3-i - 3 9 - 5 3 - 2 = 0, at (3, - 1 , 3) ; 
(&) a^ + !/2 + s' + 2ie-e!; + «-l = 0, at (0, 1, -3): 

(c) S{3? + y^ + z'')-5x + 2y~g = 0, at the origin ; 

(d) x^ + yi + ^- ax - by ~c^ = 0, at (a, b, c). 

6. Find the tangent cone ; (o) from (4, 1, —2} lo s? + jfi + s^ -d ; 
(6) from (2 a, 0,0) to x^ + y^ + e^^ cfi; (c) fi'ora (4, 4, 1) to x:' + j/^ 
+ 3^ = 16; (d) froni(l, -5, 3) to 3^ + ^2 + ^s^ g, 

7. Find the cone with vertex at the origin tangent to tiie sphere 
(iC - 2 a)2^ y^ + tifl- a\ 

8. Show that, by iuYersion with respect to the aphero a' + y^ + z^ = a^, 
every plane (except one through the center) is transformed into a sphere 
passing through the origin. 

9. With respect to the sphere x'^ + y^ + ifi = 25, find tie surfaces in- 
verse to (a) 31=5, (6) x-y = 0, (a) i(x? + y'' + :i^)-20x-25 = 0. 

10. Show that by Inversion with respect to the sphere a? + ^ + z^ = a^ 
every line through the origin is transformed into itself. 

11. With respect to the sphere x'^ + y^ + z^ = a% find the surface in- 
verse to the plane tangent at the point Pi (*i , yi , si). 

spheres by ii 

13. What is the curve inverse to the circle x'^ + y^ + e^ = 2u, z=i, 
witli respect to tlie spliere ** + ^ + s^ = 16 ? 

347. Poles and Polars. Let P and P' be inverse points with 
respect to a given sphere ; then the plane w throngli I", at right angles to 
OP (0 being the center of the sphere), is called the polar plane ot the 
point P, and P is called the pole of the plajie t, with respect to the 
sphere. 

With repeat to a sphere of radius a, with center at the origin, 
a:^ -1- y + e" = a% 
the equation of the polar plane of any point Pi(_Xi , yi, ?i) is readily 
found by observingthat its distance from the origin is (fi/n, and tliat the 
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direction cosines at its normal are equal to xi/n, J/i/''!. 2i/ri, where 
n^ — 35!^+ ^1^ + zr' ; the equation is therefore 
*i* + Viy + ^i" = «''■ 
If, in particular, the point F\ lies on the sphere, this equation, by § S43 
(5), represents the tangent plane at Pi. Hence the polar plane of any 
point of the sphere is the tangent plane at that point ; this also follows 
from the definition of tlie polar plane, 

348. "With respect to the same sphere the poliir pliines of any two 
points Pi(«i , y\ , Zi) and P'i(,x% , ys , es) are 

ffim + y\y + 3i3 = a^ and cwt + j/s^ + sas = a^. 

Now tlie condition for the polar plane of Pi to pass through Pj is 
XiX^ + yiyi H- si^a = a^ ; 
bat this is also the condition for the polar plane of Pj to pass through Pi. 
Hence the polar planes of all the poinU of any plane ir (not passing 
through the origin 0) pass through a common pointf namely, the pole 
of the plam jt; and conversely, the poles of all the planes through a com- 
mon point P lie in a plane, namely, the polar plane of F. , 

349. The polar plane of any point P of the line determined by two 
given points Pi{Xi, j/i, *i) and Pj(S2, y^, sa) (always with respect to the 
same spliere n? + y^ + z'' = a^) is 

[xi + fc(ica - X,)] x + [.yi + kiy^ - yOlv + £^i+ K^2 - si)]s = a^. 
This equation can he written in lie f onn 

xix + 'jiy + z^z - o^ + -—7 (*s* + JI5?/ + si^ - tf ) = 0, 

which for a variable It represents the planes of the pencil whose axis is the 
intersection of the polar planes of Pi and Pa. Hence the polar planes of 
all the points of a line X pass through a common line ; and conversely, 
the poles of ail the planes of a pencil lie on a line. 

Two lines related in this way are called conjugate lines (or conjugate 
ttses, reciprocal polars). Thus the line PiPa 
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and the line XiSj + yiy + Zi£ = a', 

x^ -f VsV + 3s« - a^ 
are conjugate with reapeot to the sphere ^ + y^ + £^ = a\ 
As the direction cosines of these lines are proportional to 
»a - Ki , Vi-Vi, Si-si 

j„ «l |., M |» »(, 

\yi esl |£e xs\ \Xi !/a[ 

respectively, the two oonjngate lines are at right angles {§ 381). 

350, By iho method used in the corresponding problem in the plane 
(§95) it can tie shown that the polar plane of any point Pi(a;i, yi, «{) 
with respect to any sphere 

AQ>? + !^ + j2) + 2ffi + 2ff!( + 2JJ + J-=0 

A(xiit + yiV + eis) + 9ixi + x) + HfJ/i + y)-V I{ei + ^) + J"= 0. 

361, Power of a Point, if in the left-hand member of the equation 
of the sphere 

C« - ft)2 + (!/ - jy + {_z- k)-^ -,'2 = 
we substitute for 3^, y, z, the coordinates ii , J/i , ^i of any point no( on 
the sphere, we obtain an expression (»: — A)^ + {yi^Tf-Vizi ~k'f — ¥^ 
different from zero which is called the ^oifero/ /ftaiioi'nfPi(iei, ^i, si) 
«#A respect to the sphere. 

As (3:1 — ft)2 -f (yi — J)'^ + (si — £)2 ia the square of the distance d be- 
tween the point Pi and the center O of the sphere, we can write the 
power of Pi briefly 

tlie power of Pi is positive or negative according as Pi lies outside or 
witliin the sphere. For a point Pi outside, the power is evidently the 
square of the length of a tangent drawn from Pi to the sphere. 

362. Radical Plane, Axis, Center. The locus of a point whose 

powers with respaot to the two spheres 

^ + y^ + e^ -i- aix + b,y + as + (ii = 0, 
ic^ + !/^ + 2^ + 33^ + 62!/ + C:3 + * = 
are equal is evidently the plane 

(O] — at)x + (61 — 6a);' + (^^i — ^)2 + Hi ~ ih = 0, 
which is called the radical plane of the two spheres. It always exists un- 
less the two spheres 
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It is easily proved that tlie three radical planes of any three spheres 
(no two of which are concentric) are planes of the same pencil {§ 323) ; 
and hence that the locus of the points of equal power witli respect to 
three spheres is a straight line. This line is called the radical axis of the 
three spheres ; it exists unless the centers lie in a straight line. 

The sis radical planes of four spheres, taten in pairs, are in general 
planes of a sheaf (g 824) . Hence there is in. general but one point of 
equal power with respect to four spheres. This point, the radical center 
of Uie four spheres, exists unless the four centers lie in a plane. 

353. Family of Spheres. The equation 

represents a family, or pencil, of spheres, provided A ^ — 1. If the two 

x^ + y^ + £>■ + a\y- + hiy + c\z + di = 0, 

a? + J/^ + j2 4- rasa: + 6ay + cj* + lia = 
intersect, every sphere of the pencil passes through the common circle of 
these twospheres. If h —— 1, the equation represents the radical plane 
of the two spheres. 

EXERCISES 

1. Find the radius of tlie circle in which the polar plane of the point 
(4, 3, — 1) with respect to ai^+B^+a^ = 16 cuts the sphere. 

2. Find tlie radius of the circle in which the polar plane of the point 
(6, — 1, 2) with respect tav? ■^if' ■\- z"^ — %m-\- ^y = ^ outs the sphere. 

3. Show that the plane 3 x + y — 4 s =: 19 is tangent to the sphere 
a^ + j3^a2_2a;_4i( — 62— 12 = 0, and find the point of contact. 

4. If a point describes the plane ia— 5?/ — 33( = 16, find the coordi- 
nates of that point about which the polar plane of the point turns with 
i-espect to the sphere x' + ^ + z^ = 16. 

5. ■ If a point describes the plane 2x + 3)/4-2 = 4, find that point 
about which the polar plane of the point turns with respect to the sphere 

3;S _j_ j,S _|_ s2 = 8. 

8. If a point describes the line ^~ = ^ "t = — "^ ■- , find the equa- 
tions of that line about which the polar plane of the point turns with 
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respect to tlie sphere x^ -i- y^ + z'^ = 25. Show that the two lines are 
perpendicular. 

7. If a point describe tlie line 2a; — 3y + 4s = 2, x + y + ^ = S, find 
the equations of that line about which the polar plane of the point turas 
with respect to the sphere x'^-^ y^ + z'^ = 16, Show that the two lines are 
perpendicular. 

8. Find the sphere through the origin that passes through the circle 
of intersection of the spheres v? + j/^+s^— Zx + iy — 5s~6 = (i, x^+y'^ 
+ ^~2x + y-s~W = (i. 

9. Show that the locus of a point whose powers with respect to two 
givea spheres have a constant ratio is a sphere except when the ratio is 
unity. 

10. Show that the radical plane of two spheres is perpendicular to tlio 
line joining their centers. 

11. Show that the radical plane of two spheres tangent internally or 
externally is their common tangent plane. 

12. rind the equations of the radical axis of the spheres x^ + y'^+ a^ 
-3ie-2;/-2-4 = 0, x'^-\-y^ + a'' + bx~Zy-2x~^ = ii, k^ + j/S 
+ 3^ - 16 = 0. 

13. Find the radical center of the spheres x' + y'^ + z'- — li» + 2ij 
-2 + 3 = 0, 9;5 + ;)^ + £^-IO = 0, aa + s=+s3 + 23;-3!; + 5«-e = 0, 
3:2 + j/i + s3_2a,4.4^_12=0. 

14. Show that the three radical planes of three spheres are planes of 
the same pencil. 

15. Two spheres are said to be orthogonal when their tangent planes 
at every point of tlieir circle of intersection are perpendicular. Show 
that the two spheres »^ ^f -\- -J^ + (h^ ■Vhiy ^^ c^z •\-d,i = (i, v? •\- ^ -V ^ 
+ (ija; + 6ii; +■ 02« + (^2 = are orthogonal when aina + 6162 + CiCa 

16. Write the equation of the cone tangent to the sphere x^ + y^ + 
^a = fi with vertex (0, 0, si)'. Dlride this equation by si^ and let the 
vertex recede indefinitely, i.e. let Zi increase indefinitely. The ec[uation 
J.3 ^ ^ „ ^^ thus obtained, represents the cylinder with axis along the 
axis Oj and tangent to the sphere iC^ + j^ + £'^ = i^. 
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17. In the equation of the tangent cone (§ 845) write for the 
coordinates of the vertex Xi = rih , Hi = ''I'iii , ^i = nni ; divide the equa- 
tion by rr' and let n iocreasa indefinitely, i.e. let the vertex of the cone 
recede Indefliiitely. The tangent cone thus becomes fi tangent cylinder 
with axis passing through the center of the sphere and having the direc- 
tion cosines Ii , ini , ni . Show that this tangent cylinder is 

{hx + my + ni^)^ ~ (ic^ + 'Z' + e^ - r=) = 0, 

18. Prom tlie result of Ex. 17, find the cylinder with axis equally 
inclined to the coordinate axes wliich is tangent to the sphere a;^ + j^ 

19. From the result of Ex. 17, find the cylinders with ases along the 
coordinate axes which are tangent to the sphere x'^ + y'^ + ^'^ = r\ 

20. Findthe cylinder with axis tlirough the origin which is tangent to 
the sphere afi + p^ + s:^— ix+6y - S = 0. 

21. Tliid the family of spheres inscribed in the cylinder 

{lx + my + m)^ - (x^ + j/" + 32 _ r^) = 0. 

22. Find the cylinder with axis having direction cosines I, m, a which, 
is tangent to the sphere (x — hy +(y — jy + (2 — ^^ = ''^^ 

23. Show that as the point P recedes indefinitely from the origin along 
a line through the origin of direction cosines I, m, n, the polar plane of P 
witli respect to the sphere x' -i- y'' + s^ = a^ becomes ultimately Ix + my 
+ n^ = 0. 
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CHAPTER XVI 

QUADRIC SURFACES 

364. The Ellipsoid, The surt'aoe represented by the 
equation 

(e b^ c^ 
is called an ellipsoid. Its shape is best investigated by tak- 
ing oroas-sectious at right angles to the axes of coordinates. 

Thus the coordinate plane Oyz whose equation is a; = in- 
tersects the ellipsoid in the ellipse 

1 + 1 = 1. 
Any other plane perpendicular to the axis Ox (Fig. 140), at 



the distance ft < a from the plane Oyt intersects the ellipsoid 
in an ellipse whose equation is 

g+'-:=i--:. 

■■••• t + t =1. 
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Strictly speaking tliis is the equation of the cylinder that pro- 
jects tlie cross-section on the plane Oyz. But it can also be 
interpreted as tlie equation of the cross-section itself, referred 
to the point (h, 0, 0) as origin and axes in the cross-section 
parallel to Oy and Oz. 

Notice that as ft < a, h^/a^, and hence also 1 — h'^/a}, is a posi- 
tive proper fraction. The semi-axes 6 Vl — h^/a^, cVl — h^/a? 
of the cross-section are therefore less than h and c, respec- 
tively. As h increases from to a, these semi-axes gradually 
diminish from 6, c to 0. 

355. Cross-Sections. Cross-sections on the opposite side 
of the plane Oye give the same results; the ellipsoid is evi- 
dently symmetric with respect to the plane Oy%. 

By the same method we find tliat cross-sections perpondicii- 
lai' to the axes Oy and 0% gi^e ellipses \\ith semi axes dimin- 
ishing as we recede from the ongm The surtace is evidently 
symmetric to each of the coordinate planes It follows that 
the origin is a center, i.e. e^eij ehoid through that point is 
bisected at that point. In other woid'« if (x '/, s) is a point 
of the surface, so is {~x, —y, —a)- Indeed, it is clear from 
the equation that if (a;, y, z) lies on the ellipsoid, so do the 
seven otlier points {x, y, —z), (x, —y, %), {—x, y, z), (x, —y, — z), 
(— CB, y, —z), {—X, —y, e), (—a;, —y, —n). A chord through 
the center is called a diameter. 

It follows that it suffices to study the shape of the portion of 
the surface contained in one octant, say that contained in the tri- 
hedral formed by the positive axes Ox, Oy, Oz ; the remaining 
portions are then obtained by reflection in the coordinate planes. 

The ellipsoid is a closed surface; it does not extend to in- 
finity ; indeed it is completely contained within the parallel- 
epiped with center at the origin and edges 2 a, 2 6, 2 c, parallel 
to Ox, Oy, Oz, respectively. 
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356, Special Cases. In general, the semi-axes a, b, c of the 
ellipsoid, i.e. the intercepts made by it on the axes of coordi- 
nates, are different. But it may happen that two of them, or 
even all three, are equal. 

In the latter case, i.e. if a = 6 = c, the ellipsoid evidently 
reduce a to a sphere. 

If two of the axes a.re etjua), e.g. if b = c, the surface 



^+s 



is called an ellipsoid of revolution because it can be generated 
by revolving the ellipse 




about the axis Oat (Fig. 141). 

Any cross-section at right angles 

to Ox, the axis of revolution, is a . 

circle, while tlie cross-sections at 

right angles to Oy and Oz are 

eUipaes, The circular cross-section in the plane Onis is called 

the equator; the intersections of the surface with the ajiis of 

revolution are the poles. 

If « > 6 (« being the intercept on the axis of revolution), 
the ellipsoid of revolution is called prolate; if a <b, it is 
called oblate. In astronomy the ellipsoid of revolution is 
often called spheroid, the surfaces of the planets which are 
approximately ellipsoids of revolution being nearly spherical. 
Thus for the surface of the earth the major semi-axis, i.e. the 
radius of the equator, is 3962. S miles while the minor semi- 
asis, i.e. the distance from the center to the north or south 
pole, is 3949.6 miles. 
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, Surfaces of Revolution. A surface that can be gen- 
L by the revolntion of a plane curve about a line in the 
plane of the curve is called a surjace of revolution. Any such 
surface is fnlly determined by the generating curve and the 



pect to the curve, 
axis Ox, and let the 




position of the axis of revolution 

Let ua take the axis of revohition 
equation of the generating curve be 

As this curve revolves about Ox, any 
point P of the curve (Fig. 142) de- 
aeribes a circle about Ox as axis, 
with a radius equal to the ordinate 
f(x) of the generating curve. For 
any position of P we have therefore 

J' +»■=[/(»)]■, 

and this is the equation of the surface of revolution. 
Thus if the ellipse 

revolves about the axis Ox, we find since y = ± (6/a) Va' ~ ^ 
for the ellipsoid of revolution so generated the equation 

!' + »" = Ji(»"-n 

which agrees with that of § 356. 

Any section of a surface of revolution at right angles to the 
axis of revolution ia of course a circle ; these sections are called 
parallel circles, or simply paraileU (aa on the earth's aurface). 
Any section of a surface of revolntion by a plane passing 
through the axis of revolution is called a meridian section ; 
it consists of the generating curve and its reflection in the axis 
of revolution. 
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EXERCISES 

1. All elUpsoiil lias six foci, vk. the foci ol tiie tlii'Ee ellipses in whicli 
the ellipsoid is intersected by its planes of symmetif. Determine tiie 
coordinates of these foci ; (a) for an ellipsoid with semi-axes 1, 2, 3; 
(6) tor the earth (see §360) ; (c) for an ellipsoid o£ semi-axes 10, 8, 1 ; 
(_d) for an ellipsoid of semi-axes 1, 1, 5. 

3. Show that the intersection of an ellipsoid with any plane actually 
cutting the ellipsoid is an ellipse hy proving that the projection of thia 
curve of intersection on each coordinate plane is an ellipse, 

3. Assuming a > 6 > c in the equation of § 35i find tlie planes through 
Oy that intersect the ellipsoid in circles. 

4. Pind the equation of the paraboloid of revolution generated by the 
revolution of the parabola y'^ = iax about Ox. 

6. Find the equation of a torus, or anehor-riny, i.e. tlie surface 
generated by the revolution of a circle of radius a about a line in its plane 
a from its center. 



6. Find the equation of tlie surface generated by the revolution of a 
circle of radius a about a line in its plane at the distance 6 < o from its 
center. IS the appearance of tliis surface noticeably different from the 
surface of Ex. 5 ? 

7. Show what happens to the surface of Ex. 6 when b = 0; when 6 = 0. 

8. Find the equation of the surface generated by the revolution of tiie 
parabola y^ = iax about; (a) the tangent at tlie vertex; (&) tlie latus 

9. Find the equation of the surface generated by the revolution of the 
hyperbola xy = o^ about an aayniptote. 

10. Find the cone generated by the revolution of the line y = mx + }> 
about; (a) Ox, (&) Oy. 

11. How are the follov^ing surfaces of revolution generated ? 

(n) yH2==J^. (6) 2j^-f2j/«-3z-0. (c) x'^+yi~et^2»+i = 0. 

IS. Find the equation of the surface generated by the revolution of 
the ellipse x^ + iy^— ix.=:(i: (a) about the major axis ; (6) about the 
minor axis; fc) about the tangent at the origin. 
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353. Hyperboloid of One Sheet. The surface te] 
by the equation 

is ealleJ a hyperboloid of one sheet (Fig. 14S). The intercepts 




Fig, 143 

on the axes Ox, Oy are ±a, ±h; the axis Ox does not intersect 
the surface. 
359. Cross- Sections. The plane Oxy intersects the surface 

in the ellipse 

a? ¥ 
cross-sections perpendicular to Oz give ellipses with ever-in- 
creasing semi-axes. 
The planes Oyt and Ozx intersect the surface in the hyperbolas 

Any plane perpendicular to Ox, at the distance h from the 
origin, intersects the hyperboloid in a hyperbola, viz. 
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As loug siS h<a this hyperbola has its transverse axis parallel 
to 0,y while for h > a the transverse axis is pai-allel to Oz ; for 
h = a the equation reduces to y^/b^ — z^/c' = and represents 
two sti'aight lines, viz. the parallels through (a, 0, 0) to the 
asymptotes of the hyperbola y'^/b'^ — z^ji? = 1 which is the 
intersection of the surface with the plane Oyz. 

Similar considerations apply to the cross-sections perpen- 
dicular to Oy. 

The hyperboloid has the same properties of symmetry as the 
ellipsoid (g 355) ; the oiigin is a center, and it suffices to inves- 
tigate the shape of the surface in one octant. 

360. Hyperboloid of Revolution of one Sheet. If in the 
hyperboloid of one sheet we have a ~ 6, the cross-sections per- 
pendicular' to the axis Oz are all circles so that the surface can 
be generated by the revolution of the hyperbola 

about Os. Such a surface is called a hyperboloid of revolution 
of one sheet. 

361. Other Forms. The equations 

a? b' c' a^ IT c' 

also represent hyperboloids of one sheet which can be investi- 
gated as in §S 358-360. In the former of these the axis Oy, in 
the latter the axis Ox, does not meet the surface. 
Every hyperboloid of one sheet extends to infinity. 

362. Hyperboloid of Two Sheets. The surface represented 
by the equation 



is called a hyperboloid of two sheets (Fig. 144). 
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The intercepts on Ox axe ± a; the axes Oij, Oz do not meet 
the surface. 

363. Cross-Sections. The cross-sections at right angles to 
Ox, at the distance k from the origin ai-e 



"[^-^ 



^M) 




these are imaginary as long as h < a; 
for h>a they are ellipses with ever- 
increasing semi-axes as we recede from X^ 
the origin. 

ITie cross-sections at right angles to Oy 
and (fe are hyperbolas. ''^"' ^** 

The hyperboloid of two sheets, like that of one sheet and 
like the ellipsoid, has three mutually rectangular planes of 
symmetry whose intersection is therefore a center. 

The surfaces 

a' b^ c^ a^ b^ & 

are hyperboloids of two sheets, the former being met by Oy, 
the latter by Oz, in real points. 

The hyperboloid of two sheets extends to infinity. 

364. Hyperboloid of Revolution of Two Sheets, If 6 = c 
in the equation of § 363, the cross-sections at right angles to Ox 
are circles and the surface becomes a hyperholoid of revolution 

366. Imaginary Ellipsoid. The equation 

a? 6= c* 
is not satisfied by any point' with real coordinates. It is some- 
times said to represent an imaginary ellipsoid. 
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366. The Paraboloids. The surfaces 



which are called the elliptic paraboloid {Fig. 145) and hf/per- 
bolic paraboloid (Fig. 146), respectively, have each only two 
planes of symmetry, viz the planes Oyz and Ozx. We here 
assume that c^O. The erosa-sections at right angles to the 





axis 0% are evidently ellipses in the ease of the elliptic pai'ab- 
oloid, and hyperbolas in the case of the hyperbolic paraboloid. 
The plane Oxij itself has only the origin in common with the 
elliptic paraboloid ; it intersects the hyperbolic paraboloid in 
the two lines 3?/c^ — y^/b'' = 0, i.e. y = ± hx/a. 

The intersections of the elliptic paraboloid (Fig. 145) with 
the planes Oyz and 0%x are parabolas with Oz as axis and as 
vertex, opening in the sense of positive s if c is positive, in the 
sense of negative k if c is negative. Planes parallel to these 
coordinate planes intersect the elliptic paraboloid in pai'abolaa 
with axes parallel to Oz, but with vertices not on the axes Ox, 
Oy, respectively. 

For the hyperbolic paraboloid (Fig. 146), which is saddle- 
i at the origin, the intersections with the planes Oyi and 
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Ozx a 



i also parabolas with Oz as stxis ; i£ c is positive the 
a the plane Oi/z opens in the sense of negative s, that 
in the plane Ozx opens in the sense of positive z. Similarly 
for the parallel 'sections, 

367. Paraboloid of Revolution, If in the equation of the 
elliptic paraboloid we have a— b, it reduces to the form 

x' + f = 2pz. 

This represents a surface of revolution, called the paraboloid of 
revolution. This surface can be regarded as generated by the 
revolution of the parabola ^ = 2pz about the axis Oz. 

368. Elliptic Cone. The surface represented by the equation 

a^ 0^ & 

is an elliptic cone, with the origin as vertex and the axis Oz as 
axis (Fig. 147), 

The plane Oxy has only the origin in 
common with the surface. Every parallel 
plane s = fc, whether h be positive or negative, 
intersects the surface in an ellipse, with 
semi-axes increasing proportionally to k. 

The plane Oyz, as well as the plane Oxx, 
intersects the surface in two straight lines 
through the origin. Every plane parallel to 
0>/\ or to Ozx intersects the surface in a 
hyperbola, 

369. Circular Cone. If in the equation of the elliptic cone 
we have a = b, the eroas -sections at right angles to the axis Oz 
become circles. The cone is then an ordinary circular cone, or 
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cone of revolution, which can be generated by the revolution 
of the line y = (a/c) z about the axis Oz. Patting a/c = m we 
can write the equation of a cone of revolution about Oz, with 
vertex at 0, in the form 

370. Quadric Surfaces. The ellipsoid, the two hyper- 
boloids, the two paraboloids, and the elliptic cone are called 
quadric surfaces because their cartesian equations are all of 
the second degree. 

Let ns now try to determine, conversely, all the various loci 
that can be represented by the gcTiercf eguaiion of the second 
degree 

A.v^ + B>/ +Cz^ + 2 D;jg + 2 E»x + 2 Fxy 

■i-2 Qx -^2 Hy + 2 Iz + J=0. 

In studying the equation of the second degree in x and y 
(§ 249) it was shovyn that the term in xy can always be 
removed by turning the axes about the origin through a cer- 
tain angle. Similarly, it can be shown in the case of three 
variables that by a properly selected rotation of the coordinate 
tiihedral about the origin the terms in yx, zx, xy can in general 
all be removed so that the equation reduces to the form 

(1) Aoa^ + By* + Ci!^ + 2Gx + "2 Sy +2 J» 4- J= 0. 

This transformation being somewhat long will not be given 
here. We shall proceed to classify the surfaces represented 
by equations of the form (1). 

371. Classification. The equation (1) can be further sim- 
plified by completing the squares. Three cases may be distin- 
guished according as the coefleients A, B, G are all three differ- 
ent from zero, one only is zero, or two are zero. 
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Case (_a): A^O, B^Q, C^(I. Completing the squares in 
X, y, z we find 

Referred to parallel axes through the point (~ G/A, — II/B, 

— I/G) this equation becomes 

(2) A^ + Bf + Cz^ = J,. 

Case (6): A^O,B^O, (7=0. Completing the squares in oj 
aud y we find 

If J^ we can transform to parallel axes through the point 
(— G/A, — U/B, Ji/2 1) so that the equation becomes 

If, however, 7=0, we obtain by transforming to the point 
{-G/A, -IJ/B,0) 
(H') A^ + B/ = J.,. 

Case (c): A^O, B=0, C ~ 0. Completing the square in 

G'' 



-(-!)■- 



■2 Hy + 21% = — - J ^ J^. 



If H and I are not both zero we eaii transform to parallel 
axes through the point {— G/A, J3/2 H, 0) or through (— G/A, 
0, J,/2 I) and find 
(4) Ax^ + 2Hy + 2h = ii. 

If 11= and J= we transform to the point {— G/A, 0, 0) 
so that we find 
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372. Squared Terms all Present. Case (a). We proceed to 
discuss the loci represented by (2), If .7",^ 0, we can divide 
(2) by Jx and obtain : 

ia) if AjJ^, BjJ^, G/Ji are positive, an ellipsoid (§ 354) ; 

(Ji) if two of these coefficients are positive while the third 
is negative, a hyperboloid of one sheet (g 35S) ; 

(y) if one coefficient is positive while two are negative, a 
hyperboloid of two sheets {% 362); 

(8) if all three coefficients are negative, the equation is not 
satisfied by any real point (§ 365) ; 

If ^1 = the equation (2) represents an elliptic cone {§ 368) 
unless A, B, G all have the same sign, in which ease the origin 
is the only point represented. 

373. Case (b). The equation (3) of §371 evidently fur- 
nishes the two paraboloids (§ 366) ; the paraboloid is eUiplic if 
A and B have the same sign; it is hyperbolic if A and Bare of 
opposite sign. 

The equation (S") since it does not contain a and hence leaves 
z arbitrary represents the cylinder, with generators parallel to Oz, 
passing through the conic Ax^ + By^ = J^. As A and B ai'e 
assumed different from zero, this conio is an ellipse if A/J^ and 
and 5/^2 are both positive, a hyperbola i£ A/J^ and B/J^ are of 
opposite sign, and it is imaginary if A/J^ and B/J^ are both 
negative. This assumes J^ --p 0. If Ji = 0, the conic degen- 
erates into two straight lines, real or imaginary ; the cylinder 
degenerates into two planes if the lines are real. 

374. Case (c). There remain equations (4) and (4'). To sim- 
plify (4) we may turn the coordinate trihedral about Ox through 
an angle whose tangent is — U/I; this is done by putting 

= ■' ) = MJl^^-. z= - lly' +I^ '. 
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our equation then bocomes 

A:(f + 2V//' + I' z' = 0. 
It evidently represents a 'parnholk. cylinde); with generators 



Finally, the equation {4') is readily seen to represent two 
planes perpendicular to Ox, real or iiuagiaary, unless J^~0 
in which case it represents the plane Oyz. 

EXERCISES 
1. Karae anii locate the following surfaces : 
(a) 3^ + 21/2 + 3a= = 4. (h) x^ + y^ - Hz -6 = 0. 

(c) x^-y' + s^ = i. (d) 3;5-j,^ + 32_^3a + 6 = 0. 

(e) ■ 23/1 - 4 32 _ 5 = 0, (/) aa? + j/^ + 3 s^ + 5 = 0. 

(g) 5^ + 20^ = 10. (ft) »i-9 = 0. 

3. The cone 

^7a-^ + f/b^ - ^Vc' = 
is called the as^tiiptofic cmie of the hyperboioid of one sheet 

Sliow that as z incrsases the two surfaces approacli each other, i.e. they 
bear a relation, similar to a hyperbola and its asymplotes. 

3. What is the asymptotic cone of the hyperboioid of two sheets ? 

1. Show that the intensectloii of a liyperbolold of two sheets with any 
plane actually cutting the surface is an elhpse, parabola, or hyperbola. 
Determine the position of the plane for each conic. 

5. Show that in general nine points determine a quadric surface and 
that the equation may be written as a determinant of the tenth order 
equated to aero. 

6. Show that the surface inverse to the cylinder x'^ + y^ = o!^, with 
respect to tlie sphere x^ + j/^ + i^ = aSis the torus genei-ated by the rev- 
olution of the circle (j/ — (1/2)2 ^^ — gi about the axis Ox. 

7. Determine the nature of the surface xyz = a^ by means of cross- 
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375. Tangent Plane to the Ellipsoid. The plane tangent 
to tlie ellipsoid 

can be found as follows (compai'e §§ 344, 345). The equa- 
tions of the line joining any two given points [x,^, ,'/i, ^i) and 
(aijjyjjSSj) are 

This line "will be tangent to the ellipsoid if the quadratic 
in Jc 

a' ^ b^ c= 

has equal roots. Writing this qnadratic in the form 



~ (x^ ~ x;f (y^-y,y 



+ ^ 



=^}- 



+2 



f x,(oh- 



■%) , yifa-yO 1. 



we find the condition 



l_ a- II- t- jvii- 0^ c- / 

If now we keep the point (a^ , yi , Zi) fixed, but let tlie point 
(^2t Jsi ^a) ^ary subject to this condition, it will describe the 
cone, with vei-tex {x^ , y, , z^, tangent to the ellipsoid ; to indi- 
cate this we shall drop the subscripts of a^, y^, z^- If, in 
particular, the point (a;, , yi , s,) be chosen on the ellipsoid, we 
have 
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and the cone becomes the tangent plane. The eqttation of the 
tangent plane to the ellipsoid at tJie point (xi,y,, s,) is, therefore : 



i. M 4. ?i? - 



376. Tangent Planes to Hyperboloids. In the same way 
it can be shown that the tangent planes to the hyxierholoUls 



= 1, 



at (iBi , 2/, , £,) a 



ft^ 6^ c^" ' a^ 6^ c= 
By an equally elementary, but somewhat longer, calculation 
it can be shown that the tangent plane to the quMric surface 
Ax' -f- Bf- +Cz^ + 2 Dyz + 2 Ezx + 2 Fxy 

+ 2 Qx + 2 Hy + 2 Iz-ir J =^ 
at (s;i,;/i,s,)iB: 

Ae,x + By,y + Gz,z + D (i/,s + z,y) + E{z,x + x,z) + F(x,y + y^x) 

+ G (x, +x) + H(y, + y) + I{z, + z)+J= 0. 
In paiticnlar, the tangent planes to the paraboloids 

a' 0^ a' Ir 

are 

377. Ruled Surfaces. A surface that can be generated by 
the motion of a straight line is called a ruled surface; the line 
is called the generator. 

The plane is a ruled surface. Among the quadric surfaces 
not only the cylinders and cones but also the hyperboloid of 
one sheet and the liyperbolic paraboloid are ruled surfaces. 
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378. Rulings on a Hyperboloid of One Sheet. To show 
tills foi' the liyperboloid 

we "write the equation In the form 



and factor both iiieinbers 



^(j.-n< 



It is then apparent that any point whose 
the two equations 



=4 n 



y I 



■1- 



where & is an arbitrary parameter, lies 
on the hyperboloid, These two equa- 
tions represent for every value of k (^ 0) 
a straight line. The hyperboloid of c 
sheet contains therefore the family of *■ 
lines represented by the last two equa^ 
tions with variable k. 

In exactly the same way it is shown that the same hyper 
boloid also contains the family of lines 




Fig. 148 



--=^' 



'^3' 



:+- 



Thus eveiy hyperholoid of o 
linear generates (Fig. 14S). 



3 sheet contains two sets of recti- 
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379. Rulings on a Hyperbolic Paraboloid. The hyperbolic 
paraboloid (Fig, 149) 




1. Derive tbe equation of tlie tangent plane to ; 

(a) the Blliptiu paraboloid ; (ii) the hyperbolic paraboloid ; 
(c) the elliptic cone. 

2. The line perpendicular to a tangent plane at a point of contact is 
called the normal Hue. Write tlie eqaationa of the tangent planes and 
normal lines to the following quadrio surfaces at the points indicated ; 

(a) 3!a/e + yS/4-2=/16 = l, at(3, -1,2); 
(6) 3;= + a z^ + 3= = 10, at (2, 1, - 2) ; 
(c) a? + 2i/=-225 = 0, at {4, 1, 8); (d) cc2_3s(2_g = o, at the orighi. 

3. Show that the cylinder whose axis has the direction cosines I, m, n 
and which is tangent to the ellipsoid s^/a^ + y^/b" + jVc^ = 1, is 

\a^^ b^ c^J W^b^ cyW b^^(? j 

4. Show that the plane lx + my-^nz = VP<fi + i»^6^ + «V is tangent 
to the ellipsoid x^/a^ + ^/&« + *3/c« = 1. 

6. Show that the loons of the intersection of three mutually perpen- 
dicular tangent planes to the ellipsoid x'^/a'^ -i- y'^/b'^ + s^/i? = 1, is the 
sphere (called director sphere) a^ + y^ +2^ = a^ + 6^ + c^. 
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6. Show that the elliptic cone js a raled surface. 

7. Show that any two linear equations which contain a parameter 
represent the generating line of a ruled surface. What surfaces are gen- 
erated, by the following lines ? 

(a) j; - !/ + fe = 0, * + ^ - e/ft = ; (6) Hx-iy = k,{S x+i y)k:=l ; 

8. Show that every generating line of the hyperbolic paraboloid 
x-'/a-' - ym = 2 C3 is parallel to one of the planes x^/a^ - y^/b^ = 0. 

380, Surfaces ia General: Wheu it is required to deter- 
mine the shape of a surface from its cartesian equation 

the most effective methods, apart from the calculus, are the 
transformation of coordinates and the taking of cross-sections, 
generally (though not necessarily always) at right angles to 
the axes of coordinates. Both these methods have been ap- 
plied repeatedly to the quadvic surfaces in the preceding 
articles. 

381, Cross-Sections. The method of cross-sections is ex- 
tensively used in the applications. The railroad engineer de- 
termines thus the shape of a railroad dam ; the naval architect 
nses it in laying out his ship ; even the biologist uses It In con- 
structing enlarged models of small organs of plants or animals. 

382, Parallel Planes. When the given equation contains 
only one of the variables x, y, z, it represents of course a set of 
parallel planes (real or imaginary), at right angles to one of 
the axes. Thus any equation of the form 

represents planes at right angles to Ox, of which as many are 
real as the equation has real roots. 
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383. Cylinders. When tbe given eqnatloti contains only two 
variables it represents a cylinder at right angles to one of the 
coordinate planes. Thus any equation of the form 

represents a cylinder passing through the curve F(x, y) — in 
the plane Oxy, with generators parallel to Oz. If, in particular, 
F{x, y) is homogeneous in x and y, i.e. if all terms are of the 
same degree, the cylinder breaks up into planes. 

384. Cones. When the given equation F(x, y, z) = is 
homogeneous in x, y, and z, i.e. if all terms are of the same 
degree, the equation represents a general cone, with vertex at 
the origin. For in this case, if (x, y, z) is a point of the sur- 
face, BO is the point (kx, ky, kz), where k is any constant ; in 
other words, if P is a point of the surface, then evety point of 
the line OP belongs to the surface ; the surface can therefore 
be generated by the motion of a lino passing through the origin. 

385. Functions of Two Variables. Just as plane curves are 
used to represent functions of a single variable, so surfaces can 
be used to represent functions of two variables. Thus to obtain 
an intuitive picture of a given function f(x, y) we may con- 
struct a model of the surface 

such aa the relief map of a mountainous country. The ordi- 
nate a of the surface represents the function. 

386. Contour Lines. To obtain some idea of such a surface 
by means of a pkvne drawing the method of contour lines or 
level lines can be used. This is done, e.g., in topographical 
maps. Tlie method consists in taking horizontal cross-aeetions 
at equal intervals and projecting these croasTsections on the hori- 
zontal plane. Where the level lines crowd together the surface 
is steep ; where they are relatively far apart the surface is fiat. 
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EXERCISES 
What surfaces ave represented by the following equations P 
[a) Ax -^ By -^^ C = Q. (6) scos^ + jisin^ =. 

(c) i^ + !fi = a'. (d) i^-3? = a^. 

(/) ^! = 4as. 
(A) *!/s = 0. 

(p) afi ■i-y^-'6xyz = G 



of the following surfaces by sketching the 
'£^ + if-i.x. (A) s 



(ff) 3^ -3 »:=-;(+ a 
(j) y=,:r?-x-6. 
(fc) 3!^ + 2 s/2 = 0. 
m) n^-y^-sfi. 
(o) <«-l){^-2)(. 

2. Determine the ual 

(c) 3 =^ * + y. (6) a ^ *!/. (c) 

(i)z = 2'. (j) !, = 23-4x. (A) J/ = 3 e3 + J^. (0 2=3a^+!^. 

3. The Cassinian ovaJa (§ 270) are contour lines of what surface ? 

4. What can be said about the nature of the contour lines of a sur- 
face 2=/(j;)? Discuss in particular : (a) ^ = x.'' - S \ {b) s-x^-S; 
(c) y = ^^ + iz. 

3S7. Rotation of Coordinate Trihedral. To transform the 

equation of a surface from one coordinate trihedral Oxye to another 
Ox'y'z\ with the same origin 0, we 
must find expressions for the old co- 
ordinates X, y, z of any point P in terms 
of Uie new coordinates x', y', z'. We 
here confine ourselves to the case when 
each trihedral is trirectangular ; this is 
the case of orQiogofMl trrvMform,a.tioii, 
or orthogonal substitution. 

Let li, mi, Jii, be the direction cosines 
of tlie new axis Ox,' witi respect to the 
old axes fte, Oy, Oz (Fig. 150) ; similarly ^^"^ ^^ 

h, flts. "2 those of Oy\ and Zj, nta, nj tliose of Oz' . This is indicated by 
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B time that then the direction ci 



s Oj! with respect to the iii 



s Ox', Oy\ Ox' are fi, h, h, e 



388. The nine direction coainea h, h, ■■■ ni are sufficient to determine 
tlie position of the new trihedral Ox'y'e' with respect to the old. But 
these nine quantities cannot be sel 
six independent relations which ci 
forms 

Ii^ + mi^ + m'^ = 1, 



d itrbitrarily ; they ai 

n either of the equivalent 



(1) 






hh + WtjlIJl + «3l!l = 



h^ + is* + h^ 



■T-, 



(10 



Thus 



)jiiJii 4- mtni + TOaBj = 
ni'i 4- nsh + '13^3 = 0, 
hmi + hm' + hmi = ( 
The meaninfi; of these equations f jUuwb fiora §§ 297 and 300 
the first of the equations (1) expre'jses the fai,t that 7i, mi, »i aie the 
diiection ccBmea nf aline, \iz Ox' the last of the equati-ins (1') ex- 
presses the perpendn,ularitT of the axes Ox and Otj , and so on 

389 It 3, y, z ire the ild, x', y', z' thp new coordinates of one and 
the same point, we find bv obserTiag that tlie projei-tion on Oi of the 
radius sector of P is equal to the sum of the projection^ on Oi of its 
uompon-'nts x' y' ::' (? 294), and similarly for tie piuiettions on Otj 
inii O 

1 = li%' + hf + liZ' 
(2) y = myx' 4 n*2S(' + in3«', 

z — UiX' 4- may' 4- n^e' . 

1 be directly read off from 



Indeed, these relations 

direction cosines in § 387 

Likewise, projecting 



the scheme of 



Ox', Oy', Oz', we find 

;' = iiX 4- TOiJ) 4- TOi2, 



'.' = I3X 4- »hS 4- "3^- 
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As the equations (2), by means of which we can transform the equation 
of any surface from one rectangular system of coordinates to any other 
with the same origin, give a;, y, z as linear functions of *', y', z', it follows 
that SMCA a transformation cannot change tJie degree of the equation of 
tJie surface. 

390. Tlie equation (2') must of course result also by solving tlie equa- 
tions (S) for x', y\ s', and vice verm. Putting 

I h h l> I 
nil "'2 '"3 = -O, 

I "1 "2 »3 1 

solving (2) forjc', y', 2', and comparing the coefficients of x, y, z with 
those in (2') we find the following relations : 

Dli = msnj — msJis, Dmi = n^h — iijla, Dn\ ~ hmi — hm^, etc. 
Squaring and adding the first three equations (compare Bs. 3, p. 45) 
and applying the relations (1) we And : i)^ = 1. 

By § 321, D can be interpreted as six times the volume of the tetrahe- 
dron whose vertices are the origin and the points 3:', y', z' in Pig. 150, i.e. 
the intersections of the new axes with the unit sphere about the origin. 
The determinant gives tliis volume with the sign + or — according as the 
trihedral Ox'y's' is superposable or not (in direction and sense) to the 
trihedral Oxys (see §301). It follows that i) =± 1 and 

h = ± (maJia — tosBz), mi =± («s?s — "s'a), "i =rt (^amj — hma), 
li^± (mjni — Wills), Ma = ± (njii — niZj), ua =± (isMi — h'ots), 
ls = ±iinini — msni), m3 = ± (nih — mh), m=± (iimj— Zjmi), 
the upper or lower signs to be used according as the trihedrals are super- 
posable or not. 

391. A rectangular trihedral Oxyn is called right-handed if the rotation 
that turns Oy through 90° into On appears counterclockwise as seen from 
Ox ; otherwise it is called left-handed. In the present work right-handed- 
sets ol axes have been used tliroughout. 

Two right-handed as well as two left-handed rectangular trihedrals are 
superposable ; a right-handed and a loft-handed trihedral are not super- 
posable. The difference la of the same kind as that between the gioYcs 
of the right and left hand. 

Two non-superposable rectangular trihedrals become superposable upon 
reversing one (or ail three) of the axes of either one. 
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392. Tlie fact that tho nine direction, cosines are connected iiy six rela- 
tions (§ 388) suggests tbat it must lie possible to date n ne the position of 
the new trihedral with respect to tJie old by o Ij tl ee angle As such 
we may take, in the case of superposable tril ed al tl e a gles e, ^, f, 
marked in Fig. 160, which are known as Ealer s onjrfes 

The figure shows the intersections of ttie tw t 1 dr Is tl a sphere 
of radius 1 described about the origin as center H 0\ li ersection 
of the planes Oa^ and Ox'y', Enler's angles are defined as 

e = zO^', <p = NOx.', f = xOJV. 
The line ON" is called the line of nodes, or the nodal tine. 

Imagine the new trihedral Ox'y'z' Initially coincident with the old 
trihedral Oxye, in direction and sense. Now turn the new trihedral 
about Oz in the positive (counterclockwise) sense until Ox' coincides with 
the assumed positive sense of the nodal line 0-V ; the amount of this 
rotation gives the angle ^. Next turn the new trihedral about Olf in the 
positive sense until the plane Oji'y' assumes its final position ; this gives 
the angle e as the angle between the planes Oxy and Oz'y', or the angle 
zOz' between their normals. Pinallya rotation of the new trihedral 
about the axis 0^', which has reached its final position, in the positive 
sense until Ox' assumes its Anal position, determines the angle <p. 

393. The relations between the nine direction cosines and the three 
angles of Euler are readily found from Fig. 160 by applying the fundamen- 
tal formula of spherical trigonometry cos c = cos a cos 6 4- sin a sin 6 cos 7 
BUceesBively to the spherical triangles 

xNx', xNy', xNz', 
yNs,', yNy', yNz\ 
zJV«', sNy', zNz' , 
We find in this way : 

ii = cos V' cos ^ — sin ^ sin ^ cos 6, 
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NOTE ON ABRIDGED NUMERICAL MULTIPLICATION 
AND DIVISION 

1. Ill multiplying two numbers it is convenient to write tlie 
multiplier not below but to the right of the multiplieiinii in 
the same line with it, and to begin the formation of the .pai'- 
tial products with the highest figure (and not with the lowest). 
The most important part of the product is thus obtained first. 
The partial products must then be moved out toward the right 
(and not to the left). Thus : 

35702 1 87025 
285616 

24991 i 
71i04 

17 8510 

310696 16550 

2. "Long" multiplications like the above rarely occur in 
practice. Generally we have to multiply two numbers known 
only approximately, to a certain number of significant figures. 
Suppose we want to find the product of 3.5702 and 8.7025, five 
significant figures only being known. It is then useless to 
calculate the figures to the right of the vertical line in the 
scheme above. To omit this useless part we proceed as fol- 
lows. In multiplying by 8, place a dot over the last figure 2 
of the multiplicand ; in multiplying by 7, place a dot over the 
of the multiplicand, beginning the multiplieafcioa with this 
figure (adding, however, the 1 which is to be carried from the 
preceding product 7x2); then to indicate the multiplication 
by simply place a dot over the 7 of the multiplicand; the 
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357 



mill ti plication by 2 lias tlieii to begin at tlie 5 of the multipli- 
cand. Thus we obtain : 

15702 [ 8.7025 
28 561 B 
24991 
71 

18 

31.06% 
The last figure so found is slightly uncei'tain, just as the 
last figures of the given numbers generally are, 

3. In division it is moat convenient to place the divisor to 
the right of the dividend. Thus 

27.9823 I 3,141C> = 8.90702 
251328 
2 8495 



To cut off the superfluous part to the right of the vei-tical 
line, subtract the first partial product as usual ; then cut off 
the lEist figure from the divisor and divide by the Remaining 
portion ; go on in this way, cutting off a 5gure from the divisor 
at every new division until the divisor is used up. Thus : 
27.9823 |3.;4Jg = 8.90701 



25 1328 
2 8495 
28274 
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Pages 9-10. 5. 2f miles. 16. 173.0 ft. 

Pages 13-14. 3. 22. *. J(6c + cm + ab). 

7, lia-' + 2bc-2m~ 6'0 = iCa - 6) (a + 6 - 2 e) . 

Pases 17-18, 4. ^nvi ain (^5 - 0i) . 

B. llrsTa sin (^3 - ^2) + rsn sin (^1 - ^^) + nrs sin (9 



Page 22, 17. Tlieyintersectat [j(3^+3;a+j:3 + a4), K;'i-l-!'2+!/a + B4)]. 
20, [i(3:i + iK5 + *s), KV' + Vi + ys)l- 

Page 35. 21, P = 1000(1 + r) ; P= lOOO + 60 n. 
Page 38, 14, No, 

Page 45. 1. (e) sin^P; (/) aarta + naai + ams. 
8, (6) (4, 3), (4, - 3), (^ 4, 3), (- 4, - 3) ; (d) (3, > 2) ; 
(e)(±i, ±3); (/) (f, J)- 

Pagea 48-49. 1, (o) ; (6) ; (c) -113; (d) -5; (e) 1. 

4. (a) (.2, - 1, 3) ; (6) (88/41, - 81/41, - 86/41) ; (c) (- B, 3, - 2) ; 
(d) (±3, ±2, ±4); (e) (± 1, ± 1, ± J) ; (/)(1,0, -3). 

Page 53, 1, (n) ; (6) - 180; (c) -27848; (d) 7728; (e) 36; 
(/) 550, 

Page 57, 6. (37/2, -77/2). 

Pages 59-60, 6. S40/3O. 9, (fiiwia - ftawOV^ mims(nii - m;)- 

10. (3, J), 

Pages65-66, 2, (n) i-ain0 = ±6; (6) rooa^ =± 4; 
(c)roos(^--|^) = ±12. 

3, <)i = 0, raiQ0 = S, ^ = iir, i-ooa^i^e. 14, 8464/85, 
19. C- 5, - 10). 21, 31 = 1 (by inapeetion), 4 ce - 3 j; + 16 = 0. 



y Google 



4. [mi(65 — 6)— m2(fii— b)y/2mimi(nH — mi). 

6. r(2 cos * - 3 sin ^) + 12 = 0. 

10, 1 hr, 10m. ; 176 miles from Detroit. 

Page 75. 6. 500. 7. 120. 8. 55200. 9. 60 ; 34, 3(1. 

10. 487635, 32509, 1053. 

11. „Ci„, when n is even ; „Ci,^ j, = „Ci ^ , , , -when n is odd. 
13. m. 13. 120. 

Pages 82-83. 2. a^x^ + ma^ + a^ + an. *. 8 abed. 

7. (a) No; (6} Yes.' 

8. coa^ « -I- cos^ ^ + oos^ 7 +2cos«cos,Sco3 7 =1. 

Pag«a85-86. 3. (a) ABG+2 FGH-Ar^-BQ^-OH-^; 
(b) X^ + !/^ + !!^-2(_y^. + iix+xy); <c) -(a;^ + ji^ + s^) ; (e) i. 

7. (o) 1 + 3^ + 6^ + 03; (6) (ad + ef-bey-, (e) {ad + b« + ef)K 

Pages 90-91. 6. a? + y'' -96x-5iy + 2408 = ; 31.8 ft. or 66.3 ft. 

8. X? + y^ — 16x + 8y + W =0. 9. A cirola except for ii = ±I. 



Pa6e92. 2. (a) r^-SO)' sin 0+75 = ; 
(fc) r^-12)-ws(0--j7r) + 18 = O; (e) ,- + 8ain0=O. 
Page 94. S. x^-&y: + 2S = tt. 9. x'^ + 2 pmx -i- qm^ = 0. 

Page 96. 3. (-6, -1), (29/101!, 42/63). 
7, 8j:-4;/-11±15 V2 = 0; 

PageSa. 3. [xi~h)(x-h) + (_y,-]c)(y-k)=r^. 

7. i-r^A/C-rW/C). 8. (2,1). 

Page 100. e. {X - 79/38)'' + (j) - 65/38)2 = (S5/38)^. 

8. a'2 + ?^ + 4 a^ - 2 SI - 15 = 0, 

Page 103, 1. (c) Polar lies at infinity. 

is of the circle with 
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4. x = y; V'l(a+&)s-"4c. 
6. (c) 23^+3a2+22K+3y + 15=0, 33;-^ + 3ya-10K-10y-35 = 0. 

9. bx^ + by^ + a^mx— a^ = 0. 

12. 11 the vertices of the square are" (0, 0), (a, 0), (0, n), (a, a) and S^ 
is the constant, the locus is 2x^ + 2y^-2ax -Zag + 20" - i? = ; 
ft > « ; J oVe. 

13. If the vertices of the triangle are (o, 0), (_- a, 0), (0, aV3) and 
i-2 is the constant, the locus ia 8 *2 + 3 ;^- 2^3 ap + 3a^ -2k^ -0. 

Page 126, 8. (a) (3 + 4 i)/25 ; (6) (3 + Vti)/U ; 
(^) (_5 + 3i)/84; (d) (1-60/37. 

Page 130. 7. (?) ±J(V64-V30; (ft) v^aCeoBaCP + tsinaO"), 
■v'aCcos 200" + i sin 200=), v^(oos 320° + i sin 820°). 

Pages 135-136. 10. (a) 2y ^Sx^^ + ix; 
(6) 12s(=--5ic^ + 29a:-18. 

11. 3O0j--a:2+230a;; 4i.l ft. al)ove the ground; 3:i0 ft. from the 
starting point. 
ao. (6) No parahola of the fonn y — ax'^ + 6a: + u Is possible. 

Page 138. 13. (2,3), (-1.8,3.6), (3.1, -2, 8), (-3.3,-3.8). 

Page 142. 6. East, East 33" 41' North, East 53° 8' North, East 18° 
26' South, 

10. 100/(ir + 4). 

Pages 145-146. 10. 0, 8= 8'. 11. f 29', 
la. When the side of the square is 3 in, 
18, (a) dy = x^ + Q^x~lSx; (6) T y = 'ix<-i:^ -29x + SS. 

Paeel47. 1, {a) -1,3.62.1.38; (6) -1.45, -.403, .855 ; 
(o) -1,94, -558, 1.38; (d) 2,79, 

Page 154. i. (d) -252j>V; (?) 40 a^ft* - 80 n*6' ; (ft) 27/o^. 

Page 159, 3. ia)piPs=p3: (6) pi«pa=ps» ; (c) pi'^27 pi^=^120p^. 

Page 162, 1, - 1,88, 1.5S, ,347, 

Pagel67, 1. (n) 4.08155; (6) ±2.08779; (c) 1.475773. 
2. 2.0945514. 3. .34899. 
4. (a) (1.88, 3), (- 1.63, S), (- .347, 3) ; 

(6) (.30S, 1.10), (1.65, 1.55), (-1.S8, .347) ; (o) (-2.108, -^1.0366). 
8. 8.39487 in. 6. 9.69679 ft. 7. -2, l±\/3. 
8. .22775,3.1006. 9. 5.4418 ft. 

10. (2, 3), (- 1.848, 3,584), (3.131, - 2.805), (- 3.88.3, - 3.779), 

11. (2.31, .89). 12. .8472911. 
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Pages 173-174. 2, {a) (i,]^), (4, U) ; (6) (<t,l>r), (a,^^); 
(c)(4, 0); (d)(ia,iT), (4a, |^). 

7. (a)y^-ix + i = 0; (h) U^ - i5x+ 52y + 60 = 0. 

8. (6) a;^-10*~3s + 2I=0; ^e) x^ + 2x + y --1 =0. 

fl. TtB equation of a parabola contains an xy term when its axis is oblique 
to a coordinate axis. 

Pages 179-180. 1. («)18»-30; 
(6) 6x'-Z0x<' + iB3fi~2ia^ + ex-S. 
a. {a) /-5/3J/; (6)^ = 6/(5-2!,); (0;/'=2/3y, 
6. (o)9'=-S/Ai (6) J,' ={6 -2 *!;)/«=; 
(c) y =-(Ac + Jj/ + G)/CB!K + By + F)."- 

PagSB 186-188. 8. <a)y=0; (b) 2x+2y-9=0,2x~y-lS=l); 
(c) 2k + 2^-9 = 0, 8i + 16jf-27 = 0, 2ia:- 16^-153 = 0; 

14. Direotris. IB. y'' = a(x-Sa). 

39. K= -80^-2400^ = 0; 0, - J, - 
30, *= = 860(y -20). 

Pages 194-195- 2- (3 7r-4)/6ff. 

8, (a) 64/3; (6) 625/12; (c) T/IS. 
11, 199.4 ft?. 

Page 197. To obtain the following solutions, take tlie origin at one 
end of the beam and the axis Ox along the beam. 

1. F-W,M=W{x-l). 2. F=v!(.il-!c),M:=^ivi(l-x)x, 

8. (o) F,= -wx,Mi = -lsVxe'; Fi=will~x), Mi = -iw(iP-lx+x''); 
F, = w(l-x),M,=-iw(l-xy; 
(6) ^"1=-!^, Mi = --Wx; Fi = 0; M3 = -iWl; 
Ft = W,Ms=-W(l-x). 
4, (a) Fi = lv>l, 3fi = iv>lx; Fi=w(_\l-x), 

Page 200. 9. 8 3:2 _ 2 3^!) + 8 !)^ - 03 = 0. 

Page 204. 10, ^z^-y^ = 3a^. 11. 6. 14. 2xy = l. 

Pages 211-212. 2. ^X+^^Y^A 13. 54.5ft., 42.2ft. 18. b^aK 




10. 17041 tons. 
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Pages 221-222. 7. (a) A^a^ - B^b'^ = C ; 

19. 6=. 21. a^ + b'^; a^-b^. 

22. iab. 28. Bin->(o&/a'6'). 

26. (a) )i' + y" = a" + b^ ; (b) a? + y^ = a^ - b''. 

Page237. 3. (a) (1, -1), (1±V2, -1), »=l±fV2; 
(6) {i,0), CS,0), (-f,0),a. = 0,^ = I. 
*. 3 6Va. 8. (a) aV = S^'^C" - ^) ; (&) 6%^ = ffl'i((6 - y)- 
10. Two straight lines. 

Page 233. 2. (a) Vertices (S, 3), (8, 3); semi-axea 3/3, V2. 
(6) Vertices (4, 8/3), (8, 8) ; semi-asea 10/3, 5\/8/8. 
(e) vertices (17/5, 7/6), {1, 3) ; semi-axes V65/5, VT3/2. 
3. »y + 2y-2=Q; (21/13, -37/23), 10/V13. 

Page 237. 5. (acosS, -oaine), s;^ -f-j/2- 3o;(iccos 9-i/siiie)= 0. 

Pages 24G-247. 2. («) 3a:-14?^=0; (6) y:=-3/13, 3;=-14/13. 
B. 2x'' — xy-l&y^ + x+10y — <i = 0, 
2x^-xy~16y^ + x + 19y -28 = 0. 
6. 63;= + is)-25(=-92 + 8?/-48 = 0, 
6ifl + 3!g — 2j^-9x + Ss + ai = 0. 

IL (a) K«/4 + i/a = 1 i (6) K*/4-yV3 = l; (c) 3^+y2 + fi=0; 
(d) K»/16 + j(V4 = 1 ; (e) (3 + Vl7)3?' + (3- Vl7)3/5 = 4; 
(/) (2+v^)3:2+(2-V2)jfa = l. 
IS. 'J 



.i=A 



19. Equilateral hyperbola. 

Page 253. Z. (a) Simple point ; (6) node ; (fi) cusp ; (d) cusp. 
4. (n) None ; (6) node at (6, 0) ; (_c) isolated point at (a, 0) ; 
(d) cusp at (a, 0). 

Page 260. 4. r ^ a(sec * i tan 0) or (x - a)y^ + 3?(x + a) = 0. 
10. aV = o^Ci^ + !'')- 11- Cissoid(a-a;)!/2 = a». 
12. y{:^ + v^)=a(x''-!f)- 18. r^actn^, 
14. (3;a + 3^)2 = 4aa:(3;«-j^). 



Page 283. 



f + ;' 



V2(_l + W + mm' + mi') 
13. J (=^1 + s^ + «s)> i C!*! + ''2 + J/s), i (2i + H + 23). 
Page 287. 6, ccs-i C7/3V2!)}, 
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(3962, i1° 43', 276° 10')' (320, ~ 


-2914, 2666), 2931, 




i nrzVl ~ [cos $1 003 di + sin e^ 


sin a, cos (01- top- 




V'r,^ + r-? — 2 r\r% [sin h ain fla < 


ics (*,-0,)+ COS Si C. 


O8W2J. 



.0, -1, 10,7, 

Pago296. 3. 3e3:-10j)-f 7s-89 = 0. 
i, 97/38,-97/49,-07/9. 7. 8!i;-4^ + 2s-6 = 0, 

Page 300. 5, 4a-|-8j/ + 3 = 81, ^^^ + 8lc + s = 80. 

Page 303, 2. (o) 60/3; {h) 0; (c) 19/8. 

Paee306, 12, 3a;-2») = l, 13. 0^+ 11 y-f fie 
.6. 70°31', 17, co3-i(2P + 3(i2)/(4A2 + 3a3). 



(a) Vea/lfi; (i) V194/33. 



Page 320, 11, (- 3, - 3, 2), (9, i), - fl). 

Pages 325-326, 4, (1, 0, - 3), (- 0/11, 20/11, 37/11), 

7. 3^2-3i;=-3s^ = 0. 18. 26{cc2 + !^ + 3^)= le^, 25 2 = 61, 
Pagea 329-331, *. (4,-5,-8), 6. (4,6,2), 

6, 5 K + 2 sf - a = 25, 2 3; - 3;; + s + 25 = 0. 
20. 9k" + 4;^ + 13s2_f.3j:y_273"=0. 
ai. (K - 2ft )2 + (j; - mhY + (I - JiA)' = 1^, 

Pa8e336. 3. Va^ - c» 5; ± Vfi^ _ c^ s = 0. 
5. (a;»4-S'^ + 2»-a'-ft=)^-46i'(Q2_5^) = 0. 

8. (o) 16 a2(a^ + 22) = j^ ; (6) 10 a«[(K + a)^ + s=] = (4a^ - ?,= 

9. yS(a!» + s^)=o*. 
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mbers refer to thepagea.) 



Aliaoisaa, 1, 4, 

Absolute value, 124. 

Aoiiode, 252. 

Adiabatie expsjieion, 276. 

Algebraic curves. 249-353. 

Amplitude. 10, 124. 

Angle between line and plane, 312; 

between two lines, 58, 384, 311; 

between two planes, 299. 
Anomaly, 16. 
Area of ellipse. 221 ; of parabolic 

segment, 191-196; of triangle, 11, 

12, 63, 288 ; under any curve, 193. 
Argumeiit, 124. 
Aasocialjve law, 110. 
Aaymptotes, 203. 
Axes of coordinates. 4, 277 ; of ellipse, 

198 ; of hyperbola, 202. 
Aab. 18; of parabola, 132, 170; of 

pencil, 303; of symnietry. 137. 
Aaimuth. 16. 

Bending moment,' 196-197, 
Binomial coefficients, 152-154 ; the- 
orem, 162-164. 
BJBeotJng planes, 299. 
Bisectors of angles of two lines, 64. 

Oardioid. 255. 

Cartesian coordinates. 16. 

Cartesian equation of conic, 225 ; of 
ellipBe, 199: of hyperbola, 202; of 
parabola. 171. 

Cartesius, 17. 

Casainlan ovals, 250, 269. 

Catenary, 188. 

Center of ellipse, 198, 216; of hyper- 
bola. 202, 215 ; of inversion, 101 ; 
of pencil, 67; of sheaf. 304; of 
Hymmetcyl 137. 



Centroid, 22, 

Chord of contact, 103. 

Circle, 87-109 ; in space, 331. 

Circular cone, 341. 

Cissoid, 256. 

Clasaification of conies, 225; of 

quadiic surfaces, 342-345. 
Clockwise, 11. 
Cofactors, 62, 80. 
ColatJtude, 290. 
Column, 41, 47. 
Combinations, 73-76. 
Common chord. 107 ; logarithms, 264. 
Commutative law. 1 10. 
Completing the square, 88, 133. 
Complex numbers, 100, 115, 117-130. 
Component. 19, 280. 
Conchoid, 254. 

Cone, 34i, 351 ; of revolution, 343. 
Conic sections, 223-231. 232, 



ConicE 



IS of a 



; planes. 



Conjugate axes. 327 ; 

plex numbers, 122 ; diameters, 215- 

219 ; elements of determinant. 

83; lines, 327. 
Continuity, 155-156. 
Contour lines. 351. 
Coordinate axes, 4, 2 

trihedral, 277. 
Coordinates, 1. 5, 377 ; polar. 16, 290. 
Cosine curve, 261. 
Counterclockwise, 11. 
Cross-sections. 333, 337, 339, 360. 
Crunode. 252. 
Cubic curves, 248; equation, 146- 

147; function, 143-147. 
Curve in space. 293. 
Cusp, 252. 
Cycloid, 257. 
Cylinders, 351. 
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De Moivre'a theorem. 126, 

Derivative, 139-141, 143. 149-152. 
177-179; of oJ:^ 139; ot cubic 
function, 143 ; of function of a func- 
tion, 178 ; of implicit function, 177- 
179; of polynomial, 149-161 : of 
product, 178 ; of quadratic tuuo- 
" 1, 140; of a;", 161. 



Deaoi 



i, 17. 



of 



DetermitiEint, 

equations, 81 ; of order n, 77 ; of 
aeeond order, 41 ; of three equa- 
(ions, 48; of third order, 47; ot 
two equations, 41. 

Diameter. 333; of ellipse. 315; of 
hyperbola, 218; of parabola, 184- 



Direi 



!3 0f Gl 



;. 349. 



Directrix of parabola. 169. 
Discriminant of equation of second 

degree. 340-341 ; of quadratic 

equation, 92, 
Distance between two points, 7, 17. 

278; ot point from line. 63. 313; 

of point from origin, 6, 278 ; of 

point from plane, 298; of two 

lines, 313-314. 
Distributive law. 1 10. 
Division, abridged, 357. 
Division ratio, 3, 8, 281. 
Double point, 251. 

Eccentric angle, 220. 

Eccentricity, 308. 333, 

Elements of determinant, 47 ; of 
permutations and combinations, 70. 

EUmination, 43, 54, 82. 

EUipse, 108-223, 333, 329, 243-244. 

Ellipsoid, 332-334 ; of revolution, 334. 

Elliptio cone, 341 ; paraboloid, 340. 

Empirical equations, 366-376. 

Epicycloid, 258. 

Equation of first degree, see Linear 
equation ; ot ILae. 36, 32 ; of plane, 
293-297 ; of second degree. 88. 

Equations of line, 308. 

Equator, 334. 

Equatorial plane, 290. 

Equilateral hyperbola, 303, 



Euler's an^es, 365. 
Expansion by minors, 51, 80. 
Explicit and implicit functions, 177. 
EKponential curve, 263. 

Factor ot proportionality, 35. 
Factori^, 71. 

FaUing body, 15, 31, 60, 134. 
Pamily of circles, 107 ; of spheres, 

329. 
Foci of conic, 326; of eUipse, 198, 

223; of hyperbola, 201, 223. 
Focus of parabola, 169, 
Four-cusped hypocycloid, 359. 
Function, 29; of two variables, 351. 
Fundamental laws of algebra, 110, 

Gas-meter, 27, 26S, 

Gaa pressure, 373, 276. 

General equation ot second degree, 

88, 233-247, 317, 342. 
Geometric representation of complex 

Higher plane curves, 248-276. 
Homogeneous function of second 

degree, 341 ; linear equations, 43, 

54. 
Hooke's law, 15, 35, 30, 38, 267, 



, 343- 



244. 

Hyperbolic logarithms, 264 
boloid, 340; spir^, 259. _ 

Hyperboloid, of one ahe6t,'3i 
of revolution ot one sheet, 
revolution of two sheets, ■ 
two sheets, 338-339. 

Hypocycloid, 259. 



Ima^nary axis, 117; ellipsoid, 339; 

numbers, 115; roots, 127. 160; 

unit, 115; values in geometry. 116. 
Implicit functions, 177. 
Indined pltme, 271. 
Induction, mathematical, 71. 



Intercept, 3 



I, 144. 



; fonn, 33, 205. 
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1 ot line and circle, 0S; 
of line and ellipse, 213 ; of line and 
parabolai 181 ; of line and sphere, 
323 ; of two lines, 39, 43. 

Inverse of a circle, 101 : operations, 
111; trigonometric curves, 261- 
202. 

Inveraes of involution, 112. 

Inversion, 100, 324. 

Inversions in permutations, 75. 

Inversor, 109. 

Irrational numbers, 113. 

Isolated point, 252. 



Laws of atgebra, 110; of exponents, 

112. 
Leading elements, 83. 
Left-handed trihedral. 354. 
Lemniscate, 257, 260. 
Level lines, 351. 
Limai^n, 254. 

Line, 24,307; and plane perpendic- 
ular at given point, 313; ot nodes, 
355;parallaltoanaxis,23; through 
one point, 8S, 30S ; through origin, 
24; through two points, 36, 56, 
308. 
Linear equation, 32, SOS- 
Linear equations, n, 81 ; three, 46, 

48, 302; two, 39-42, 293, 302. 
Linear function, 29, 131. 
LituuH, 259. 



paper, 274 ; plotting. 



Logarithm, 

Logarithmii: 

272-276. 

Longitude, i 



Major axis, 199. 

Mathematical induction, 71. 

Maxinmm. 141. 143. 

Measurement. 114. 

Meohanioal construction of ellipse, 
198; of hyperbola, 201; of parab- 
ola, 171. 

Melting point of alloy, 175, 269. 

Meridian plane, 290; section, 335. 

Midpoint of segment, 0. 



Minimum, 141, 143. 

Minor axis, 199. 

Minors of determinant, 51, 80. 

Modulus of complei number, 124; 

of logarithmic system, 265. 
Moment of a force, 288. 
Multiple points. 253. 
Multiplication, abridged, 350. 
Multiplication of determinants, 84. 

Napierian logarithms, 264. 
Natural logarithms. 264. 
Negative roots, 166. 
Newton's method of approsimatjon, 

162. 
Nodal line, 355. 
Node, 252. 
Non-linear equations representing 

lines, 68. 
Normal form, 61, 296. 
Normal to ellipse, 308 ; to parabola, 

181, 182 ; to any surface, 349. 
Numerical equations, 158-168. 

Oblate, 334. 

Oblique axes, 6. 7, 38, 278. 
Octant, 277. 
Ordinary point, 351, 
Ordinate. 5. 
Origin. 1, 4, 277. 

Orthogonal substitution, 352 ; trans- 
formation, 352. 

Parabola, 131-142, 169-197, 329, 
244-245 ; Cartesian equation, 171 ; 
polaj equation, 169-170; referred 
to diameter and tangent, 100. 

Paraboloid, elliptic, 340; hyper- 
bolic, 340; of revolution, 341, 

Parallel, 335; circle. 335. 

Parallelism, 38, 33, 59, 285. 

Parallelogram law, 10, 120. 

Parameter, 107, 109 ; equations of 
circle, 109; of ellipse, 220; of 
hyperbola, 220; of parabola, 189. 

Pascal's triangle, 154. 

Peauoellier's cell, 109. 

Pencil of circles, 107; of lines, 67; 
of parallels, 67; of planes. 303; of 
spheres, 329. 

Pendulum. 134. 
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plan 



Permutations, 70-73. 
Perpendieularity, 28, 33, 69, 285, 

Plane, 292-306 ; through three points, 
295. 

Plotting by points, 131. 

Points of iiifieotion, Hi, 

Polar, 102, 104, 32S; angle, 16: axis, 
16 ; coordinates, 16, 290 ; equa- 
tion of oirole, 91 ; of oonio, 224^-226; 
of line, 60; of parabola, 169-170 i 
lepiesentation of complex nuni- 

Pole, 16. 

Pole and polar, 102, 104, 826. 

Poles, 334. 

Polynomial, 148-157 ; curve, 165-157. 

Power of a point, 106. 328. 

Principal diagonal, 47. 

ProjeotUe, 135, 142. 

Projecting cylinders, 

of a line, 309-311. 
Projection, 18-21, 280-281, 284. 
Prolate, 334. 

Proportional quantities, 24. 
Pulleys, 27, 31, 38, 268. 
Pythagoiean relation, 282. 

Quadrant, S. 

Quadratic equation, 92 ; funci 

131-142. 
Quadrio surfaces, 332-360, 343. 

Radical axia, 106, 328, 329; cei 



Rational numbers, 111. 

Real 8318, 117; numbers,113; roots, 
160-167. 

Reciprocal polars, 327. 

Rectangular coordinates, 6 ; hyper- 
bola, 203. 

Reduction to normal form, 62, 297. 

Regula falsi, 161. 

Related quantities, 14. 

Remainder theorem, 163. 

Removal of f«rm in 3:y, 238. 

Resultant, 19, 280. 

Right-handed trihedral, 354. 



Rule of false position, 161. 
Ruled surfaces, 347-349. 
Rulings on hyperboloid of one sheet, 
348 ; on hjT>erbolic paraboloid, 349. 

Second derivative, 144. 

Secondary diagonal, 47. 

Sheaf of planes, 304. 

Shearing force, 196-197. 

Shortest distance ot two lines, 313- 
314. 

Simple point, 251. 

Simpson's rule, 103. 

Simultaneous Unear equations, 39- 
48, 81-83, 302. 

Simultaneous linear and quadratic 
equations, 94. 

Sine curve, 261. 

Skew symmetric determinant, 84. 

Slope, 24; of ellipse, 207; of hyper- 
bola, 210; of parabola, 139-140, 
176 ; of secant of parabola, 138. 

Slope form of equation of line, 26. 

Sphere, 317-331 ; through four points, 
319. 

Spherical coordinates, 290. 

Spheroid, 334. 

Spinode, 262. 

Spiral of Archimedes, 259. 

Square root of coniples number, 129. 

Statistics, 14. 

Straight line, 23. 

Strophoid, 260. 

Subnorm^ to parabola, 181. 

Substitutions, 270. 

Subtangent to parabola, 180. 

Sum of two determinants, 52, 78. 

Superposable trihedrals, 354. 

Surface, 292 ; of revolution, 386-336. 

Suspension bridge, 188. 

Symmetric determinaiit, S4. 

Symmetry, 136-138, 215. 

Synthetic division, 164. 

Tangent to algebraic curve at origin, 
250-253; to circle. 97; to ellipse, 
205. 213; to hyperbola, 210; to 
parabola, 139, 180, 182, 



y Google 



Tangent cone to sphere, 321, 

Taneent curve, 261. 

Tangent plane to ellipsoid, 346 ; to 

hyperbotoida, 347 ; to paraboloids, 

347 ; to quadrio surfaces, 347 ; to 

sphere, 322, 
Taylor's theorem. 168. 
Temperature, 15, 31, 270. 
Tetrahedron volume, 301. 
Thermometer, 2, 31, 36. 
Transoendental curves, 262. 
Transformation from cartesian to 

polar coordinates, 16, 290-291; 

to center, 226, 240; to parallel 



Transposition, 50, 78. 
Transverse axis, 203. 
Trochoid, 258. 



Vector, 18, 119, 280. 

Vectorial angle, 16. 

Velocity 30 31 

Versiera 25b 

Vertex of paral ola 132 1 0. 

Vertices of ell pae 198 of 

Volume of tetrahedron 301. 
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TRIGONOMETRY 



ALFRED MONROE KENYON 

Professor of Mathematics, Pukdue University 

And LOUIS INGOLD 

Assistant Professor of Mathematics, the University' of 
Missouri 

Edited by Eaele Raymond Hedeick 

Trisonametry, fiesiUe chlh, pockel sine, long isma {ii + iJ2 tP) mlh Complete 

Tables (xmU + 134 pp.), !/ J5 Be! 

Trigonomelfy (xt + ijs pp.) wUk Brief Tables (iwm + is pp.), S1.00 ml 

MacmiUan Logarithmic and Trigonomelrii: Tables, fiacible clolh, pocket me. long 

iimo {xmi + 134 PP-), $0.60 net 

FROM THE PREFACE 

The book contains a minimum of purely theoretical matter. Its entire 
organizalion is intended to give a clear view of the meaning and the imme- 
diate usefulness of Trigonometry. The proofs, however, are in a form that 
will not require essential revision iu the courses that follow. . . , 

The number of exercises is very large, and the traditional monotony is 
broken by illustrations from a variety of topics. Here, as well as in the text, 
the attempt is often made to lead the student to think for himself by giving 
suggestions rather than completed solutions or demonstrations. 

The text proper is short; what is there gained in space is used to make the 

t bl J complete and usable. Attention is called paiticalarly to the com- 

pl t d handily arranged table of squares, square toots, cubes, etc.; by its 

th P)thagotean theorem and the Cosine Law become practicable for 

t 1 mputation. The use of the slide rule and of four-place tables is 
g d for problems that do not demand extreme accuracy. 

1 f w fundamental definitions and relations in Trigonometry need be 
m n d these are here emphasiied. The great body of principles and 

p oc ss depends upon these fundamentals; these are presented in this book, 

as th ) h uld be retained, rather by emphasizing and dwelling upon that 

I p d e. Otherwise, the subject can have no real educational value, nor 

1 I y permanent practical value. 
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